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BIOMKTIMKA 

A SKCfONI) FAMILY KUllM srKFOLK. 

Jiv K. A. (‘(K’KAYN'I-; !t M.. FlUM*. 

Iv IMI4 ] an iif a h Mjiqja.jBv 

rraiii (]jr !H’i|»hhinn)ait*«i nf Bnry SJ IvflnnMi'K in a v n* fuja nt l 1 i«= 

nt’.piti? for Si^'K t'hilOnn. in-ai I j.iKl‘sM vInl'iU+n, 

ni^')nla»ri^ i*!’ a family ;niv»‘ ^ mIm va ht iji m 

lu tva*'p' ,iuy i »'latiiim4nj> I'.nauVi" ', U’^t fM 

H HnnsMUi' tn U\ **f lian Uvoi ^ r?>^'ns^tt 

frUial»'K vital la illaa Utv nann^ Ha' \ wUa tu«** I* 

V*, la<v!»i'v#'ri in4]a«4Ld4» ttiat tw** nun la*-* -J TitaMn a 

livf'4 m ?ta^ fuini*" s’mmuIv. »aiH nHa’i" Lianlv 5 * ' > 

Un* »i*''"'r 4 lf'''l l»y Hatlanp H,nihj ?4 an v^S' I ^■-* 4«' r a 

fn^rn f h*' itana^ »»? 'J^ 

I ani i»nJv aM*- ^M i\v*r m ,iU‘l -u^. ?.^ < * lu*-?;*!*'* ?7 

■ ♦I {lla» fa!tnU% ^*ii'hMiM I ^v.5‘a, h^iVi' !<"’■•'? ^^r^s'lh Hc'* rrl F K* . u 

nannaina wiHs Ha m 
I* *1. Hm| ifi whil^^ fr^iiMl 

L tUiifi tflarl; Imir xwl m u^nnal, inital hm «f'u;3u u 

U, r^. Ha,^ a wlnU" fri'^uial aial is«>- >0 

n, f} Haw ;i vvla'lA^ Sa’r '.ni>4 * 1 ; « 

nf UvT ilan,^hUn^ a innnli^'r *4 rbiMnn 5 iikn 4 ^^tr^isai w 

noniml. 

II. IL VUmhl 

n 1 . 10 - Agnxl 45i Hii ^4 vi^ry fsnir H^nir ^\lh 48«Hnrl n hii 54 ? Pr^Hifiiii/ail A 
Tha inn^^r ihirvl »*f Hia J«ift ayrhiioaft^ i% iiafeiln. ihc 

nn lha fhint nf iha rJa^si aial Htn \Mft Hn- s-t- 

namUnl nial wn^ ^^vvraly ti?*Wrna*l nml Wi^KWrt'4 By xhr^ inh<<'U 

wiiH in MttUa au4 »vrit^%»f ’^knt vai Ha" *4 

h^Ihiwh ainl m< lha mnint iUa ami .4' f/N' ^ ij%v^ 

unja|'UM*itiHl, lUul ar?* liimillar UtA* iv..v !U >•!( ’‘/'f-.v 

HI, ri, Kt^ruml wiih raiin-r 4atB Br*vA»4 

IV. A^» 4 IH j I im-. U ilfuB bain mI nn4 n 

IV. rB Ai^f'‘l 14' Vi'ai"^ as*’! 'w-ti, ^ ^-v .f< 

NNlnn* Bla/^' an*l a Sn'n«]t;a5^ir ar^ a *4 nnj'»i;;£jivOii'"? r-i.Vi ' '. ^ ^ v‘i 

v*lav'li * n*l*» til''' ?'iiMi*i. *4 Hiv x‘\i ■’! ‘i ^>' ■ [^ * ?*■ Lc '* 

• K . ^ <' !: ’, -fM i ' 'i^i fi , 'k* .'i ft ij I. /C 
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K. A. OW’KAYKK 


MtirfuCf’ of fhe lower iwo-ihiirla of Ijoth upper arum if! aivt I’folM 

filmrply in a ciirvml Hno with its rontr^jily iipwanlR, Thorn' an; fsiimlh r ami 
clearly clofinwl |wlche* art the fonranna. The nkiii over thu ktK'os «ntl for « 
tjifitaiico nlwvc anti a Rrcnlcr tlintnnro Uclow thciii i« alt«} uiipi^no'iik'fl, ami fonioi 
a largo oval woll-doiium] aren on (ho front of o/wrli log, 'I'lioro are oilier .'<i»iil«r 
jmtehea on the up{>cr part of the catvoa. Tho nujngnH’oU'nl hM(i brigh? 

rod when exjKiacd lo Ihii sun, whomm iho pigmonU'ii skiii inrim brown, but in 
winter little difTeronco can Ik* wa-n Ih'Iwck'H llmiii. A largo ^wrt of ihtj «kiii of the 
(’lust and ulidomen afipoaw to lx*, nnpigriionlod, but Ihvh novor Ih-cii oxjswHMl b» 
Hiiiiligbt. 

IV. •(. Aged !) yours. I.h vory fair willi blin! oyc». »Sbo has a luuoh sinalicr 
fninttd bbizo fbun hor .tislor, but tbo V-Mlmjii*<i area of uiipigmotinal skin nji her 
forolo utl wa-H vory cb-arly ihTmoil, wlion 1 wrw hor. aa it was hIiU bright ml fr**in 
ox|«)*iiiro to iho Mui. The impignionloil akin oiida a uliort ili«lJii)0" uIkivo llio nail 
of I bo iioso aiirl Ihi’i o are no huiiw in Iot oyobi'owa or oyolaalioK. 'Htn ^kin over llio 
r'lbdwa imiti oil (ho b-K'ka of thu nrtoa above iboiii in iin|iignionloil ami scpiiraUal 
from ibo normal ,«kin by a onrvotl lino, like lhat in horaiator. biitPilttalmi noarvr 
to iho oUkov. Till* akin ovor ()ii* knoi a ami almvo and bolovv i.heiii ia unpigini’nl^al, 
(itid ilu ao arona aro aimilar in Hba[H* and airo I'l lliioci in hor aialor. Thorn art* 
othor javtoUfi of unpigno'iiVial .Hkin *»» llio forcanna mul on tho logit, ntpovinlly »<n 
llio ii]i|H*r [wrt of (ho oalvo'i. Tho akin on lln* ohoaL ami alaitiiiion litta imvor lafon 
ox{tr»fio»l l<j llio mill, and it ia im|m,HRibb! to la- atin* tliut any of it ia iinjiignioiiUal, 
tliongb a largo [lart of it npiK'iira l<) Im. 

III, M. I have beoti unable to sou this iiinii, but n iihoUigmph I have neon 
almwK n siiintl white frontal tdaxc. His bttilhcr saya that ho hna fither iinpiginonlr»I 
arojw similar in dtHtributuin to his own. Ilm wife, III, IJI, htut ralhur dark brawn 
hair and brawn ojiia. 

IV, 5. Agtnl 18 years. Ih dark and iiorinnl. 

IV, 6. Ag«d 10 year*. Haa grey eye# and fair hnir with a very large white 
froiiud blare. The akin of the forehead and front uf the neck is unpigmonted. 
Tht) greater part of the skin of the right arm over the ddt^iid, that of the inner 
side of tho up[>er arm and aliiiig iho nulini aide of the foroitrrn aim ant as far on the 
wriat ia uupiginonted, and Ihoro ia an nroa of unpigmonted skin over tho elbow. 
On tlie left, arm the skin ovor the deltoid i» tinpiginoniod, and Ibero i« aiiolhor 
unpigmonled area along tho radial aido of the furoarm. 

IV, 7 and B. Aged 6 and 8 year# reapoclivoly, Orey oyoB and light bmwn hair. 
Normal. 

IV, 9, Aged 2 years. Very fair hair and grey eyes. Thero is a small white 
frmilid blazi! mid the skin of the upper part of the forehead Is iinpigirientcd. On 
(ithor parts of llie body the akin ia ao fair that it ia impossible to diatinguish tho 
miliigmented from llio normal skin. 

Ill, 15. Tlio twin brotlier of III, 14 died at birth, and it ia not known whether 
he was piebald or not, 
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III, 16. Ditid in infimtiy. It in nui known wholln-r ho wo.--. -r n- no )’ 

in. 17. Piiibahl Died utmittnind. 

II, 13, riebald. This condition of In-r chihlron, III, IH lo ‘J'J.nn-i <4 lo r «? Oid 
child, IV, 10, iH not known. 


In connection witli tho fmndy rtiJHirliid in 101 V I Momld \\W m it- 
nnothcr piebald boy, a younger brother of VI, 2. wai Im.di r«*'>n alt.-r »h.« j-d-lf »’i «h 
of the paper. Unlike Ida brother ho had very ilark brown hair ntid In^ fi.o.? d 
waa amaller. On p. 200 I wiid that it \vu.s itmlifiblii tliut in ikuh- r « i l t?»- 

family at least tho iirctia of uupiginentisd skin won.! iarg'-r and n«an'.«'f'.>i>v 
than I had aVated. Proof of thiH wan nblained in the caw »*f the boy YI, 2. I >".4W 
him after he had been bathing at the seiwide and fonnd that h** h.el i j)vn- 
areas of unpigmented akin on the cbcHl, Htindler oncH mi tin* idwl'.ito'ii .'md 
eeveral apoti of nnpigmenfccd akin on hin ja'iim. ninl );irg«‘ jatclo i "Sk tie )> g * oh 
well as on the arms, ho that it in probnbh- that other nimnbm.'^ <>f t!i.* f iitnk bte? 
white patches on the Icg.H, though they wiid llnit lliis w.is Uoi ?.« Tie r* siJ 
doubt theroforo that the (lialribiition of nnpigiiM'nti'd akin is \i ry-iimlik m Ui< >■ 
two famiVieB, oa one wonbl expect if they have a coinumn origtn, tboui,;b n ‘ Ih* »*f 
tho monibei'S of the family dcHcribcd in thin pii|HT him In lormrhr-tmia J!idt«, 'I'ln y 
are like the tnajority of hereditary und iHolatol civhcb ilcHcrilwd by olln ra in hnvjis)^ 
tho dorsal region fully pigmented and in tHkoaeiwing a whilx* I'mnlal hbu!*'. ,b*oh*> 
baa described a family of American whiUis of Welah'ScflUish origin*, in winch ih«' 
piebald pattern, tranamitted by direct descent, flifTcred very much from (hi* iv-eml 
one. All tho piobald moinbora hod a stripe of unpignienled skin running ibiwn iU»' 
mid-dorsal region and most of them had no fnmfctd bhtsc in «f having very 
extensive areas of unpigmented skin on tho trunk and limbs. 

In this family as in other published coses, with the exception of the two faniilkw 
recorded by Meirowaky and Spiekevnagel. and by Moirtkwsky rtm}M'i:iivcly'l. du- 
condition has only been transmitted by those affected, Awniining fli.ii fli" i "ii 
ditioii is duo to a single dominant gene, and that the ]iii‘bahl ji n.-ir - v.. i • ,<!1 
heterozygous, the expectation is that tho piebald and Munnal tm i • wii! b- 

equal in number. In tho family desenbed in iIuh paper in like l enip)* !■* -ib bip* 
with 26 members, 11 were piobald, 13 were nornia), nud in 2 ihe l•.(t^di^^.u 
known, and in tho five sib-ships of the family duscriln d in IPM miiIi 2S i.i. mb. 

IS were piobald and IS normal. Tho iinmborH agree ehiHidy wiih ih<‘tw' •hk-cI'.-I. 
if the piebald condition is duo to a dominant gene. If, however, ihe full hiUidsii*'* 
in this family and tho ten others I colleclod in my Imok are taken logr-ther. ib> r. 
is a slight excess of piebalds, lit piobnldi and 131 normal memherf., ’IVm* t»«.i 
exceptional families, in which nornml individuals am said Ui have iraiiHroitieii ih.- 
condition, and the one described by Jonka, we omltUul from thm* ligim-ti { i>h- 
sidering the sex incidence in the same eleven faitiilics, there wiTi* 7!l mah h and 
81 females with the piebald pattern, so that both sexes are «l«mt wpiitllv 


* JenkB, American Anthropcloght^ VeU xvi, 10 U* Ti. 

+ EkA*Owkayii0, 6?fcCnaM(i i 
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PEDIGllEEH OF jiERKDITARY EPrCANTHtJS. 

By G. H. USIIKIl, M.B. 

In 1H2-S iScluiii* (iescHhed the condition now known ns epicnnthus, Von 
Amnion in IHlll nnimol it and in 1860 ho cbssifiod it. His cliwsificrttion is given 
ill my fuqur on a [MuliffiVD of (qmmthus niul ptosis in tlie A nnds of liiigenics^, Tlw 
npirmilliie fold is rnjnoscnked in all racoH during foeliil life;];, Wtvmdonburg§ found 
opicanilius prcsout from llu; hegiiuiing of tlie third to the beginning of the sixth 
uiuni li Ilf progmnu^. In his cinlnyos it was novor present ns n fold covering llio 
eanihiis medialk hiiNlerl] states that tho hiunnn foolus of 28“d0cui. has an ejii- 
eanllmH wliirli enalesees mil)’ with tlio njiper li«l fold to form tho typical mongoUmi 
fold. In tlio first six iiioiitlis of life, according to Martin’s statisticsll for epicankhus 
in llw Mnniiili popwlalimi, llll'l 7„ of males and 7.) of femaleH have epioiviithna, 
hnt tin* niinds'ivi are rediKfed to 7„ and 2'{i ro-spcctively in tiu! yeara 12 lo 2/;, 
thus showing that in most wvaes an i‘|ne.a,ntlius disappeata in early life. In con- 
H('»|iieii(ie peculiar dillimilties urn enwiiiiilered in lh« iuvestigution of a pedigroeof 
siiupk* epii-authus and these are added to by tlu^ ciicunistanco that individuals 
who havi! (‘phyiiithiiH and tlidr rolatioiis are usually unaware that an abnormal 
condition is present. This i« in marked contnust with tho (iharucturiHtui wwos of 
pliwis with epicantliiiH which are widl known to the relatives. Olinicid obsorvation 
Konieiinies .HlunvH the preaeiice of an epicanthns at tho fimt oxainiimtimi and its 
al«e»t<!o at a siilweiiiieiit exuniirmtion. Tlum: (I) A female (Fig. 21, II, 1, p. lo) 
at age of 5 yeaiH had wcll-iaurke.d bilateral epiciuithus, which Imd disappeared by 
llie age of 24. (2) Another female (Fig, 12, 11, », p. 11) child when aeon at 5 yeans 
of age had a iinilalernl cpicanthua, which was imt present 21 yeara later, (il) A male 
(Fig. 17, III, I, |). lil) with bilateral epicanthns in infancy had at the age of 7 no 
epieunlliim on right aide, but the rcniaiiiH of one on loft side. (4) A foinale when 
Noeii in inlimey ami again at l> years of age hwl bilateral epicanibtiH, which was 
not [iresent at the age of 1). 

I’uhlisherl pedigrees of niinple epioaiitlms are. few. I know of ten of which 
Mcii'owHhy'H is the only large, one, though in a pedigree by Reseti.Htoin, epicnnlhuH 
oeeniH in four gi’iieratioiia This fn-at of lliese ten pedigrees to ajijicnr wns V, Ammon's 
piililiHhed in 

* Hcliiin, ifttUh, Joh. AHawila, Itmulhufh iler imlfwliiyitvlKU /limioniii! tiei menii'Miclien 
JlaiiiliufK, .S. /i9. (1(1, IHUH, 

t .Irindfjt of Kuimia, V«l. i, Pnrls i niul it. pii, I2S-~18H, 1028. 

t Atli vih pi 2H, IDBH* 

S NYiunaoii^Mir^, V, -K, ihaejes Arch. /. Ophtk B. IH 

' l^^ iCium HuHiibttch (In Ophttmljmloijii^ (SeBiock u. Unidkner) i. H. 280i 11)80. 

^ Murtiii, UihIuH, I.rhrbuf'h Aer AuihrvimbHjk^ H. 12Ij* 
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Her&Htunj Epkanth m 


y . Ammon, Fig. 1, obsorvcd n wm and tliiM'a tliuigbUsr.n "'vitlv a i>iuaU (arfuil 
cpicantbuH Avhich they had inlinrilcd from thi'ii’ iiinlbi.-r. 


I 

n 


rrrn 

V 9 9 


>'i«. 1. 


Drews, Pig. 2, knew a family iii Munich in wliicli a iiiellicr, In r ^!nl ami 
daughter had epicanthus. 

I 

n < i >9 

a. 


GA.EEZOWSK1, Pig. 3, in 18V6 wrote that epicantUuH ia newt frwpwnUy douldv, 
and it is congenital, He had soon it hereditary in a family; the fallifi' ainl (In- 
two childron presented the same dofiirmity in an exeoHHivn tb^gren. 


I 

H 







Eig. tt. 


Manz, Fig. 4, saw five childron in a family of leu willi epiennihiiH. I’lic t.fh. r 
five children did not have tho deformity. Sox and oixler tif birth not giv»'ii, N.i 
mention of oyo movomonts. 



• • • ® 


Fig. 4. 



r. n. Uhhkr 


.ScKlutJT, Kig, okwrvc’ril {tarlutl lifi niwl t‘jiiciinlhUK in f(»«r nf t*ix rhiMrf n 
of a fniittly of AI[»ln*! rlosceiit, wliornt* iviroiita, ^jmnrJjwn’alw anti brother atnl «*(*. r 
wore ntit anc‘f*l<'fl. 

I 


n 


n 

Mk. 5. 

UfisKNSTlCfN^ 1st family, Fi)^. (i, IV, 2, a girl, ago (I, with l)ilfitorai (‘picanlhiis 
aisl HiralaHnnis, IL (! u. in right and 4 i>. in loft oyu and 1 u of aKtiginalism in 
naeh. AsynnnHry nf IV, 1, hor InaUun, ugi^ Td, will^ Inlalml npWnniUas 
and ('oncoiiihant (Miavorgniit siralnHiiins. II. 11. M D., L. 4 n. with I n. (jraHtignialisni 
in (MU'h. Nn laniul aHyrniiKjtry. Th(» inotimr, III, 1, iigc 4H, Inis bilalH’al apicuntluiH, 

I 'f 


TL ,f 


m .f 


Iff , 

ViK.0. 

H, fl to 7 iiHligniatiHin I'n l». in otutli. Vory iiinrltiMl facial aayiniiiolry. II, 1, Iho 
inalonuil graiithnoltud’, alwaya bad batl viHioii, bridjit! of ntiwt wan Hat with vortical 
skin fold on both aidtfH. I, 1, tht; f{i‘otil KraiidniDUior, hail iilwayH iioor vinion, alm> 
e^iioantliUH and facial aaynunolry, 'I'hoi’o is tlinnit tratiHtnisHion of oiiicaathoH in 
four genorallonH. 

Mkihowsky, Fig. 7 (p. B). In generation I a fennvloinarrictl twice. From the lireb 
innrriago kIio bud a «on and daughter both with upicnntbiiB. Tlit! mm had nine 
uliildi'im, all niaioH, of wlioni six lm<l the Imrcditary (dmraclor. All alVectod nieinhora 
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1 ) 


win? innrriwi tmnamill<KJ cpicnnllum l« »<>me «<f llnrir flefKr^'ndi.nto. whilfti Ihr 
linninrratt’fl incmlwra had dulilrcri wilhrml In the mtiK' iitfuuKT llit* 

thmfl childron of thn mjcnnd manria^fc* fif whom two were nffcTtorl, Ixilh maiw, 
tmnHiailtcd lliu iilTctcilion U) two Authrr geriismtionH- Of tin* K7 do.wiirlaritH of 
Ihu fomnlc in jifvncmliui) I, *11 have opiennthuH. 

IlOSRNSTElN, Slid family, Fig. 8, III, 1, n iiiak', ng(! 2!), with hiialoml ('|iit';mlhim 
anrJ a high d(!gr<a! of myopia, li. 18 niut L. H), tmtigmatiHin of 1 )k in vavii ntiil 
hlephnrochiiliiaia of leH. Ill, 2, hia twin hrntlior, with a Iokh (Icgrt'c of myopia, had 
tin; Hiuno aoiiditioii. Ill, 8, the* yonngo.sl hrotlu'r, a H-ywir-old l«iy, who dii-d of 
ionaniitialioii of tho InngH, waa alaift-aighlcal and ha<l itxaoplionally woll-markfd 
l)iliil.(‘rid cpicauthii.s. llf, 4, two niiaffocUMl hrolhora. 11, 1, iho fitthfr, diid. He 
had a high degree (d sliorl mght and hilatr-ral epioaiithno, It in not known wliellier 
any of the grand [MiioiitH (1, 1 *4) Imda.Hiinilaraiioioaiy. There indirect hdierilamii! 
ofopicaiillin.M willi other nnoiiialieH of the e^’o from father to itiren wniH, 

I ,6 >p’ .6? p’ 

I 

It .» iQ 

l_ . I 

'•• t: 

m .4 

H. 


UiiHKKHTFlN, l\nl family, Ki^** HI, 1, a 15«yrar-MhI Ihiv with hilaU ml <i»pivanthinii 
and myopia, U. A ]i„ H 7 J),, willi a.^li^ma!iHui tif 1 !i. in airh. Ho ia an only chihl. 

U luf^ faUrnr, ilmh Ho hml biliitoral t^picanllnm and vory visiim UmIIi far 
and nrar. It in ri*il kjo^vvii whothor (hi* IwtyV grain! (I, 1 and 2) nr mar 
ndalioiiH hud aHimilnr uiionnily, Thoiv in ditrol inhonlauro of lln^ dt^family fo'a* 
father to Hon, 


I 

n 

m 



8 .K, y. 
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Ilcrcdi tary Ep im nth m 


Waaiidenbuho, Fig. 10, obHcrvwl opii'iuitliHH in I’lvi: brnt!i«'ix. 
not have the charucter, but their umtlmr liiul it in ii .'iliglit ib'gm*. 


Their f.ttlu r Oel 



Fig. 10, 


In these 10 pecHgrocs are GJ) persons witli upienitlhiis; }1'» are m!»h‘f«, ‘iO nr*- 
females, and in 11 the sex is not recorded. In « iKidigree.H (Figs. 1- 0, 0 10) 
the inheritance is continuous with tranHiniRsioii through the ninb* thirOcn tinu s 
and through the female nine tiinc.s. In 2 pedigree.s (Figs, 4 iiiid 5) ••picnt»jhuH 
is confined bo n single sibship, ConwuigiiiniLy is not recorded in any ol tin* 
pedigrees. 

In submitting the results of an investigation of siun(> new pwligrn’S of simple 
cpicanthns — 24 in all~I am fully aware how unsatisfactory these are in H-mie of 
the pedigrees, owing to the probable diwmpearanee of the. (‘pieaulbus in eerlain 
cases, but I venture to j'oeord them in the hope that when coiiMidered C4illeetively 
some light may bo thrown on such pedigrees*. 

My own material consists of epicjinthus pcidigree.s wliicli .show lich tlity. In 
some of these, investigation originated from (tlinical intics made in .somi' ii);.|.ini < i 
many years ago, and in othens from ciuscs which Professor Istwf had .s< i n fr.tm diif 
to three days after birth in the years 1024 — 27. With few except ions, only cxiiioitn d 
cases of opicanthus occurring in the pcdignic.s have licen aceopi4H|. Nhim' of (ho 
pedigrees is largo. Examples have already been given of the diwip|S'amni'4« ..f 
epicanthus. In addition to those proved cases, in soim* (H'digns-H indivitlnalM 
without an epicanthus are suspected of formerly having lia'l ihis ehiinicivr. Tin- 
three youngest members of a sibship, in Fig, li, hav(? bilateral e|»ieaiillm'*, but 



n >9 -9 >9 ‘f -f f 


1% 11. 


two older ones when they were examined had no epicanlhuH. The liral-born, not 
seen, had died in infancy. The distribution of the abnonnalily is suggeslivc lltat 

* Some of these pcdigtcee ere briefly deecribed on pp. 10— W, end fuller ],jtrlicutiti« of ««ti 
individual pedigree arc provided on pp, 18—26. 

t Professor Alexander Low, UnivetBity of Aberdeen. 
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II 


oiHj or of (hf first Iwrn «ihs iiiny have hiwl rpiejintlnis in infancy. Their 
father has conginjitsU wlribnim of iri'R and niicimvn-rtea. 

(Tlu! -j aign above individual* in the jaKiigree charla indicaUrfl that they have 
Ik!c<|) exnmincfj.) 


In Fig. 12 are two aialr'w with nlTtioU'd oflitpring. One of them, 11, H, lm<l 
unilateral cpicauthna at the age of fi ycnr«, whertnw there waa no epicanthua 


n 


Abbroviafed CKorl 


I — I — r 
>9 ‘O >9 


1- 




I'i)!. 11 



mIio vvur 2(i yearn of age. An ohlcr HiKler, II, fi, with four aiycnleil children, 
hiw no ejneaiilliiiR. Hlie hiul not heoii w:eii in childhood, and Hiniiliirly with her 
tnotlier (not .ahown in iihhrovi.aled chart), 1, 2. It may hIho ho of mgiiilmnnce that 
only file yotinge.Ht of (to; fimr fifilaled diihlreti of II, Ft has hilatorni fipicoritlins, in 
the others it is niiiluteral. 


In Fig. l.*l, a uioilier with two (ihildren, all nhowing well-marked bilatend 
iipieanthna, Hni<l that her molker, 1, 1, hud the name condition. Her medical man, 

I ,9 

n ^^4 

I — P'1 — I 

m .9 «9 4 -f 

Fur* IH. 

however, reported that rtln; lia-s no ivaccH of cpieanthiw. lUtl it possibly din- 
appeared ? 

Ill Fig, M are two «i«ler« with nfrected ollnpring. Oiio of them, II, 5, hnn a 
definite epicanthus on left nide only. Her HiHter, II, 4, who ia older than she in, 
has no opicantluiB. Their |>arenl», 1, 1 and 2, have no epicanthus. The i^ucstions 
urine : lirat, liad 11, 5 bilateml opicanthiiB at an earlier ago and, secondly, did II, 4 
and I, I or I, 2 formerly have epicanthuB? 
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m ,5 ,6 .9 ,4 .4 


FiH. M. 


In li'ig. 15 a maUi.IV, 3, \vkl» liUatvnil m»u'/mlhu;i in iiif.mcy ntnl .»* .<« 

has now, at tho ago of «, what upiiMiuw Iw !«• *.iily iIm> ni»iw r i-arJ uf v K-h . [or 
remaining. The boy'n mutoriml uiinl. HI, 13, ng.- Vi, h;.« u lni.v\v >.»» t-M ho,„til,ng 



FiK. IB. 


tho upper part of an cpicanthuH, wliicli i 1 ( k;h not oxlfiiil ihtwn wf fur «.« tin* 
tarsal ligament. She is marked in the chart na having ni> f|)it';iiilhn». though 
possibly, 08 in the cose of IV, 3, a dermitc l>ilftU*ral vpivonllnih won prv«« nt » »«!)» s 
Those cases (IV, 3 ami III, 13) ami ulsii the C!vhi> uf a miilf, II, 3 in Fig. ’i!‘, 
suggest that tho opicanthus disappeam rroiii hehiw iijnvanl^. In tin- 
sibship, cpicanthus ocem-s only amimgat the yonuger mmulimn H'lg. 15, IH. 1;5 
and 14), so that tlio mother at their age may have had the name t!(imiiuittt. 

The next four pedigrees of epicanUvuH in three genemtiuiiH illuMraU* dir. ii-i 
inheritance of opicanthus. Fig. 16, a male, 1, 2, is thwl, hut his jilmingraph almw* 
epicanthus. Ho married, twice and transmitted the condition to a nii'mlh-r of lt>.s)i 
his families. Sis daughter, II. 2, and her son, IH, 3, have ejiiwinllnw. It m 
unknown whether II, 1, 3 and 4, three unaffected pareula who have Hdldwn wiUi 
epicanthus, had the same condition in childhood. 



(}. 11. IIbiieh 


K) 



FjK. 


Fi^^ 17, Alhrrt, H,, III, 1, ayt? 7, witli raniaiim vf an epicanblius on Infb aida 
only, in infancy had l35!atonU in>\canU\u». Ilia hrolhnr, HI, Jl, and mtilxjra, III, 2 
aial d*, liuvti bilal(«rul npionntliiiH, whujh \h imxst oonHiiicjuonH in tho ynuJigOHb aister, 



n. 


agi'd U. Tin* falhor, II, 1, haa unilaLoral ({{mianfchuR on left nido, Tho mothorj il, 2, 
ill(-gi*inialc, hnn ilislinot hitatoml opicanthuf^* Tho patoriia! gmialparouta, 1, 1 and 
2, havr no opioanthus. Maternal gnuulfatlu r, J, 2, in dead. ]^[atornal gnindrnotber, 
1, 0» Inm fc(d>ly niurknil Irilulnral opicauthnn ; I, 5, thm> ibinalcj^, ato dea^l I, 4 
and 7 and 11, t have no (‘picanthuR* All fclioMU allcctod in tlim pudigreo huvo 
opieanMma palpehralin. 

Fig, IH niiowa u pedigrro witli npicunblum in bhreo gonemiion« and tliroofc 

tranHiniKMioit of thr nlVnnlii»n. 

VI Cl led Claa3*h 


•f, A i. 






14 


Hereditary Hpiennthna 


Fig. 19. Epictuitims 
in a aibship of 11, ten 


in throo g(?noriit,ioiiH, Of II wlm wt-rt' c^ininiiK ‘i 

have epicmitliiiH. In llircn of lliew!, II, 1, H ait'l UK •lie 



epicanthuB is imilatoral, it has an ntUiimnUKl appi'anwii’.* jonl tiinapi" nl 
lower edge of fcho internal taraal lignmunl. Tlusir iinMher, I. iJ. lnw lolnU roI t<)>i» 
canthuB. Ill, 4bafl loft unilateral epiranlhu.s ; III, ft rind (• bilalt'rfil t-pii’aniluii 
palpobraliB, and III, 7 and 8 bilateral epicaiillnia l[iwili«. 


An example of what appcara to be diHeoiitinuoHH inlieritanee ii wn n in Fig 20. 
1, 1, now deceased, is said to have hud no epicaiitluia, but wrw blind fmnn i»llfiiin*<l 
eyes in infancy. 11,4 when uxamined had no epicanthfiH, wbirb may bnwi'Vcr liave 
been present in childhood. Other examples are Hoen in Figs 14 ami ItOmpp 12. I’l. 
It is important to recollect that if certain parents in Uu‘f«* js'rligreea had bo n 
examined in childhood, epieanlhuR might have bi'mi fmnid. in whieh laete the 
inheritance would bo continuous. 


5> 


I ^ ♦ I 


T' ^ - 1 ' 
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The next three pedigrees show the abnormality limited ut nuunbertt of a sinele 
sibship. 


Fig. 21 shows two normal parents with six children, of wliom two males and 
two fetnales have epicanthua, 
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KiK- 22. A uormiil 1, 2, had a iiorinal child hy hev first husbiiud aud 

iiiiii! cliildn-n hy Iit;r scoond hiiHhnnd, of whom seven have epiciintluia 

1 ,6 ,9 





Ffe, 



Fig. 2.'). Foni* nftutitefl sons of normal {wronm, A fifth Hon, II, I, the oldest, he 
it Holed, low no cfiiieunlluie. Other five sihs, II, 2, J), fi, 7, 10, died in infancy, 

n , 1 ^ ,6 ,4 .4 , 6 ~ 6 .4 .4 £> 

in«. as. 

Unilfttond may roHiilf, frtJtn the natiiml diwippearnnce of an eyi- 

cniii/huB fro(ti the o])|Kwiti) side. Thif artificial ilisiiitpcnmnco of «n epicnntluia may 
bo tile result of ojxiration. If the e|iicanthiiH Ixs removed at nti early age from botli 
sides it in conceivable that in i«Udt life such an iudividwal would b« mmsvaro of 
his previous condition, which might never hnvo been rojxirtcd to tlio investigator 
of the pedigrees. 

ICxutnples of poraislenco of nn cpicanthua for a considoinblc niimbor of years 
are Siam in the next four podtgroos, two of which do not show heredity. 



l(i 


IlemUtavij P)inc<in fit m 


Fig. U. Dorolhy 11 'r., II. I. id «f :i hiMl a Inlid.-ral r.xl-'iflmg 

froia ttvm\ f»W i«m 1 oAu’viug tUnvmvanls to iuju'r vtul uf Kav.-r U'l, alu-li -Iiil 


ptesont at of 28, 


oV> 


.6 .Q 


ob /ihf ‘>'> J — t 


r~i 
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I'iK. 21. 


Fig. 23. Margari'b S., II. 7. « twin, at ngt' "f !) luni a luiilaU’ral l•|tii'Hll^htlh 
which woa .sllH prcaoiit when ahu wus 1!) yciiw itl'ngo. 


I 


.Q 


I 


\ ^ ^ 




III .6 ,d 


ViK. 2.1. 

Pig. 2C. II, 4, a male, the first born of tWphits, cxaminml at ,'5 and 2S yi ai'^ nl age. 
Bilateral epicaDthns was jrt’OBont on hath occitsiniiH. 

6 + 

. 


2.9 


IT i.i t!)- .1 ,6 


4 » 4 


Ki«. 2(1. 


Inpedigr0O,lt'ig.27,fivc ofwx sisfcorswith opinanthna wore re-axainiiit'd 'i-l y<'ai« 
kbet, In four of them epicanthua waa atUl pveKunl. 'I'hu ttUU'Ht of tlu-ae wan H2. 

The following rcaultaUavo boon obUvlnod fnun tbu 22 now iKaligret*}*, nf wlmdi 
a number of charts have boon shown. Gonsanguinil.y occiiin in niio jiedignu'. ‘I'hn 
numbot of individuula with epvcnnthus ia 111, of whom 53 am mnlus nml 5H r.>m«h*H. 
Transmission from parent to child occurs in Ifi pedigmes, by the father in fl aib- 
ships and by the mother in 14. Discontinuous inheritance occiiin in 8 
Including 6 of those that also show continuous inheritance, Epicantluia is tsonfinnl 
to members of a single sibship in G pedigrees. Though opicunlluiR is imii»mitt<Ml 
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IH IkmiUar]! Eiumnlhm 

from an lUlcctud fiitlior, or iiu.th(a'. to llu; cliiltlroii in only n .Miiall in;.)-' '’.V ;•» 
the pedigreuH, tvammisHum is in acenixlauce vvilli what ia won so iufirli<'.lly in 
Meiiowsky’a large pedigroo. Fiirtheriiiort'. na t-picaiiUinH ia known i,m »lis..vpj»-<ir 
ns ago ndvancL's in a coiiHidi'rable ninnhor of puopk*' -hm* Mnrtins lalilo llo'ro 
eon be UtUo doubt Unit some of the lemaiiiiug » la-dign-oK would liavo diowti 
direct inheritance had all l)io (ixuininalimm biani nmde >d. an early ago*. Wto'u 
these rcaults aro added to tlume from puhliahed iiedigrecs, tin* following Hgnroa 
arc obtained -. Number of afleett'd pcrsoiiK IMO; of Utwe HK arc umh-.s. HI f''innl<'K. 
and in 11 the sex ie unrecordwl. 'I’here we il'il pedignsca in nil*, in 21 *>f tlmw 
inheritance is oontiiiuous, with transiniHsioii through niidoR 10 tinU'S, and llinnigh 
fcinalea 24 Uwes. DweontiuuoUH vuberitnuca aUmti twcura in d jjwligrTS-R, and 
both continuous and discontinuous inliwitanci* in f. When it is considered ibal 
21 of the 33 pedigroea show Iranamisaion from pivent to cldhl and Ibai a pr<«. 
portion of normal parents of affected sibshiiw may in childlnHsl Imvn had the 
abnormality, there is gooil reason to believe that nsnally in inlnwitA'd v'pvcauihns 
tho transmission is oontimmii.s. 

Changes must occur in the ajipeurance of mi epiranllnis, which, ihongb well 
marked at first, finally disappoars. No doubt ophlhnlmologiHla sen llm dilVeix'iit 
stages of retrogression, but are tho appeamnees presonted rticognised «« those of 
an epicanthua which will later disappear? Tlie ill-defined skin folda which in fiotm* 
instances aro difficult to diagnose os cpicuntbu.s ai-e jiosHihly Into Htiigi H of a 
formerly well-defined opicanthus. Cases have been reconled in this iiicmoirof well 
marked opicanthus, which after some years ajijieared to he r<'pr* Ki*ul,''d hy on i»dy 
short thin skin folds at the silo of tho upper part of the vanished ejtie.iiiiliMh, 
Forstorf had doubt as l<> whether an ol)lu}iiely lying .skin lold which began nf ilie 
internal tarsal ligament and extended upwards uud outwanis above, the tarsal fidd 
was an opicanthus, though he regarded the fold as jH-obnhly an opieniillins. lb- 
saw this oblique fold in five cnees, aged respectively 23(2), 20, .'17. 10 yi-ars. Ii 
may be 8Ugge.sted that these wore possibly late slagea in the diMippi-arancv *d' mi 
epicanthiis palpobralis, The ago of the ciwies mipjHirls .siieli a view. It is ulivnms 
that a thorough investigation of the inhiiritiineo of epieanthuM in a pedign-e iv- 
quires not only an oxaminatiou of each individiud, but that this Hlmuld he uouh* 
at an early ago, 

SiMPLH JOpiCANTUIOI. 

A shoH Account of 22 unpublished Pedit/rei's which show Uemlity, 

^•g- (p- 11), Forbes family, E]>ici\nkhns in three aibshijis of two gcnemiioid. 
Wm., Ill, 20, age Ifi, Isobol, HI, 23, and Catherine, III, 24 have left nidlaieivd 
opicanthus; Ann, III, 26, has bilateral opicanthus more marked ou left Hide, 'I’lieir 
mother, II, 6, has no epicanthus. One of tho twins, HI, 21 and 22, diwl at birlh. 
the other and Patricia, HI, 25, and Alice, HI, 27, have no epicantliiis. Houghia Y,, 

* Fige. 24Md26 &tb not inol«a«d in this sUtUtioni BumWMy an tlifl «uthor coiitiilcra Out they di* 
not snow heredity. 

t Forator, A., Jnatomiteher Amtlgir, Bd. 62. No. 8/4, S. 49-88, lOlO. 
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III, 28, ago 4, and liin bruthor William, III, 29, age 11 weeks, have bilafcuml 
02 )icantlnis. Their mother, II, 8, has no opioanthus (li)34), yet when seen (191 II) 
fit the ago of n, opicanthiis on loft sido was recorded, riglifc side was normal. I, 1, 
father of II, 8, and II, 7, deceased, BoHidcs thoso raurked in the chart, 20 other 
members were examined, including four femaleH the oldest in sibship II, 1 — 8 anri 
their children, aiid also I, 2, the mother of II, 8. None of these liad opicanthus. 
No confianguinily. 

Fig, 21 (p. 15), Genie family. Four with epicanthus in a sibahip of six. Mary G., 
II, 1, in 1914, at age of 5, had marked bilateral epicanthus which was absent in 
1984. Mrs L,, II, 2, and her chikl, III, 1, have no opioantluiH. Alice G., II, 8, ago 
21 years, has opicauthuH on right side, none on left, e.Ktending from ttu\sal fold 
above to just below inner end of lower lid. lUchard G., II, 6, age 15, with bilaboral 
epicanthus; {lintanco from one epicanthus edge to that of the other is 88 mm. and 
from miter canthns t-o c<Ige (F epicanthus is 25 mm. James G., II, 0, ago 18, has 
bilateral epicanthus; disiunee from edge of one epicanthus to that of the other is 
88 mm. and from outer canthim to edge of epicanthus i.s 28 inrn. I, 1 1ms no 
epicanthus. It is not stated whether J, 2, now (lea<l, w1m» came witli a daughter in 
1914, wa>s examined for epicanthns, though tins is likely. No consanguinity. 

Fig. 28, Mack family, III, 4, male, age 8 (1905) was brought for a definite 
but not very marked bilateral epicanthus. In 1911, U. and L. fundus aoriiial, 
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nsfincfcinii II. in each 11.V. wilh “ I'V* willi ^ fnJ 

tncnlally iloiliiienb. Hin vnotlier, II, B, now iIccoaHOtl, had an upicanthnn on right 
flidi’ only. She Htnlocl that it was a family complaint and that her sistor'a children, 
in. . 5 , and I), have it. When the mother, II, 5 , of the.*)© children was written to 
in 1!):I4 .she replied that it does not exist in heiBolf or her daughters, nor in any of 
her hrothens and sisters, nor in any member of her brother L’s, II, 8, family, bub in 
her granddaughter, IV, 2, 16 months old, she could see a faint incUcaUou of it, 

3-2 
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lUmlitarjf Epkanth 

“I don't auppoao nnyoiic else would notko aiiylirniK iiiniaiiid in ln*r h'ft r-yc. 

I have a pmetmed eye ao to npeak. Imvinf? been uftiul to weing it in my aiab r and 
her son. I don’t understand Mrs Mack, II, H, wiying tin- .‘^anie n0i!erK»ii wtm 
in her aiatev’a children. »Shc iuuhL have Ih-imi iiiiHlakeu.'' I, !f ainl I, + had /n* 
epiennthus and none of tho photographs or paintings of the t r g-'in J-i’i-oin 
indicalcft the presence, of au epkenthua. No conanuguinity. 

Fig. Ifi (p. 13), Tivane family. Fmligree slmwing heth couliimHU-* and dj« 
continuous dcscont. I, 2, whoso photogmpli shows (.‘picaiithns, nianied iwire and 
had offftpring with epicanthus from both uuu'viagCH. He and his first wife are d<vid 
His second wife, I, II, has no cpicanthus. The following liavn bilntoml cjni’anihns 
■Robert E.. II, 8, ago 10, form palpebralis, hiw internal wmcovnitani slnibiMmiR; 
III, 2, female, hivs a minor degree; II, % and her sun, HI. H, Ibnn tar;i^rh\', III, <1. 
male, age 4, and III, Y, male, age 2 yonm, form larsalis ; HI, 4 and f». leiiiab H. agen -S 
and Y, in a minor degree; HI, g, female, age. 4, fnnn jMiljMtbwbs. H, tl. «tab% 
ago 22; II, Y, female, ago 14; III, !), female, age 3; II, 1, h, and 4haV(' iKtopiraiithn.'*. 
No consanguinity. 

Fig. 29, McHufllo family. Throe brotliws, HI, 1, 2, !I, in u >«ili«bip rd ihr* *' 
with bilateral cpicanthus, ami a paternal nnele and [lo.ssihly tlifir latla r with {lo' 
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same condition. Tho brothers’ ages aro from 10 U» 2 years. Tludr fhllu-r. H. 2, 
deceased, his wife says had folds of skin similar to those preKoni in ln?r Istys. Hh»-. 
II, 6, has no opicanthms. Tho undo, II, 3, has atteuimbal bilatend epiwutllHis 
Tho hoys’ paronts woro first cousins, their paternal gnvntluunlmr, 1, 2. ami nmu-riml 
grandfather, I, 3, being sistor and brother. 1, 1. 2, 4 and H. 1 are dt?t*«‘s,w.d. ( 
sanguinity. 

Fig. lY (p. IS), Stewart pedigree. Fpicattlhua in three generations; disaprufar* 
anco of epicanthus in one of the mombore. HI, 1, Albert S.. ago 7, ha.s ritiiinitm 
of an cpicanthus on left side only. In infancy and also at age of 5 years when Seen 
by Professor Low ho had bilateral epicanthus. His brother, HI, 3, and dsksru, 
HI, 2 and 4, have bilateral epicanthus best marked in the younger sister, ujro 
2 years. Father^ II^ haa loft^aidod Mother, 11, ihojzili- 

mate, has distinct bilateral epicanthus. Paternal grandparents 1, 1 and 2, normah 
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Matorniil gmiirlftiLhei*, I, Jl, dccousccl. Maternal ^nuKlmotliei', 1, G, has feebly marked 
bilateral epicanthns. I, G are dcooiiaod. I, 4 and 7 and II, 4 are normal. Kpi- 
caiifcliUH palpebralis was tbo form in each affected [lei'Hon. No coiiaangiiinity. 

Fig. 11 (p. 10), Findlay pedigree, EpicanfciniH in the throe yoinigesb of eix 
siators. II, f>, Daiay F., bilateral opicantinis «een at (» montha and Gi years of ago, 

II, 4, Joasio F., and II, G, Rose R, ngi; 1 year, have bilateral cpicanthus. II, 1 died 
in infancy; Marjory F., II, 2, ago 12, and Dorothy F., 11, Jl, are ijormnl. Father, 

I, 1, and mother, 1, 2, have no epicanthua. The former baa congenital coloboina at 
nasal side of right iris and microcornoa of same eye. E.V. with high power 4 Icus 
= reading small newspaper print at 10". Seen in bed with cardiac dlsonso. No 
consanguinity. 

Fig. 13 (p. 11), Cleveland pedigree. Shows direct transmission from mother to 
children. The family lives in Abonlecn. Sheila 0., Ill, 1, firstborn, ago 11, and 
Jill 0., Ill, 2, have no epicanthwa. Jatjnelino C., Ill, 3, ago 6, and III, 4, an 
infant, have marked bilateral cpicanthus. Mother, II, 2, hn.s definite bilateral 
epicanthus. She stateil that her mother, 1, 1, who iive.s in England, liiw the same 
condition, hut this was not confirmed by the family doctor. No consanguinity. 

Fig. 14 (p. 12), Urowu pedigree. James B., Ill, 4, age 7, illegitimate, and 

III, I), G, 7 have bilateral epieantlms tarsnli.s. Mother, II, 4, has no epicanthus. 
Father, II, 1, is abron<l, II, 2 not seen. Ilf, H, Adam B,, age 7, illogitiinato, lia.s 
bilateral ejneanthna tavsalis. His mother, II, 5, has it on left side only. II, (1, II, 3, 
and III, 1, 2, 3 have no cpicaiithits. Ill, 1 is aged 6. No consanguinity. I, 1 
and I, 2 have no opicanlliUH. Hail II, 6 bilateral epicanthus at an earlier age and 
did II, 4 formerly have epicanthns? 

Fig. Ifi (p. 12), Poison \M!digroo. A boy and two inalorual ancles with epi- 
cftiithns. Parents, III, 2 and 5, and maternal grandmother, 11, 3, have no epicivnthus. 
Gordon II,, III, 12, ago 10, bos a minor degree of epicanthua bilateralis. Neil II., 

III, 14, also has bilateral cpicanthus better defined on right side. IJazio II., 111,8, 
luis broad root of nose, but no fold at either inner cnnlhus. Paternal grandmother, 

II, 1, very broad from one inner contlius to the other, no epicanthus, skin wrinkled. 

IV, 4 and 5, iu> epicanthua. IV, 0, III, Q, and IV, 1 died in infancy. Ill, 0 married, 
no offspring. 

Fig. 30, Gahlor pedigree. Showing both direct and indirect inhoritanco. Nun 0., 
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HI, 1, Iige i), ilU'ijitiuKtto; her iiioUier, 11, 4. untl uncle. II. :i, nniiuirrii 4. liav.- 
bilateral epicanthus tarsalia, II, 4, not. eiO)Sii»)(miu;ou« witli 11. I, or lo r iin-b »n-l 

II, % by whom she has two normal wiiih, III, 2, :t. 11, .I. wifli no npic-nitboM. hoN 
three sons, one (III, 4) of whom wan kilh'd. Tin* otlior two linv.- i-pictuilhiiH taiM-ilis 
bilateral in III, 5, ago 7, mid iinilnttirid on right wlo in III, t», a>;o :i. I, 1 mol 2. 
deceased. It Is of course open lev doubt, wlmllmr II, Ti, at, iiii carli. r )ig.\ lind 
cpicanthua. No couRauRutuity. 

Fig, 20 (p. 14)), Jainicaon pedigree, lipicanthns in a eliild, io'f jeib rnal nio'li' 
and a paternal aunt. Disapixuvrauce of i«i optcanthuH from opera! ion. .Tfw. ,1., 1 1. .'I, 
age 28, unmarried, at ago of 3 had marked bilateral l•pieanlhllH which (■ovi r* )! the 
carnnclca ; distance from edge of fine (■picanthus to that of the other was 'id imn 
Excellent result after Wichcrkiewicz operation on ow-li. Aimii^ H, 7. ag«* I '2, 
with unilateral left-sided epicanthus, has internal couiiomitiintHlrahiHiijiin. Irene .1,. 

III, 3, age 2, with unilateral left-sided epicantlius. Futlier, 11, i, has no e[<ican!)(ii*4. 

I, 1, decGiised, his wife states had no skin fold, wtirked at blind iiMybiiii all Ins life, 
eyes inflamed in infancy. No consanguinity. 

Fig. 26 (p. 18), Nicol pedigree. Epicanthus in four members of n sibsliip of 
seven. II, 4, B, 6 arc triplets, ago 2H-, of these, the first luirn, 11, 4. and the last 
born, 11, 8, havo bilateral epicauthua, which was first seen in 11. 4 when lo* w,h 
examined at 5 years of age. Ho was brought for divergent .•wpiiiil wliieh |«i.*tHed 
off; refraction of each eye wiw t-ln. Their mother 8ay.s that, the iW)t liijd»*t.H, 

II, 4) and 11,6, were remarkably alike,. II, 5 Ima no trace of epicanihn**. 11. '2, 
female, ago 30, has marked epicanthus on left alilo ; on right sidi* is men ly a tr^oie. 
In all these cases the cpicnnthu.s arisim from the upper lid tarsal folil. 11. 1, 
male, ago 31, not seen, but, to judge by the ueeonnt of bis brntloT, II, 4. and n 
photograph, he has bilateral epicanthus best marke<I on hdt .“ide. Fnther, I. I, 
deceased. Mother, I, 2, has no epicaiithus. II, 3 dicii in inlimc.y ; It, 7 i« abroad, 
age 28 ; photograph shows no epicanthus. No consiuignitiily. 

Fig. 22 (p. 16), Maitland pedigree. Normal [wreiits with aeven ehildren in a 
sibship of nine with epicanthus. Mary M., H, 2, age 13. with bilateral epieanttins, 
II, 3 died in infancy. II, 4, age 8, has feebly marked bilateral epieimlliMH, iids.' 
well developed. Father says the skin folds were formerly more marked In lo r 
than in any of the othora. John M., II, 6, Edward M.. II. ti, ami Ifiisy M , It. 7. 
have bilateral epicanthus. James M., 11, 8, is normal. Margaret M., II. I), ami 
Frances M,, H, 10, age 7 months, have bilateral epieaalbna Tlnute tire M ra M 
1, 2, children by her second marriage with M., I. 3, By h«r first nmrringe with W,. 
1, 1, sho had a son, T. W., 11, 1, an only child without opieantlmH. Neither In* nor 
his parents have epicanthus, Both I, 2 and I, 3 are iiurinal. No coiiBaiigtiiiiity, 

Fig, 18 (p. 13), Lemmon pedigree. Showing continuous tcansmissitm in three 
generations. I, 8 and his daughter, 11, 13, have bilateral opicanllnia, and Ilia 
pandson. III, 11, right-sided unilateral epicanthus. II, Ifl. when brought for 
internal concomitant strabismus when 6 years of age (1916). bad woll-markwi 
bilateral epicanthus, which is apparently unchanged (1934). It covers th« plica 
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HeiniliinariH and carunclt^ ariaoa from taraal fold of akin on upper liclj and ia 
albutihed below to the «kiu down and in from inner end of lower lid. I, 6, Sdra 
with bilateral eplcanthua, had an illogitlinate <lauf 5 hter, 11, 0, by a half-mto, I, 4; 
aho nuirried I (i, bu!/ had no ninro cliildren. 11* 9 and her children, III, C, 7> 8, 
Ijave no epicanthua. 11, 21, bho youngoHb in the aibahip, ia 10 ycara of ago. Abroad: 

I, 7; II, 2, 4, 10. Married without iasue: I, 6; II, 5, 7, 10, Deceased: I, 1, 2, 11; 

II, (}, 11, 12, 14, 10, 17, IH; Ilf, 5, 1). No cmiHangninity, Some of those referred 
to are nob shown in the abbreviated chart 

Fig. Ill, 3)unbar pedigree. Ill, 4, Susan D., age 14 months, with well-marked 
bilateral cpieai^thvia ami alternating internal Btrabiamim, is the child of a mm, 
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11, 2, 4!>, with coiigoiiitiil club foot, and iv woman, II, S, with bilateral ej>i- 

caiiLliUH. By hia Hrsl wife, II, 1, ho, II, 2, liad ihrco riornml childroii. III, 1, 2, 3, 
agc‘8 10, 14, 10 yoiira. 1, 1 and 2 aru dead; no inforiiwfcion regarding the prcaonco 
of opieanlhiis in them ia obtainable. Nn conmuiguiiiity. 

Fig. 2!1 (p. In), Stewart family. ICpicauthua in four brothera iu a aibahip of ten. 
II, 0, (Joorge S., ago (J (li)32), with marked bihitcml cpicanthiia and right con- 
vorgisnt intovnal atrabisinns. When seen again two years later, it was mited that 
tl»! opicanthits covered the plica Keniiliinari.s and caruncle, Ite.xtended from taraal 
fold of up[ier lid to below inner end of lower lid, II. H, Gordon S., ago 11, bilateral 
opicanlhii.H more marked on k-fb aide, II, 6, llobert S., ugu 14, bilntoral epicanlhna 
better marked on left .side. 11,4, Win. .S., [Mtorly marked bilateral cpicantlius. Died 
ill iidimoy ; II, 2, U, (1, 7, 10. I’anmtH, 1, 1 and 2, normal. No conatmgiiinily. 

Fig. !12, Maseie pedigree. A mother and two aoim witli hilateral epieiuitliue. 

4 



n S 


Fin. 83. 

II, 1, Ale-xftndcr M„ age 10, and hia brother Jim, II, 2, ago 8, to a less extent, 
have bilaloral epicnnthiis. The tami fold is continued downwards to level of lower 
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lid Itiai-gin, where it oiiiIb on side of nose. Th(;ir mother, I. 2, preseiils the Hiime 
appuaraiicoSi caruncle and plica jiormally devehipccl. hiither, !> L has no fpi- 
ciintlncs. No coastinguiiiity. 

Fig. hii Uey pedigree. Bilatonvl congeiiitui epicniitliiiH in a female, lier niece, 
and paternal grandmother. Ill, D, A. 11,, leniale, age 22, has wellnnurked hilalernl 



cpicanthtia continuous with tni-sal fold of upper lid, no plo,si», carniiele visildo, 
lower punetum not displaced outwards, None of her three hrolherK, 111, 0, 10, 11, 
or two sistei's, III, I, B, shows the unonwly, hnt her niece, IV, :l, has dermil^i 
bilateral epicantbus contijuious with tarsal fob! of ujiper lid. 1 , 2 , her jttUethal 
grandniothor (not aeon), now dead, had exactly the SJiiue eonditioii, M’hen A. K,, 
HI, 9, Was born, ibc then family doctor (dwjciwod) vemindtsl her lunlluw, 11, 7. 
of the condition in 1, 2, It, 7 says that her >n(>lher>in>law wum able to slreleh the 
epicanthua by raising her brows. She, II, 7, au<l Iwv huHlnmd (decioowsl) hud 
no opicanthus. She was fiflli horn in a sibship of eight; neither of lier 
parents nor any progeny of her brothers and sistois (not nIiowii in ehiiil) liiel 
opicanthus. Ill, 1 and the elder of the two sislcrs, III, 4, are nmrriisd, ■willroui. 
issue. No consanguinity. 

Fig. 34, Donald pedigree. Father uml two wins with bilaUntd epiriinihue It. 1, 
age 3^, has also loft internal concomitant slrubisinus. In the fulher, the epiennthiiH 
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begins below the tarsal fold of Upper lid and curves downwards to a point below 
the inner canthus. It has a more solid appearanco than usual. 
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Fig, 27 (p, 17), Ovay pcUigroo. Bix AvitU opicanUum. 

of fivo of tlicin uftor au iuUu’val of 24 yeaiu III, SO, Marj' ago 16 (I!) 12), lia<l 
a minor flogreo of cpicanfchu8 more marked on left/ sidOj whieh Imd (liHappearod hy 
10S4; bridge of nose well developed. Ill, S2, Joan (I, ago !) (1910), brouglit for 
blopharo-eonjunetivitiH, had woIlMnarke<I bilateral epicantliuH wlucli hatl nol> altered 
by 1934. Ill, 33, Jeuimie Cl, age H (1912), with bilateral cpicanthufl which Imd 
tiot aitereci by 1034. Her daughter lain no epicantlm«. IIT, 35, Daisy G., age 0 
(1912), witli bilateral epioanlhus, whicli by 1934 had disappeared from left .side 
and was fully marluxl on right aide. Ill, 30, Annie 0., ago 4 (1912), with bilateral 
epicanthua which was atill present in 1034. Ill, 37, Williamina G., age 2 (1012), 
with iiuilateral left-sided epicauthus, in 1934 w^in abroa<L HI, 31, male, died age 2 
(not sGon)» had no opieanthufi. Ill, 34 and 33 have im epicantium. None of those 
affeett’d in the sih.ship \n married except III, 33. Both parents, II, 0 and 11, 8, 
are iionniil. Tim ninilnir, II, 8, now dead, said in 1912 that her husband’H HiHter, 
II, 1, deceased, nud one of her daughtors liad the Hame condition as her own 
danghtors. Tins could not be conlinnod in 1934 (Us the three tianghtens, IIJ, 4, (1, 
11, had Umn no cpieanbhiiH, A fourth dungliter, HI, 12, di<jd young. I, I, female, 
ago 94 (1!112), knew nothing of the condition in any of her relatives when inter- 
viewed by n, H. No consanguinity. 

Fig. 10 (p. 14), McLean pciligreo. Sixteen ufteeletl nnnnheva in Uiree gotmrations, 
Tv\mwuiHHiuu euutiuucviH llweugU uude uv feuuvle, lu aavUftUip of 11, epleanlKut?. 
hilatemlis was presimb in Hoven; in one tlniro wan no ('picurithuH, and in three 
(II, 1, 8, iO) only feebly marked tinilateral upicanthuH wiih found. I, 1, ag(j 5(1, is 
norimd; I, 2 ban bilatoml epicantlius palpcbrulis which luus a flatterual appearance, 
skin is thin. Ill, 2, one died in infancy, three atilMaan. HI, 1, ago 10. Ill, 3, 
ago 3. IIJ, 4, ago 10 months, has loft unilateral opicanlhus. Ill, 6, age 3 years, and 
HI, 0, age 4 montlis, have bilateral (^l)icanthlm palpobralis. HI, 7 and III, 8 liavij 
bilateral opicatibhim tarsalis, and so have 11, 5 and II, 7, but nob so markedly, No 
cunBangwinity. 
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GROWTH GHANGKS IN ROPILY AND PROIHIHTIONS 
DURING THE fimmiM YEARH: A DKYELOI'MICNTAI. 
STUDY OF SIXTY^ONK OUnilUlKN BY RKIMCATEP 
MEASUREMENTS. 


By nancy BAYLEYani) PRANK C, DAVLS. 

(Uii'ivcrsity of Cnlilorn'm, Innlimlo of Child NVulfiuo.) 

I lllTlUUHKyriOM. 

II^v^«T[aA'rORS of tlio prohloHift of {frowth in luMlil)' nIzo iumI 

h(ivo frequently pointed out that Horiatiin inCiwnvcH, in n group largo onongli for 
statistical treatment, arc greatly to bo deflired. iSucli menanri'H over ilm i niiro 
growth period would, of coitvao, verpiiro many yearn; in eonwipionw. ino^t »« rintiiti 
studies cover only a few ycam of the growth cycle, or ore limited In few eiweft, ’I’licNt* 
studies have usually boon limited further by restriction in nieswmeun'ni!' *'f Imiglii, 
and weight only. 

The proflont study presents cumulative data for Dm first three ye.ua of life, 
During these early years growth is, of eouvse, much moru rjvpid than at, any InU-r 
age, and consequently a greater [)ortion (»f it is inoliiihid for a given unit of time. 

The use of a constant sample through n tlirec-yenr period [iivsouIj( nmny 
advantages. With a constant sample wc ncwl not make alhtwnm-es for amnpUng 
lluotuations from ono ago level to the next, and so may work vviUm smaller imndmr 
of cases than would otherwise be nceesaary for securing growth and variuhiliiy irtinds. 
Prom repeated measures, we can determine tlio stability of gntwlli r?iU‘« in 
individuals. We can study the relationship between growth nvlrs of dilTenmi jwirta of 
the body, for the group us a whole, and for individual oicmlmrs in iho group. Wu can 
study the eonsislency in tyjieB of build between tlus earlier nnd later iigea nu'iimircd, 
Pinally, as a result of these, wo may learn, in port, Dm oxlciit to wtiioli om* may 
predict adult sise and body build in infancy. 

If, as a number of students of Innly build have claimwl, build nml certain 
mental charaetoristics are related, findings of inconstant imtly ulmmciorirtticH wonhl 
suggest a seaveh for concomitant variations in pomoimlity trails. 

Antbiopometric studios of infants are attended with curtain surioim dinkultics, 
One of these is the problem of securing normal unsolccted samples. Tbia diflicully 
k decreasing in recent years, with tbo provalenco of Woll-buby clinics, nncl tlm 
direction of attention to the importance of infant health and welfare. Another 
difficulty lies in the comparative unreliability of antbrojn>inetric moasurea of infants. 
Infant measures are less reliable than those of adults because they aro smaller; the 
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iinpurlanuu of clmnco variations is thus cotuparativoly greater, even though the 
nhsolufce value of these variations may be the saino. But an even more iinportiinb 
faelor is that of the emotional naictionH of the infants to tlx; procudures of 
nionsuring. Hoforu they roach an ago where they (!aii understaad what is wanted 
of thotn and are no longer afraid of tlio measuring instriinionts, many infants 
protest, more or loss vchoineiilly, against being htsld in posiliun for the measures 
and against the ajipUcation of the instruments. Besides this is the fact tlmb the 
examiner is usually not well known to the child, and that eluldrun between the ages 
of six months and two years or so <jf age usually dislike heing handled by strangoi's. 
The result is that the measures must nt times be made on a tonso, struggling, crying 
child. This situation adds greatly to Iho (lilficiilly of making accurate, reliable 
measures. Often the mcnauro must ho caught in a flouting nioineiit when the child 
is in the correct position, and comparatively quiescent. As Baldwin (6) lias pointed 
out, however, much can bo done by tho examiner, in the manner of his ajiproncli, 
to put liie chilli at hia cnae and so sccuro more accuvatc moasvwOH*, 

iSincu normal samples of healthy infants are now available, and the examiner 
may learn a method of approach which (limiiiishes the child’s resistance to being 
meuHured, the. only remaining ipnwlion is that of tlie roliabiiiby of Ihn inoasurcH, as 
such. Bakwin and Bakwin(t), who recently made a large number of measures on 
infunlH iindor one year, repeated a series of measuromonts on the aiuno children 
and found what lliiiy felt was a high degree of relialiiiity — at least lus reliable iw 
Todd (38) and others have fouiul for adidts. For ten repealed meitsuremcnts of from 
11 to 20 infants on total body length, sitting lieiglu, diameter of face, bicristal 
diameter, bincrotnial diameter and ciroiimrorence of thorax at nipples, the coefficients 
of variatiiin ranged from *04 per cent, for length to Ml per cent, for bicristal 
diameter *!•. It seems" possible, then, that tho disturbing factors can he overcome, 
and that a study based on the anlhropoinotric nioa8uremont,s of infants may bo of 
some significance. 

We are quite familiar, now, with the diflereuce between infants and adults in 
body proportion, and some of tho changes they undergo in the process of maturation. 
The relatively greater maturity of tho upper uad at liirtli, and the cophalo-caudal 
trend of development is true, in general, of botly proportions ((lodia(lO), Bardeen (7), 
llean(8)), as it is of neural am! motor develojunent (Ooghill, .Shirley). However, 
tlnu'i' is slill much to learn abeut the relative growth rates of the dilferenb parts, 
especially in the same individnals. Seriatim nmasnres have net hitliorlo been made 
on a anfficiently huge number of infanta to allow adeqeato statiatica! treatment. 
Valuable studies of projantional clumges with growth (biuscd, for the moat part, on 
samples which are made up of dilFeront individuals at successive ages) have been 
made by Bcanitnon and Calkins (se) for foetal growth, Soainmon and others (a*) for 

* Tills (loo» not nocofiflarUy mcati oarryln^ on oonvcrHAlionM with a chllil as Gray and AyrcB ( 23 ) 
have inferred^ but ia often a maUor of Uw examiuor’a atUludc, whiali may vary aooordiug to the child. 

+ Tlicir data liavo not> however, heon treated in auch n way ns to make poaaiblc compariaona bolwoon 
remoiiaurea on tho jnnn: individual, aiiice tho ineaaiircB on nil infanta have been groujwd together, 
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pogt-nalial growth, and Boas (10) for rates of growth in height and weight, HahUviii 
(6) (p. 107) has (Uino this for a large inmiber of .seriatim ineiisiireH on u few (ihildreti. 
Godin (10) has shown diagrammatically tho changing propnrlimjs from tin*, foeliw (o 
the adult; the foetus iia.s a proportionaUdy largo head and Hliorl exlromities, 
especially loga, and tho relative pvoprwtumH of tlu»« chiinge strikingly with growth. 

Moat of the abovo-meiitioned stttdioa Inwvj been ennevvned svilh the rules of 
growth and changes in [iroportioii to tho various body [)art.s. A closely related (icld 
ia that of the conaiatoncy in growth rales within tho individual. Baldwin (6) hiw 
found, for example, that children who arc tall for their age eonlirino to bn lull for 
their ago as they grow older, while short children remain relatively short. Boas(io), 
on tho other hand, has found recently that persona <tf tho siune adult height hwdi 
that height by dilferonfc growth rates, and with diirercnt iige.s of most mpitl growth- 
Honce, "acceleration or retardation within tho Hsrmo .social group has apparcnl.ly 
no influence upon adult stature,” Morrell (si), studying ridibim, also found no rela- 
tionship between rapid early growth and adult aixo. Studies of consistency nuisL, 
necessarily, be made from seriatim niensnres. niul miiat concern thom.selv(»H with 
the independent growth curves of individuals. 

Another interesting hold for investigation is that of hotly build. Only a few 
studies of build iiavo been made on infants. Bakwin and Bub win {« claim in have 
found a twofold division of body types in infanle< Lcdcrer W9) has made i\» 
olftborato oksaifiicfttion of four types, giving ihoin nainca which imply chnrnolcriHtic 
accompanying behaviour patterns or mental traits. There ia eoiiHideralih*. tliwignui- 
ment among investigators of body build in ndulls, iw to wliolher tbero are distiiKd, 
types, and, if so, what the types are. Wo may e,xpect to lind tiui same di.sagreeuumt 
in respect to infants, but if we can choose a criterion (or criliu'iu) for mi'imuruj^ 
individual differences in infants’ build wo may limn delo-miim wlmtltcr thiwe 
differences remain constant, and whether Urey arc ndaicd to ulher nuniUd or 
physical clinracteristics. 

The height and weight of infants under oiio year have often bi-on mtfOsiirod; 
and norma hosed on a large number of measures have been presmiLed. But addi- 
tional anthropometric moasuros on such young subjects arc few, though tlntre bavt' 
been several recent studios (tf infanta iu which a largo number of measurva were 
made. Probably the most complete series of measures has been rcjHU'ivd by ibi> 
Iowa Child Welfare Research Station (aoi. Recent studies by Freemau (lan, tsi') 
and Freeman and Platt (isc) give means, a.iVB anil indices for a largo niimlter of 
measures made at frequent ago levels on children from birtli U» 14 years. Other 
studies ate those of Bakwiu and Bakwin (i. a, 3), of Boyd at Minnesota, mid of 
Thompson at the Yale Psycho-CUnio. Tho results of Iheso last two slndies have not 
yet been published. Other studies, not quite ao recent, avo those of FlciHchnurns), 
Montague and Hollingworth (32), and Taylor (88). 
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II. TIIK PRKSENT STUDY. 

A. Sami’i.b 

Tho proBoiib study was iiiulerlakcn with a givnip «}' sixty-onc infants who 
wore measured at monthly intervals from osni to tv/elve months, ivu{l at fifteen, 
eighteen, twenty-four, thirty atid thirty-six months of age. 'J'hey weie measured 
on, or within a few days of, their birth dale. During tho first yt;nr tho observations 
wore made, if not on th<! birth date, within fmir days of timt <tato. Longer davin- 
tiona from tho birth date wore allowed later, if necessary (in tho third year as imich 
as two weeks), but Lliese wide deviations were rare. This method of soriatiin 
mcaBures made possible a cempariseii of growth tcjwloucies at ditforeiit stages 
of (lovelopinont, based on nuausuros of a sample which was identical, or nearly so, 
tliroughmit the sericH. There wore occtmiotuil absences, and a nnmbcr of the children 
moved out of town before the end of tho three-year porioil. Forty-nine of them 
wore still enrolled in the study at thirty-six nionUia 

The molhoil of obltvining the sample caused soiuo selection, making for a some- 
what hoinogeiieouH group, although originally an attempt was >nade to get babies 
from faniilioa roprOBonlalivo of a orosB-soction of tlm t;oinmnnity. Tho subjects 
oh.Horved form a large projKu tiou of Hesrkoloy habuis born in two hospitals during 
a six-month period. Of tlic.su babies, we iiicludetl only those whose parents wore 
white, linglish-sjieaking, and willing to co-operate by iiioiilhly visits to tho Institute 
of Ohild Welfare for a series ofolwervations. These ohservalions included, in addition 
to the anthropouiolric incasiireinniits, tiisls of inciihd, iiiolur and idiysiological 
dovolopmcnt. 

A oompivriHon of this Qi-owth Study group with a larger gisjuj) of Berkeley 
families in which infants were horn at about the same lime*, show to what extent 
they are reprosoulativo of tho Borkeh'.y population. Thi.s comparison shows that 
tho families of this smaller group average higher in nuniinl ineomo, education, and 
occupational rating than the unstdectod population of fiinnlies into which babies 
were born during this Lime in Berkeley. The moan annual ineomo of tho Growth 
Study is ^2844, us compared with the Berkuloy yurvoy mean of |2fi4j4, Tho mean 
(shjcational level of the Chowth tStudy [lavents is, for tho fathom 18'8 years and 
(or the mothers 13T years, wliile the Morkukiy yurvey fathom avoragu 12'2 yours 
mid tho mothem averngo lid) yeiim of schoolitig. Thirty per cent, of tho fathers of 
tho Growth Blndy infants were elassilicd in professional or executive occupations, 
as compared with 22 per cent, of the Berkeley .Survey group. An etpml proportion 
of both groups were classed in “white collar" i)ccu{MlionH, while the sniallcr group 
Imd comparatively fewer in the ftkilled, semi-skillMl and unskilled labour categories. 

From these comparisons, it may be assmned that this group of infants cotnos, 
for the most part, from homes where the education and tho income combine to 
insure hygienic living conditions and sufficient nourishing mod; and hence, well- 
nourished, healthy babies. This selection may account, in part, for’ the fact that 

* The lierkeUy Survey t n nmdo by FrnneOB M. Welch nnd Covcll. 
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tlio mean incasure.s of’ this |{rouj> of Herkoley IwbivH me livv^i'v, alUn llic aix’li 
month, than those of other {(uhliKlied infant iinnus(4U. 

The group is pvohsvhly also. becauHO of similar racial stocks ami fr('C(l..iii innii 
environmonfial liatulieiips, nioro hoiongoinsais than woiiltl he an anscb'ctcd siuoph'. 
For this reason iniiny of the eovrolalioiial values Isdwccii mciwmrcH will ho tooro 
significant than tlw same values \v<mUl bo for a imn'c lailcrogcin mm gmap of 
infAiits, 


B, TJlJi MKASUKK-S: fN.STHIIMBNTS ANt) THJIlNigtfK, 

The measures wliich «'o un(lert<H»k to make were ho1i!cIc<1 on the basis of two 
criteria: the accuracy with which limy could he iniwhs on iufnuts, and their piohalde 
value in indicating gruvvth trends in size mid bodily pniporlions. llio nicnsiirrs 
taken were length {reclining (luring tlio first eigliteen inoiitlis, nfierwnnis shnnling); 
stem length (reclining during the fimt eighteen nxmlks, nfUTwanls silting); wi<l» It- 
of ahouldera, chest and hips ; chest depth ; cii’eunilerciircs of Imml. cIichL and 
abdomen; head diainntorH, transvoi’Mi mid aiitcro-postcrior; mid wciglii. This 
selection of measures and the methods of Inking Ihcni lire biusod, lor llm most 
part, on those used at the Iowa Chilil Wolfan* Hosttareli Station. As llio Iccbitiipn' 
has been described in a recent publication (26), we will iudiciUu lu-ro only our 
deviations from it, In the present study we, have not cousideit'd the abiiomiitnl 
circumference or the head diameters. 

The instruments used during the first eighteen moiitlis varied from tboso (iMcd 
at Iowa in several respects. Chest dcptli vs'us meoHured with llm spreading eallipen*; 
and the shoulder, chest and hip widths witli llm small sliding ealli|H!rs. This 
change was made beomiso tbo largo .sliding enllipers wore found lo be awkward 
with the young infants. From eighteen monllia on, the large eidlipcns worn used 
in the chest, hip and shoulder diametors, Oirciunreronces at all ugM wore measured 
with a linen tape graduated in millimetre.'), and having a spring attachment at one 
end by which the pressure could be kept constant*. The tapes were replaced at 
intervals to prevent inaccurate measures due lo their Hhrinkngo with use. Standing 
length and sitting stem length were measured on n stadioumter made by the 
Continental Scale Works in Chicago. Siaco this stadiometec was oalibroled in 
inches, tho measures were read in inches and quarlor-inclms, and nonverlrd lo 
centimetres for treatment of the daU. Infanta under about twenty imunda sven* 
weighed on a light portable spring scale whose acouruoy was eheckod at froqiiout 
intervals; tho heavier babies wore weighed on \x balance scale. Both Hcalrs wi<r<* 
calibrated in pounds and ounces, Those have been converUtd to kilograuw fi»r 
treatment of the data, All measures wore made with all clothing reiiKiviNl, A( 
about nine months, it was found to be impossible to measure mimt iihildntn whih* 
lying down, without vehement protest. For this reason, the hoad. chest, mid 
shoulder measures wero made with the child sitting, until he was able to Htam! 
with support, when all of the body diametera and eivcumfovouccs wi'ro taken 
standing. After eighteen months, the lengths also were taken standing. 

* Thesfl are made by Iho Narraganaot Maohino Go., Pcovidriico, M.I. 
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Further <IinVnMicCH in pmciMinri* <^n individiml inoasiims are an follow^s; For 
loJigtli* of t-lui Hiorn in the vavcI ponturo ihn cliild mib in blia Hladiotnctor, wilh 
iU HpiiM! in cojilacl/ witli the fttadiuinctor, and kn<M!a floxcid by placing itn ftiet up 
on l.ho j)latfbrin in lliu position (i<*sc!rihu(l by Drcyer (17). The cxporiniuntcr bliun 
bald I lie liuarl in plncu and nusmnrcd in llic saniu way as for standing length. 
Client depth : vy 1 u*u tlu*> HpKuwUug rallipcm were used, t!\c branch wan placed 
on the Hlcniiun at tlie nipple liin?, anel the niovabbj bnuich at the contro back, 
juflb below tin? Hcapnlius 

111 order to obtain ucenruto nioasiiroH, ovory eflbrt was made to k(»cp tfu^ uhild 
^juicb uu<l c<mlcatud. An active rcsllm cliihl would not nmiutain the opliuniiu 
position l(png enough for a nieasnn'. (o bn road, and the chest measures of a 
violently crying child varied far nioin widely than tho.s<‘ of one Imfathing quietly. 
The dillicnlly of obtaining accnvatc )mmHurvH incrunsed as the infants grew older 
and inorii active unlih at oighu-on or Iwcnly'fonr months, limy coiihl be iimde 
iul(?rcHtnd in tiu) proivrbnn and jmrsmuh'd to hUukI slill and Hiibinit willingly to 
being iiieaHurcd. Tins wludn situation was made move dillicult liy the fuct that 
monUb physical and iiuptor b'sls and the taking of photographs wore a part of the 
prociulurc! during thn period of ohservation, so ibat the child ^v^ls often excited nr 
tired befoni any antliropoioctric mensnn^s were taken. The experirneniorincasurcil 
the child with us HttU* bundling as p(tHsibhs and always with a gentle friendly 
approach. Uut from ulxmt seven to eightium mouths, the Hitnatimi was complicated 
by the chihrs emotimml r<*uction at tiim*H violent* to the .slruuge situation aiid 
to being hantUed by Hlrange ihusooh. lu Urn didhmlt eiwes the mother OHually 
(5()-opemted by holding the child in ]io.»^itMuu These, variable fuctom probably re- 
sulted in sonic iimecurncies in HM'usnres. For tliis reason, measures takmi umler 
mifavonrablo conditions, when limy deviated widely from other measures of tlu^ 
same child, were not nsod in the tn aluieni <if Urn data. 

Kvery eflbrt was inadn to overcome unreliability of the mciusurcs, by wirefully 
controlling the position of the child, and by securing its acquicBcencu whenever 
possible. Sonu^ of the metumrcH, espiKiially weiglifc and licight, could bo made fairly 
ttcciirately, even though the ehiblren were resistant, while others worn greatly 
alfccftsl by vuriatiiuiH in attilnde toward the instrumuntH and the examiner. An 
example of the iatter is slmtdtler width. The ehild who sin inks fmm tin? callipei*s 
and <Ua\vs iu slmulders Uigether may decteaae its shimlder width by swveml 
centinnRres. On the ollutr hand, the uiihflialility of a mcasuro may be ii funciicui 
of tlui dimension itsedf. The amount of fat or the (inunOHs nf the mnsolos over the 
points iinuaH\n’mi, if\ hip wjdtli, for example, may vary cmmgh in the m\m clnld, 
from one month to the next, to churige his relative |Kj 8 ition in tim group. Otlu'r 
nieusiires.such m cluist depth, can bn changed by assuming dilTercnt body postures 
which change the relationships of tho component parts involved in tho measure. 
Since children so young cannot bo expected to co-opemte, or even to understand 

• TUo lorm ‘'toglk** hM Ixion niibflUiuVca lor " holgbl,** \n i\m rftjwr, lo apply bolb mUniug 

lenglh ritid Hlnnclinghoisla; imcl thfl symbol b. i& uimkI Jimtoftil of U, in iho indiccrt mid Ublfi«, i o. W,/n.'-». 



32 


Growth, Ohanyvs in Infants 

the positions tiosinid by the ospcvinwnU-r, wv. umy exiuict H) iiinl surh ini MMU' s 
relatively imroliable. The most rclitiblo tnejisures slumlfl he ihostr lak.-n frniii Inety 
points without iutorvuuing joiulH, Uiul willi litthi llesli trovei'ing. Sotiie uf fliesi 
way bo icad aecHiuU',ly, oven uu ii pvotoating eliibi. 

Mostol' the moasviWH tnkon iw this atiuly were, luiitlt! by one |HT.-e>ti (Maylev), 
hut in a fow inatanccs they witro imule by the other (>xiier)iiieiiler in ihe 
Study, Dr L. V. Wolfli After determining a giverr tnefiMtire, the eji[KTiiiieii(' r n u<l 
it alond to a recorder who ontcred it on the recoisl form. 

0, IUtinqs ot' Bonv Bun.o t'uoM BHtmuutAiuiH. 

In ordoi’ to evalnato the validity of the diiron'iit body build iiiditS'M, ti eriterieri 
was set up on tile basis of photographs taken under siundiinl conditions. Tlu; u^e 
of photogrnpha mado it posuiblo to con* pare all of the cliil(lr<'i) of a given age at 
one tiino. 

(a) MeDiod i>f tukinff Photot/rajihs. 

The infanta were phoUigraphcd, with all clothing removijil, al ages I, H, ft, Y. P, 
12, 15, 18, 24, 80 and 30 months. Th*! jiictiirOH were taken with a tirallex eaitii’ra, 
indoors, with standard Hglitiiig conditions, lens at and a T seteial '’X(t<*snre. 
The infants at first lay or pat on a canvas tidile with the rann'ia phwi d at a 
standard distance. When the children were able l»t .slaiid al(»ni', they were jilaced 
on “ foot-prints*’ painted «u the. door, with the. oiunoi'i*. at a new auudard distane-e.. 
Three exposures wore always made. In the early inoiithrt two exisisni'es nf tlin 
ohii<{ in the doml and ono in Uio prone position were taken. Wlu'ii n child wti« 
able to sit alone, one exposure in tho fitting jwailhm was aulwlittitnil fin’ tun* *tf ihir 
dorsals. When ho was able to stand alone, ono front, otie rear, *nid ont) suit* vitnv, 
all standing, wore taken. However, it was n<»t always poaHihlo tu jawauiwU*. a child 
to stay where ho was put for a picture, so that many tjf the lusnHing plmtog’mpliH 
are not exactly as desired. Usually at least oim of tho Ihrco was «ulli<'it>i(tly iu 
position to make possible a fair estimate of body build, wliilo for ihe Igl stud 
36-month pictures, better eo-operotion of the chiUh-en rcaultcd in very aalisfaetorv 
pictures. 

(b) Method of Jlalififf. 

For tho purpose of rating body build from the photograpltH, tho pieinroH were 
sorted into groups accoi-dhig to ago, with each child's piclm-ea for ono ago fuaUunil 
to a single largo card. Tho ratings wore mado by comparing each chihl with the. 
otheas of tho saroo ago. To do this tho rator sorted the enttls ink* seven slneha, 
if that many divisions could he made, putting picturos of shnilar body buih! 
together. Each ago group was rated separately without roforenco to t»thor agtsu, 
and each charaetemtic considered waa rated independently. Standing picHin*.s 
wore not compared with sitting, nor fiilting with reclining pictures. 

A rating scale of seven different body proportions was prepared, with a seven- 
point rating^ for each. Since only one of these proportiona — general chubbiness, 
or distribution on a lateraUinear scale— could be rated adeijaately from tho 
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reclining and Hitting picturen, it is the only one considered in fcliis paper. Chubbi- 
ness was rated for all montlis at ^vhich pictures were taken, indepeiidentiy by two 
judg(‘s, one {B) who had measured the infants, and one (D) who was not familiar 
^Yith the children and so was not influoncod, in bis ratings of the pliotogmijbs, by 
any preformed opinions of a chibrs build. Tlie piofcutos at 16, IS and 24 months 
wore rated by the writers and by l«)r L. V. Wolff. The Hcores used for c()mj[Xiiis(ui 
with the objective measures are the combined ratings of the two (or, where 
available, three) judges. 


in. IlEBUI/rs. 

A. ThK RKIilAliirJTV OF TIIK Mea.suuemrnts. 

The best measure of the reliability of data such as these would bo that afforded 
by the cocjflicienls of correlation from repeated moasuroinents taken during one 
oxainiiuition period. Tliis prooedure was not followed in the present instajico, for 
several roascjiis. In the first place, the uinounb of lime allotted for the examination 
of a given child, at any one examination period, was too brief to permit the repeti- 
tion of the sovcml anthropometric iruuusurcinents and still allow for Lh<i other 
observations wbicli were imdiuled in the plan of testing. Again, the attempt to 
repeat tlic anthropennetrio mousurcinionts woubl have led (particularly at certain 
ages) to emotional disturbances in some of the infant 8ubj<JCtH wbicli would hav<j 
reudeicd the second Bcrics difficult to obUiiu and oflcu uureUablo when they could 
be ubtained 

In tho absence of niliability coofficicrits derived from mpoated rncasuremonts 
during a given examination period, the reliability of the measurcnienls reporleil 
upon herein may be estimated in the following ways: (1) by a study of the 
coellicients of coirolation obtained when one month's incasutemenls are paired with 
tlioHei taken at the next fiucceeding examination period ; (2) by tho remensuiemenl 
of a small group of infants after an interval of one week ; and (3), less directly, by 
a consideration of tho coiiaistoncy of the trends of central tendency for the group. 

(1) Low coollicionts of correlation when successive monthly measuremeats arc 
correlated witli ouch other could be due oitlier to mvm in the taking or in tho 
recording of tln^ measunmicnK or to pronomicod shifts, during the interval botwcmi 
tho two examirmtions, in th<? relativ<^ position of the individuals (imposing the 
sample. Higli corrolalions, on the other hand, can nmaii only that the measure- 
m(Mil-« wove mado with a ixdatively high (l<*gree of precision and that there is a 
definite tendency towanl stability in the rank urders of the subjects from monlli 
to month. Table I gives the self-corndations obtain(?d in that way. Weight, total 
body length, and head circumference are seen to bo highly stable measures. Stem 
length, hip width, and chest circumforencc rank next. Shoulder width, chest width, 
and chcfit depth arc relatively unreliable, and this fact necils to bo taken into 
consideration when the rosjiective merits of various proposed indices of body build 
arc under consideration, It maybe noted here that our results, based upon seriatim 
measurements made on living infants, aro in agreement with the conclusion of 

Bioniotrika xxvii & 
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Ornwth /'«• ItiiOoilK 


TAHLK I. 
hlweci) Oeim'ttlki' 



Mraii \ 


J 

I 

(*vj. ; 
m 1 


Scaminoni and CallanR(8B), h\m\ \\\M\ iv|>calcd nK‘aHnr(nucuiH mmle <»u \mtvn\ 
foetuBosj llmUobal\)ody longll\ {ovown-l^wd \m^i\\) in a inorehi^ldy roViubk u\wnrc 
tlmn stem length (orown-rump longtli). IhiydCis) \m \\\m fontnhon nnnej^nnriug 
Nursery School children, that standing height is hy far the must reliaUlo of 
of length in.ea8urcs. 

(2) As an tvdditional chock on tho roliahiliiy tif the moasurt'Si fideen infanlji 
in a San Francisco baby home, mnging in ago from nine ikp to st‘V(*n 
wci'G mcitsured, and then vomcasured by llaylcy after an iutorval of mm 
Unfertouxtely it waa impvaoticable to nxooauro wmw in lUi^ wwy, and 
the nmnUor of mca is so smalt, Ihu resnltH nuint be cmwidoved im mdy Umlalive, 
and arc interesting, mainly, bccausu they cuvroboralo the m\\\U of t'mnjiaviHitnH 
boUvocn TneasnicB made one month apart. Tabic 11 gives the M im m\ 
anti the differences between the first and second measures. Tim variation in niimh 
greater for some measures than for ofchora. The greatest mnaii diftVivnro in in 
icngihi the smallest in hip width, Since length is also the limgest monHuro iaki^n, 
its greater variation does not necessarily invalidate it. When wv convert tlio tiiean 
differences into porceritago of the mean of each rnu;iHuro (column U) m lind tlial 
the head measures are rclutivoly most cimaistent, wliilcHkun length, UM iengili, 
hip width and chest oirciiinforonce all havo moan (HITisronciea rff km than 2 [B^rront. 
of their moan sibo, Chest width shows tlio git^atcst pcvc!onUig(^ variation (JHI pvr 
cent,), with chest depth and shoulder width also rolalivuly unrcliahW, 

(S) The curves of tlxe means for all mcas\n*cs iiyo very nmooth whm^ oin^ 
considers that they are composed of between 60 and CO cases ab encli age. Thin ih 
duo, in large part, to the constant sample. Qroas orroi'S, howover, (dthor in tin? 
tekiug of tlio measutemenU or in thoiv vocortlmg, would presmnahly have lod in 
a greater flUofcuafcion in the moans- Such fluctuation would bo especially ovi^iont 
in the means for the sexes separately. Table IV and Figs. 2 and 4 show that 
these sex differences arc small but consUtcut. If they were duo to chance 
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TAWili n. 

Ucpectlcd Mcnsuras of Tnf<inh in Htin, FranciiiGO Ihbj/ Homo*. 
((VntiimuniH.) 
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13*04 

1*0(115 

13*(H 
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1*0557 

*04 i 
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•(K)3l 


* Tlu* of lliOHO cliildrrn are ah folio w« ; U wcoka, 2 caBOB; 1 monlli, 2 coboh; 2 inontbBi i casrH; 
5 inonlliH, Ocnwm; i inontliH, 1 cabb < and 7 niontliB, 1 cuijo, 


ill inoaHUroinont, tho diracbimi of the <lin<!roiK;c woultl (luctuatu^ with th« femalos 
Konioliiii(!H oxccjodiiig llio mules, autl vice versa* 

Ah fov the, vuUabilitieH t>f tlio judgim* ratings of i>holograpi\H, ilu^ oovvuiatuuw 
botwoeu ilio mtiiigH of judges 7^ luul I) rango from *71 to *81, with a moan of *7G 
(Tal)h^ 111). Tho correlations for iiumthH 15, 18, and 24 iivorago '85 botwoeu H 
mid }V, and *78 botw<Kjn W and Jl TIui conibimjd ratings of all jurlgos wore 
corrolaled wiili lli(nnsolve.s at coiiHocntive ages, and those ?'*s (Table III), when 
the no<a!8sari!y wide itgc intorvaln between yictnros aro considered, are satisfactory. 
They range fniin ‘05 to ‘OS with a moan of ‘81, A coeniei<3nt of correlation is, of 
course, always to bo interprotod in iho light of tho known facts with respoot to 
such factors us (1) the sr/e of the sample, (2) the degrei* of botorogenoity present 
in the .sample, and (8) the extent to whicli tho sumple is solcclcd and the kind of 
selection involved, Vuv (‘xuniple, a selection <d chihinm from tho poorer social 
hlnita might include a innch larger proportion of <liseaseodlbcled and under- 
nourished ehildnm than would ho found in a siunphi from the more proaperoiis 
classes a population. Tho latter group couhl very well be Hubjccted to more 
sLandurdisijd regimcH and diids, and as a result of homogeneous environment have 
a sniallcjr variability in niciusnrc.s. It Heeins probable tlmt the present sample is, in 
tho respects of diet and vogimo, more lioinogonuons than the po[)ulalion of the 
whole community. When wo considor this, untl the relatively small number of 
cases, these correlations, based on a suveii-point rating scale, show a fair relation- 
ship between tho ratings of the diilfemnb judges; and when the judges' ratings are 
combined into a single score, we have vvlint we may consider a reliable criterion of 
body build against which to compare tho objective indices. 
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Growth C/iauf/vn in lufmh 


TAI5LK in. 

Oorvelttlions bclivcen JiKtuPn’ /idOiif/.*! oj ClifibiHurns. 
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B. Growth trends op the iNDivtuUAi. Bouidy I)jMt;Nsi<»Nt<. 

1. Coniral J’ondcnoi/, 

Table IV anrl Fig-s. 1 — 3 prcHenb the fuels f>bliutu:il in llii.s sciiaiiiii .Hfiitly 
concerning the mannei' and relative rapidity t)f growth of tin' lioilv f'lmr.n'h'i.'. 
with which wo deal in this paper. The ctirvcs of the menus nie all of iln? .Htuiii! 
general type, with total body length showing ihr wore rnpul aecel<'int,ion than (In', 
other body dunensions. Stem length, chest circumference amt head eircuml'en-uct' 
are similar in size and shape of curve throughout, bliough tint Intli r .shown smalh'i- 
increments, Of the transverse measures, the shotildeiH are liiigest find j^pow lln' 
most, Next in size come hip width, chest width, ntid tiimlly chest ilepth. Wmglu 
oiinnot bo compared directly with these lueaHurits, hut its curve i.s nuiri.t nearly like 
that of height than any of the others. 

Figs. 4 — 7 present a comparison of this Siiniplo with oilier samples pitivitJii.sly 
reported upon Wl). Tho data for the Growth Stiuly, ns already iioi,ed, an* seriutim ; 
all the other Bamplos are crosa-acctioimh As \ vi\h to ho expecUal in ihi* Ughl 
of Woodbury's data, which showed Californian infants excelling those Inon uiher 
sections of the country in height and in woighb, our sninplo, especially of tin* hoyn, 
is seen to average heavier and tailor from tho sixth month on Ihiiu tin* wimp’U a 
from Iowa, New York City, and tho United States at large. The Growth .Study 
sample also averages somewhat taller and heavier than does the Onlirorniuji KuinpU) 
above mentioned, except during the hrst six or eight months. During the (irst 
half-year the growth curves of all four groups arc almost identical. 
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A comparison with tho uicasuroa of tho lowu Chihl Wolfaro U^-tK-nn'li .StnUmi 
( 26 ) is especially interesting, since the wvme nienHUVoinenls wuie »niult\ nii'l ni tlu' 
same ages, in bho two sbiuHos, Also, the iiiiinber of uuses for I'lu-li iigi* in iij*[ir'<si- 
mately the same for botli groups. The lowii (JiiU coiibiiii ninny roini'o.'init'n nf tin* 
aatiiQ children, but. since the minple.s were not limited to eliildreii mi wlimn K.Tioiim 
measures were made, the samples for thu difteieiit ages ure eHs^uliully 
.sectional. The growth curves lor all meamirCH ate elosely similar for llm iavh 
groups, except that for reasons nlrcntly conHiiltU’ctl, Urn Orowih Study mirvi-H nti* 
comparatively very smooth. 

There is very little difference in the kiko of thuRo two gromis, I'xri’jtl, ihnt llm 
California babies nsually measure slightly larger after six inmillm. Tlits grwiloHl 
difference is in weight. 

The mean weight and height of approximately 200 Iterkch-y infants (tv repr.i. 
seutativo sample) for months 12, 21 and 24 arc almost identical with iIilko of llm 
smaller group of Berkeley infants we have been coM.sidoriiig. Tim mean weights 
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of llio larg(U’ group of inlUufcH arc 10‘52, 121^0 find 1311 kg. for 12, 21 and 24 
months, respectively. For thesis samo ages tlieir mean longLlis arc 7518, 84^84 
and 87*88 cm. Wlifitevcr Sfdeetivo fiicfcorB arc operating to imvkc tlu* Growth Study 
infiuitH taller and heavier than infants in other parts of the cmnibry, are also 
oUectivo for the [topulatiun of Berkeley fia a whokj. 

When the growtli trends of the varimm dimensionH arii nmde nimx* directly 
coin])arabl(^ with each otlujr by converting cfich mcoHiirc into the porcontago of 
itself at one month (Figs. 8—11), the measure which far outsbri])s all others is 
weight. This, of course, is to bo C3xpectcd, os it is a volumetric measure. 

An inspection of th(3 proportional growth curves of th(‘ linear mctusurcs reveals 
very interesting dilTcronces in the rates of incromont of the different dirnensionH. 
Througluiiit the first 18 months (when growth in weight is most rapid) the 
measures which show the greatest increase are width measures — hips, shoulders, 
and ehest— and ii^ is not until the 24th-month records that we find the incremoiits 
for Insight greater than those for the three widths. As for the height mufusuros, 
the first year shows practically equal proportionate growth for fclio stem length and 
for the total length. It is only after the l2Lh month tlnvl. the logs begin bo grow 
rapidly and cause a relatively greater increase in the total height curve. The 
dimoiision which shows the smallcHt percenbige incromont throughout the nntiro 
Rtt luouthtt, in cheat depth, lleiwl c\Yev\n\fevcuvA^ hKowu the eecmal ftmaUeut 
increment. 

In general, blnuigh not consistently throughout, the ceplnilo-oaiuhil iliroction 
of growtli is followed in the porcontago growth curves. The heiwl sis^.o is rolalively 
more mature at birth than are other meiiHuros and its posbualtil growth is sinnll ; 
in the early moutliB growth in shouldor width i.s relatively more rapid than chest 
width, and this position is reversed later; stmn anti log length grow at fibout the 
same rate at first, but after the first 18 months, leg length is the most vapidly 
increasing dimension measured, 

Tlni changing body proportions, l.hen, are Pnr the fimb year due mainly to 
relatively greater growth in transverne widtliH, and relatively small growth in head 
Bisse; while for th(3 Bccond and third years, the decrease in growth rale of all 
climenHUmH oxeiqit total ludght reHuUs in chauge.d Imdy prop<irtions duo iu rapidly 
inorcHHing leg length. We find, <?Hpeoially during the lirst year, not only elmnges 
in the relivtivc hmglU of body par In, but nine in Urn rolalive vvidtlm; and indices 
of body build Hlnnihl be formulated with this fact in niiud, 

0. Vahiaiuuw. 

When we consider the variation from the mean curves of growth, the coefficients 
of variation (Table IV, pp, 37 — 39) show no ago chuiige.s for any of the moaaure.s 
excopb two. Clicst width and hip width decrease slightly but consistently in 
variation, during the three-year period. 
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Thoro ani no sigiiiliciuitj sox dilVorcnooH in vnriiilioii. Although tho coellieiciitH 
of tho. girls are slightly largor in ninoly-three coinpariBons, whilo tho boyn aro 
larger in tally lifty-sovoii conniariHoiiH, none of tlio diiTorencca is aigniOcKint, The 
only myaaure in wliieli the hoyH F’b are groutor fiir moat ngca ia clumt width, and 
aiiKio Ihia one incaanie ahowa a oonlrary tomlcucy to all the otiiora in this 
reapect, it may posaihly b« indicalivo of a real Hex (Ufloronco. Thoro is al«o a 
Hliglit Kuggoation that the girls aro poa«ilily hccoiiiiag more homogemnuiH in longth 
iiiul in chest depth, bowaitl tlm end of thia three-yoar period. 

Montague and Hollingworth (32) found no tendency for sex diflorences in 
variability for Bo.veu moaaarnmoutH nuulo on 2000 newborn inllvntH. The moaBure- 
nionls of the Iowa (/liili] WoKiire Roaearch Station (20. 27) from one month through 
aix ycara hIidw no eotiHialt'nt sox dilTeronoua in variation, v/ith the posailile ex- 
ceptions of weight and liip width in the later ages. Both these atndiea do show, 
however, eonaiatmit tendmieicH for tlie hoya to bo larger. It seouis unlikely, then, 
that any Hlight dilVereiices in the coellicient of variation found in the proHimt 
groiil) repreKoiifc sex din'erencos. The group is, however, typical of childioii, in 
general, ao far as sex dilVereucCH in Rixo are eoncerned. 

Tliore an* only slight tendencies for the Htandanl deviiiUoiiH to incroiwe with 
age, with the exception of weight, the standard deviation of which incroiiHCS from 
•54 kg, at nuailU I to 1‘72 kg, at uumth HO. 


D. (klNSIWl’KNOV OK (iHOWTIl. 

When we seleot, frmii tl»e H(i-month ineasure.s, the tallest boy and girl and the 
shortest bey and girl, and plot their inrlivhlnal curves of growth in length (Fig. 12), 
we lind that the tall children have been eon.si.sli!iitly tall front the first month, and 
the Hhoi't eluhlreu consistently short, 'riie (*xteufc to which this is true, for the 
entire group in length uiitl in odier dimensions may be .shown by correlation 
cnelllcients betwmm dilVerent ages for the .same dimension. T’ahles YI— XY give 
ihe conelaliojis between the meiiHures of these children at dilferont ages, Ileud 
cinaiinfermice, length ami .stein length are mo-tb consistent: the coiTidalions 
between the l-iiionth and H(i-iiiont.li ineasure.s are, respectively, *72, '(i.S and ’h!). 
Weight conies fourth, with eorrelalioiw which am considerably lower, (,hu r for 
tlu! same intiM’val being only ’'U). There is, however, a umrlwid inoreiuHi* in the 
(•(lasisteney of this measure after the lirst year. 'J'lie wiillli ineiiHureH of hip and 
Hhunldur diameters and chest cirouml'omnee, eipmlly low in eoiiaisteney, all show 
lliu HaiiK! phemiinenon as does weight '-a decidedly greater coimi.stoiicy after the 
first year. Ohe.st width and depth, relatively unmliahln measures, show low con- 
sistency and only small increase in consistency with growth. 

The width mciusures become more cmmistcnl after their period of relatively 
rapid growth has stopped, and weight, which is largely influenced by the width 
measure.s, exhibits the same trend. 
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The ubovc comlatioii.s Imve all bm.-ti comiiuu O far lla* la»«l Kr,.nj.. 
of sox. The division into «i(x gfniiis titicnicd iimi(;tM'ss'iry, wn* in’* 

alaniflmnt diirorcncfN in tin- ffnnvUi loinlenehis of the Uv<* A>^ n hulbvr 

clieck, however, consistoncy '’orrelntiotiH were eonipiitctl «*i' iho Wfieirak-ly 

for three ineftHuius. woiKht, lengtli, mid hip width, niid tli*i W'./tr * iinh^. f'^r thrcir 
ago iiitorvala (Tftl)lo X V). These coirohiiioiia give no oviilt.-nci} of wx difl<T« nft'K in 

consistency. 

15, iN’J’ElUtKt.ATrOMlI'H AMO^?(} TUB MKA«»niR«. 

Inter-Ooi't'cktions between hdividuitl Dmenaum*. 

The correlations botwncri the iiunmurcn kve lieon cotniniled f‘'r rf‘i>r«'.«a-ni!Hivr 
ages. Table XVI gives these comdatioMH, mnkml frmii highest to lowoat , in ih*' 
order of the mean of Iho r a between iraoh pair, 'Tliore is a lendeiicx for tin* high‘T 
intor-corrohitioiis to bo between weight and one of ilie ni'ire reliable width inwt- 
aures; and between the two length nu!««nr(!H (which rank wwiid and fi'nrfh s'* 
reliability). The three c<nnbinnlionH whieli correlnle iii«.al highly nrc; hipwhUh 
and weight, with n mean r of '84; stem length and total length, with u iiieou >' 
of '82; and chest oircuniforciico *iml weight, with a mem* r of "HO, We fitid, nUo, 
fairly high relationships between stem longth ami weight, and Ititnl length and 
weight {'Ti), lb is to bo expected that weight shonld c<»n‘oliite highly with ibe 
various diameters onil circumferences, since wtdglit is a ooriipoHiti; whitdi inchnlie* 
thorn all, and since they areal! positively corielal(>d with ouch oLlnw. 

TABIilC XVI. 

Inter-Oorrelations of Mensum, 
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Ml '.in ' 

{ 

1 

3 

0 

0 

-p- 

\n 

IH 


30 ; 

H.W. X W. 

•w 

•807 

•810 

•791 

m 



-HI 2 

■h;« ’ 


L. xS.L. 

*742 

•7«4 

•Hin 

■811 

•H7lt 

•882 

*7117 

-H.iri 

'7Ul ^ 


O.C. xW. 

*740 

•8.10 

•7111 

•H'li 

•702 

-H61 

■867 

4i!(H 

'77(» ; 

*71*/# 

S,L, xW, 

*720 

■780 

•IIH0 

•7.'«1 

•7H2 

•8(11 

-7(17 

■7:h( 

•7i(2 

‘74:i 

L, xW.* 

•8I« 

•708 

•(Wl 

•731 


•7fW 

•731 

•Him 

-Hi:i 

‘MO 

1 8.W, x\V. 

-071 

•7<IH 

•718 

•7 18 

•9711 

•linn 

•0n;i 

'V(i7 

' 1(97 

■mi 

C.O. xH.W. 

*704 

-711 

•D2B 

■7'Kl 

^ •dll 

•732 

•Hl7 


1 <\i 

•mil 

aw, xC.O, i 

*479 

■807 

■712 

•0111 

■02H 

•7(81 

.013 

m 

-017 S 

IMI 

S,W, xH.W. 

*024 

'B«0 

'407 1 

■013 1 

•m) 

•036 

•007 1 

HU 

•IH7 1 

•m 

L. xSAV. 

*687 

'070 

•(wa 

'032 

■539 

•67(1 

•671 


-49(1 ! 

'6HS 

L. xH.W, 

•508 

■480 

•330 

•401 

4(0 

•086 

■030 

■Olio 

■732 1 

•684 

H.W.xSX. 

■044 

■870 

•303 

•4(12 


•7111 

(Wh 

-slK4 

-IKIJI 

■6K|l 

O.C. x8.I,. 

*607 

■087 

•403 

•007 

m 

•078 

•032 

•fdia 

*xn:iT 

1 •67(1 

L, xC.O. 

■498 

'540 

■638 

•018 

-506 

•03*1 

•6211 

*009 

•/irvii 

: 672 

B.W. xS.L. 

•463 

^1 

•587 

_i 

•400 

■L.— 

•400 

‘644 

•028 

.! 

•401 

*6Ki 

-033 

1 rai 


* A.ddUio»^\ oomlaUoi)B botwooii length atiil wciglit Imvo boon wmpulod, Tliej fttn luonlhi* 
% 4, 5, 7» 8, 11 and 80 and arc, in order, *702, <014, '-668, ‘707, *7^7, *708, ‘7 VO. Thw hma \mn 

included in oompuUng the m^an ol Ihe lonetlbwolgbt carroInUona. 
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T]io r*a of ’(Jt) hRi/Woon chasl circunifcroiico ami Iiip width, and of ‘(i4 bebwocn 
chest oircomforciico and shouldor width, indicatn a fail* amount of Hyininobry in blio 
trauHvorse trunk measures, hut by no inoann jjcrfcct Hyimnotry, "riic longth-widtli 
corrolations are thii lowosb ones and fall in the, last six pianos in blui rank order 
table. 'I'hoao r'a riuipfo from *63 to *60. Ono should oxpoct, then, to lirul in this 
fjronp tall slcruler infants and short chubby ones, a,s wall an tho irioro froqtieiitly 
occurring largo, inediiinfi and small Hi?5es of symmetrical jiroportions. In general, 
there is a clear tendency for all rneasiiros to be positively related Ijfirge children 
are for the most ])art large in all their mcasnros, and small children small in all 
their measures. 

As for ago trends in these inter-correlations, there is a hmdency fin* some 
of the eoefficionts to decrease at and near six months. This k true of the cor- 
relations between weight and length, hip width and length, and between hip width 

r 



flonlhs 

OorrcladoitA bciwoon Wcfglit aucI liouatl). 

and fibdin Tlio samo londoney ia pi’OBaiit — lew olcar-cut — in bhc> cor- 

I'olnlions l)(!lwct!ii Hlwaddor Avidkb mid hip width, Soma otbov coftflinioutu lutid 
lo doiiroiiau alighlly ul'lor iiioiilh Id, Among khoHO uro tho corridtvtit)ii!i liotwcon 
weight and choet circnmforcnco, loiigbh ami clicHb oironmfoi'onci', hi)) width nm.1 
chest circiiiiiforoncc, and between length and ntein length. 

Jloas and Wisslor(l2) cmilond limb coiTelnti»)n« between Jneaaiiroa ai-« high 
during periods of rapid growth, and conclude from this that when rapid growth 
occura in one part of the body, it ocoiirs also in other parts. Berkson (O) hna com- 
puted the inter-corrclations between height, weight and chest cireurnfereiice fora 
lai-gc number of cases, and concludes that Iho alternating points of high and low 
coiTolalions which ho finds correspond with critical pcrioil.s of growth, llis data 
for the firet six yearn are taken from Woodbury (41), and this part of his curve 
of length-weight correlations is given in Fig. 13 with the correlations obtained 
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for thcpretioiifc grou)'. The Orowtli .Sludy nirvc for l-iigUi-wrij-lU, r..rr.-!un--iiH 
8hoW8 high }''8 lit inontha 1 m\ 15, willi u c«iihiitout tli/.p Inoii \ I** iiml tiH-t 
from 7 to 16, followod by viu'iiitioiiH Khowiiig no (lirfolionnl In ii'l 15 iitt'i 

36 months. Tlum; j-’h difl'or from the WiKKllmry dnU in iH-ing bigb oi nioolb i, 
with a ciircctiomil trend of decreiwiiig ro from lumilbH 1 lo -t*. mid m«» ?.iginiir-mil 
trend toward decrement after iiionlb 15. 

A. lumiher of other investigatow huvo eompiiled >'.h bi'twi-fii IwhIj meiisnr' X, 
and their findings may be compared with oiira. Tayb>rM(86) cnrfelaUoii'* In'twem 
weight and length of 240 newborn iufanUi are *70 for Imys and .'ll for j^itla vety 
close to our ono-inoulh correliilioii of *32, 


The corrohitioiis between weight and lunglU given by llr.iy oiid Ayrf'*i l-'r vtar 
groups, starting at one year, fail, a.s ours ih), to rIiow a deeieasi;*! v nl ibreo ymts. 
Instead there is a rise from one lo three followed by a drop al- live ye.irf*. 


BaldwitUS) computed iuleV'Correlulii ms rorabiuil 120 cliildren at e.ieli year Irotn 
seven to seventeen years, lie found that tlie eoirelutions belwi-eii ditlet.oil U<>ily 
mea.sures were higher for the boys than for the girls, and ibul. (lo’y were higher 
for both sexes in early adolescence, and lowest at 17 yi'iirs. Ills liotglh-w eight 
corrolationa show trends very Hiiiiilav to ihosii of Uerkson. Ak him been already 
mentioned, Ilona and Wisslerda) also find increased correlatioiiH during rajiid pre. 
adolescent growth. Wallis (soi gives corrclalioim between |[H.'lvie width and hoiglli 
of a group of Now York boys from tliree to eight years. These are plolltsl in 
Fig. 14 Avith the length-hip width r's for the present group. Although tlm length', 
pelvic width r’s of Wallis are smaller at three yeni'a Uiun our leiiglh-trochnnter 
width r's, they show the saino directional trend of incroiuHing corrclutiun with ago 
that is indicated in our sample after month C. 


The Woodbiuy measures, used by Berkson, though for large Kainples, were 
collected from many sources with the possibility of great dilVeienee.H in teelinhjue and 
reliability of the moiisurcs. in addition, it was ncce.ssury to conipnif llie I’orrelmi'.ie. 
from class groups in Woodbury’s tables instead of fnun llie <uiginid tl.ua. .Sine., 
the measures of the Growth Bbudy have heeii tniwle. by a .‘dngb; nb/o'i ver wiih <i 
consistent method, and since the sivnie children have hnui iiii'asiirci at tin’ Mii'i**'r.'.ivo 
ago levels, and since none of llm other correlations in the stndie.i i iinl f.hii\v 
dooronsed r's at throe years, this curve imiy well give the truer ajijiKainiiiit.in nf 
the changes in tho body relations which occur (luring growth in the mdividiiid 
through tho first three yearn, 

So far, then, as the ovidenco for this short ago peried is eoncerned, any age 
differences in the inter-corrolalions of the body measures aceiu Ui be rclnicd In 
differences in the relative growth rates of tho pacta measured, luid perlmp-s to 
individual differences in tendency to increased chubbiness during the first luiu! or 


* There is some evidence for ft similar Iroml in the Woodbury daln, but in siaooiliing his curve 

Bwkaon does not accept this. 
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olcvon inoritliH. Lenglh-widtli corrcklions tend to drop from months 1 to 0 
wh<!ii growth in widtlis is iiioru rapid nnd luoro viiriidilu unioiig individuals and then 
to rise, again us t he disparity in growth rates of the body parts involved diminishes 
After eighteen montlis, tin; growth in clnist circumfenmeo is very slow, and the 

conolations between it and the still rapidly growing nieasures weight length hi ) 

width and stem length— tend to drop. For this sample, during the first three veam 
growth changes in correlation between the various body parts show morts relation 
to the amount of disparity between rates of growth in these parts, than to successive 
fieriods of rapid an<l .slow growth of the body as a whole. The situation may be 
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rioritht 

OoiTol ft lions holwcittn Length niul Hip Width. 

very dilTerent at lat('r ages when body proporlioiis arc changing le.Ms vudioally p 

it is iiIho poH.Hihlo llmt the Idgh ad(de.sc<!iit cerrclalioim IhsIwccii bisiy mciwureH 

duo to the wider varialion of size at this lime when Honu* cluldren start n 
growth at a younger ag(5 than do olluirs. lloaH(iO) hits found tliiil.n! though IhoiTis 
greater variability in the size of ndolescents Uiun in oldiir or yimngcr ehildr > 
"the maximum of variability of stature during adolescence disappears in grei!?* 
having the same monionta of maximum rate of growth,” If the correliilioiiH we-! 
computed between mcasurea on children of the same age of maximum rate of 
growth, rather than grouping togctlier nil children of the same age, the' hiuli 
adolescent rn would probably also disappear. ' " 
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Omvth Chitngm in Infantn 


Tho recognUcfl clemtubility ttf a ijiiiiiilitntivt- in.nwHi.,' of Vsly ^iiiM wl|j.-li 
should reliably and adequately reproHeiit the finijirirally idmervi'd vuiioi.-UK in 
hunmn structure Iiuk been productive of in iieli <Ud»iUe,imd of a r(«)Md. r.i\ib' om.imil 
of research ns well, from the time of Quclolet up to ibc preW'ijt, The evj»h>n<--'' r. >'< iaiy 
brought forward hy Krelschiner. iMunling to a ehwe ntlullonihip U<-lwe«ii le«lily 
proportioiKS and timipenuuenlal predispoailioiis, IcikIh aiUhnl aignifirniiee to the 
the search for an objective index of bwild. Ami*»K the indicea whi«>h have kvu 
proposed arc tho ratios of weight to height, wtsight to the «*<pmri! pF heighl 
(Qucteict, Davenport), weight U> the two and one-half ji'iwer <tf Ueighl t,Q,nel.elet I. 
weight to the cube of height (Uohnu’ and Barrloon). chest eireuuifrreiits* to height 
(Davenport), hip width to height (Pryor lutd Lucas, Urayl, hI'MU Uuiglli to height 
(Gray, Ilcjinian and Ilatt), and many others. Objections have been raised to the 
use of au index which includes weight as mie of the fact4'r« (Wertheimer and 
HoBheth (40)) on tho ground that weight llnclvmtionu niny he of mirhuvs exu-nt. even 
over n relatively small span of lime, us n result of a variety of exogenons inlhienecK, 
This objection, however, while it may be of inotneiit with subjects such as lln*si‘ 
used by Wovtheimor and Hesketh (inliilt (wychoUcs), may ueverthuless bn n'lntivety 
inconeequential with subjects whn arc free from any seriotisnilmtmi, eillier physical 
or behavioiu'iatic. The self-correlations in Table I ()), !I4 above) indicaU? that this 
objection is not important in tho present sample, Willi infants and with ehihlreii, 
at least, indices involving weight ns ono factor shnnltl not lie disniiHSed on n priuri 
grounds, because weight is one incusiire in Uie recording of which tin* p''rH<in(il 
equation plays a relatively minor idle. We shall see that tin* siiiKu ior rrliubility 
of moaaurementa of body weiglit, with infant and child snbjecta wieli tm ihom* used 
in tho present investigation, gives iiidiccn which are based in {xirt mxin weight 
moasnremonta a definite mlvanlage ever various other )»ropo,>a>d indices W'liich 
incorporate meaauromeiits difficult to obUiin. at these early ages, with a snlficicntly 
high degree of accuracy. 

Several differont indices have been computed from the nicasuwa taken nn (In* 
Growth Study children, and their means aro given in Table XVll {p. Dd) ami 
Figs, 16—22. These curves cxliibib interesting ago trends in Ixsly projsirtioiiH, 
As would bo expected from tho propirtionnte growth curves in Fig. l>. the r«<laiivo 
hip width (Fig. 16) increases through the sixUi mouth, but declimm iigain, rapidly, 
after tho seventh month. If we eliminate the leg mcasui'ea by esunjiuring hip width 
to atom length (Fig. 10) the initial mpirt increuso of hjp width is still pn*!S’iU, but 
after a short decrease between tho seventh and ninth uumtha, the ridntiiuiHhip 
between the two measures remains constant. The ratio of stom length U> tolai 
length, after a slow deeveaso through tho nintli month, falls off very rapidly after 
this age. The same may be said of the ratios of che.st ciixjuinference to length, ami 
of chest ciroumferenco to stem length. 

The length-weight indices vary greatly, according to the power of lengtli used 
in computing tho index. The simple W./L. ratio shows a growth curve of increasing 



Nanov lUvhwr AND Fhank C. Davis 


66 


^vcight in rcliil/ion fcf> length, rapid ab first, bub slowing up in the second and third 
yoai’. W./b.^—a ratio which 1ms been reconiincndcd on tlie ground that weight is 
a voluinotric meusuro — shows a decreasing index which is rapid after bho ninth 
UK^nbln aft indtjx which has oftcui boou used— shows rolabivoly increasing 

weight tlirmigh the ohsvonbh month, with a more gradual docrcfiso after this age*. 
All three of those indices yield nisults on the ju’csont sample wliich are closely 
similar bo ago curvoH of the mean indices of other groups preaentod elsowliorc. 
Davenport (14^) gives, in tabular form, ago changes in mean indices for theso threef 
wJucli are very similar 6o num, atid our means are almost identical with 

those for the first three years derived frmn Quetclofc's (lata{S4). 

[* At my angKOBtioa tho anlliorn worked out the vuluo of I^^-^V*|{0,0,xlL\V.xh) an index. 
It will bo Hcon that thi« in an attoinrt to obtain woi^ht divided by a prodiiot of three linear quaiititioo, 
i.Oi choHt circtimforenco, hip width and lonath. 1 did not BugRPBt oIiohI depth, uh iho QiUliorB conHidcred 
it a not very roliablo ineuBuro, TiiUH roughly wo Imvo an index of woirIu per vohime of llie body, or we 
have an imlex wliieli Hoeincd lo mo the nearoBt approaok to what I Hhould ofiU ‘'clmbbinofla”— a term 
not deftnod )>y Iho iMitljorn, Dr Bayley wrUen to mo; *• Chnbbinea»*' a« wo wml it in onr raliiifiB of 
phdiOKrapIiH meant i(ie tendency to bo wiik*, relative to longtli, rather than to have cxcobb fatty (isflite, 
ilion^h IhiH latter factor had a atron^ influence on the rati n (](.'’ (Hc(* below, p. 71.) 'Iho author a obtained 
t);o hdlowina rcRuUn: 
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15 

Index 

107 

IHl 


xmiM* ir./(c;.(;.x;/dr,x/.,) 

Aiito iu nunilha 

181 


IH 

SO 

172 

170 




When iboeo values arc plotted it will bo B(}on that the Index dcoroaHcd wlowly witli ago, hut in an nlmoat 
U'mtr mnmwr* in nn>nt)i») h a fiinellon wbic)j on tho nvora^o la nearly constant, 

i=:lK0"10, for tbo fkflt thlrty-six montliH of life. It thim appeara lo bo moro BatlHfactory than aovoml of 
those jiraphed in 1C*«22, tlio moat nearly linear of which ifl probably W./P, an index whioh wo 
mifilit anticipate would have a fairly hiah correlation with tbo preaent index. I,/ waff found, hosvevor, to 
havo no correlation with the jiulKOB* ralingR of <‘ohnbbincBA|'* nor with W./P, Iho index on whioh the 
writera lay nlrcBS. Now this latter index may bo read na W./Pxhand tbia Bcomfl to indicate that a 
Yohunolrlc index of ohubbincHB Hhould have no relation to length or abBolute alzo of the infant, wliioh 
I toko it Biiould b{* true for a teal delhiiliou of" ohubbincBs." That thia ’’index of ohubblnoBB*' ImK no 
relation lo the judgim’ ratings of **cliubhinc«a," I whonld, I lun afraid, bo inolined lo account for by iho 
fuel that Iho judge h have n noon h(i ion nly paid oonnldoiftblo nttontion to »lxc N) in their eBtiinnto of 
" eliubblnm-H,*' whkh accounlHfor iho correlation betwomi their ralinuH and tiro index W./PKl-W./r"^. 
Anyhow, if ohnhhiucaH cqualnpluiupnoBH, 1 think it nhonld bo pruotioally indopondent of nizo, and tlnvt 
a rcBHO liable Hcimitiao dell n ill on of it would be weiKht per unit of volume, Sliovt of ftclnully mcattuilng 
tim volume of llui body by iminctBion > pnicticully iinpOHHihlo with infants— wo have to find roiiRh 
lucttBuro# of the volume of tbo body, or take a product of tbree Hncar dimenBlonR whit?h nniy rcBHonably 
bo BuppoBOd proper lionul lo it. I may have a diaevent opinion from iho auiliorH of wbat Ik in cant by 
" cluibbhicsfl,” but / tliUik at any rate we need a ^foknti/lo dertnition of iho torm. I perfion«)ly am 
inclined lo idenlify it with average bodily dona ity, and IhuH to free it from any « priori relaliua to Bizo; 
wo may aflorwards hIiow Umt, as is the cauG with tbo prenont index, denalty appoara to dccroaao 
pliysiologioally with ago. For children of Dm Barao ago, I should anti cipalo liltlo rdaliou of donaily lo 
Bize. If thovo bo, wo may bo running up against somo other very important phyBiological fact. Eo.) 

t ThoBO tables aro baaed on tabloa given by Bardeen (7), using tlio data of Schmid- Mounai'd and of 
Quotelct. 
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Growth (■hangi’.'i in In/nnfH 

Moat of those indices ahow rapid growth clmtigcs in Innly |iro|iH.Hi«-ti\ varying 
with tho rales of growth of the juirts coinjmrt d. TIh'J' nro in aocordanf'o v^ijh toir 
other /indings, that early {jostnalal growth is most rapid in (hi* Imnsverto! ioaly 
diinenaione, while after tho first year leg ii'iigth (anti jtr.'Hiiiiinl(ly nno l»*ni:)h, wliieh 
was not inoflsiircd in this study) iiicreawm fiir iiiore nijutlly than any hIIot h*"*!)* 
segment. 

Any sox dilferciicos to ho found in the.se body iirt»js<flioiis are, tigaiii. very sni.dl. 
and with a sample of tho size of the presenl .study, cerlainly in*t signilientit. IImw • 







Nancy JJaylky and Fhank 0. Bavls 


60 



evov, «() fat' ns Uiih group goes, during fcho firak six moiitliH there is n teiulonoy for 
the girls fcii have wider hips in proportion to total length and stem length (the latter 
is l(>Ha clour); while aftor six months the aitiiiitiun is rovorsed, and the boj's have 
relatively larger hips, 'I'ho boys usually have a rohitivoly longer stem length, when 
compared to stature, und after month 16 they haves a greakor chest circumferenco. 
When chest circmmfercnce is compared to stem length, however, tho civcuinforonces 
of tho girls are larger, All of tho weight-length indices show that, for tho most 
part, tho boys are heavier relative to their length, 

Wallis (80) has computed recumbent stem longl h/Icngth indices for New York 
private school children aged 1 to 8 years, and Merrill-Palmcr school children, aged 
2 to 6 years, Her indices, thongli in go'nernl fchoir trends aro similar to ours, 
deci'oaHo with ago mucli leas abruptly at the. agiM in which the Growth Study group 
was mensured in the upriglit i)o,sition (see Fig, 23, p. CO). The New York group 
shows the same sox dinfereiice as tiuns (higln'r indices for llm boys) with the 
exception of years 1 and 8. 

Davenport (t 6), following an oxleiiHivoinv<‘.stigation of tho statistical behaviour 
of tho several indiecs cited above which are based upon weight and somo power of 
height, oouchuhsl that eitlnn' W./if.® or W./ll.®) was to be preferred as an index of 
body build to either W./Il, tu' the W./II.® iiiclex which Ihu-deen (7) had argued for 
on logical ruther than emjnrieiil gronmls, 'J'ho lw<» former indices yield smaller 
measnrcH of tlisperaion than do the two latter, with a given group of Kubjecta at a 
parthndnr age, and they also lit luitter the (uiipiricul picture of <lovelopii\g body 
build. 

Table XVIII (p, (»()) adduces now evidence in support of tho W./M.® index. (Since 
C^iuitelot’e data showed both W./H.® and W./H.'* to bo good* indices, with little to 
choose between them, the latter index was not computed for the data from tho present 

[' Tlic authors asstunQ hero Dial n "|{0od“ index is one Dial correlates highly willi the judges' 
rulings ot "chiihbincHB." I should nnlioipato Uio rovorso of this: see my footnote, p. 58, En.j 
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OomparatlM Curvos of llio filom LongHi ; I^cnum lurtcx. jXfio Now Ynik ami 

bft«cd on Booumbonl Monanroa (80). Oruwdi Hlutiy Mca«tir('« nre n>eiiHit>«rtt ilmivg)* mnititi lt».) 


TAHLIi XVIir. 

Oorrehliom of hdicex of liody-htdUl with Judges' Uniimp. 


Jildox 
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5 

7 

9&1(> 

W./L.« 

W./L," 

♦75 

-71 

•Ha 

♦75 

‘K<i 

•09 

•OH 

•70 

•7i) 

•HJ 

AV./L. 

H.W./L. 

•00 

•00 

•72 

•09 

•on 

•0/5 

•Ofi 

•75 

•7J 

•/5H 

H,W*/S.L. 
leg L.X 1000 

ao.xaw.xsx: 

•5'J: 

•02 

•09 

•03 

•51 

0.0./L. 

•ao 

-17 

•OH 

•03 

•01 

C,C5«/S.Ij, ^ 

1 ‘16’ 

•32 

•50 

•09 

•55 

S.Li/Li 
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•72 

•55 

•HI 

•7i) 

'70 

^70 
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•OH 

*71 

•02 

•74 

•59 

•71 

■I’Hi 

07 

*(J5 

•57 

•5-1 

•57 
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•55 


•/i3 j 

•5K 

•49 

•57 
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•m? 

-17 
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'43 
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'47 

•41 

•54 

•19 

1 
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-'00 

—on 
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b n computed from seriatim data gathcrod from nn approxiimitely <ioiiHtrtittj«uii|)|.. 
bu[n^ ^,1 oompured with ratings of body* 

g , as has been explained, were given iiulopunilenlly by two 
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jiidgGs (If and iJ) for fclie olovcn ages nt whicli pliologmpJis were taken, A third 
judge (F) made ratings for months Ifi, IB and 24. 

For correlation with the .sevornl body-l)ui!d indices the rating.^ of the judges 
were pooled. Table XVJII shows W./L.* correlating higher with the pooled photo- 
graph ratings, at almost every age, than any of the other indices which vvore 
similarly treated. The relative hip width and the relative chest girth ratios 
(especially the latter) appear as poof iuoa,snre.s of hody-build when correlated 
against the criterion furnished by the ju<lge.s’ rating.^. An atlaptation* of the Wort- 
hoimer-ncsketh index (leg length x 1000/0, D. x O.W. xS.L.) was correlated with 
the jjliotograpli r/ibings for two agas only, 15 and 18 months, and yielded coeffloionts 
of '49 and '57 respcjctivoly. This index affords an example of an index the validity 
of which sulTeiy because of the relatively low reliability of some of the measures 
ontca’ing into it. 'riiougli this objection probably holds for .subjects of ages similar 
to those used iti tiu! pru.sent inve.stigation, it docs not necessarily hold for more 
mature sulyeels. 'J’his is indicated by the high eorndullons rcjiorted by Wertheimer 
and Hc.sketh between their index extrenum and the psychotic types with which, if 
Kretsciunor’H conclusions were soundly based, asthenic and pyknic body builds 
should bo correlated. 

The sharp drops found in the majority of the r’.H in Table XVIII at the twenty- 
fourth month are probably to hi! attributed to a marked shrinkage in the nuinbor 
of cases available f()r measurement and piiotitgrapln'ng on that occasion, duo to 
iho illness of a number of subjects, and also tu the necessity for eliminating the 
records of several other subjects who proved umisnally rcfnujtory on their second 
birthday. If this one patently atypical con’olation be omitted from consideration, 
the average correlation of the W./L,® indices with the judges' ratings, for ton ages 
between tlm limits of one month ami three years, is ’78. Including the Iwonty- 
Iburth month, tins mean of the r’s is ’70. 

Table I (p. 84) gives the solf-correhitions of the W./L.* index, for one-month 
intervals throughout the fust year, for three-month intervals from 12 ’to 18 months, 
and for six-month intervals from 18 to 8G months. Five out of the sixteen coofficients 
are le.ss than '80, lint from the seventh month through the thirty-sixth (excluding the 
twenty-four month eorreintions as atypical, for the reasons given above) thoao self- 
eorrelations average '87. Inchiding all ages, they average •82, Considering tlm 
rapid growth (ihaiigOH, especially in the early months, these correlations are probably 
minimum measures of reliability; and remeasure-cooiriclents derived from mnusurti- 
meiits and remeasiiretnenls miul(! on the same day would doubtless bo found to bo 
higher. 

Fig. 22 (p. 59) presents a curve for tho devolopmont of body-build, using W./L.* 
as tho best (juantitativc measure of body-build for the ages under consideration, for 
the sexes separately, and for the total group. Since a low index means relative 
slenderness and a high index indicat(!8 relative slockiness, it is seen that these 

* Tliia lulojiliitbn wns necessary, sinco wo did not make cxaolly tho samo measures as did 
Worlhcinior iiud Ilcskvlli (40). 
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Growth (Ihu\\gi'« in 

curve, mvke meuitat a Uv-.hI lowu.l i„.,vamnK Sr.nn th- r»4 ^ 

e\evonlU month, at which time (ho chvvoh olmtiKo •hn dmJi, I w., « H » \ 

:SX onliro Hcrio. ..C i,hotoKra,h. i,ol.,.ml.-ntly. n. oa .ay’ - 

the ago at which these HuhjocfcK oouho.1 (o u.om.M. sK.htn.to. 
grow more slemlet. B u.mlc «oU-r..Mn,K.ris.mH al fho ' 

Limateci the peak in tlio trcml lowavi umvoaH.ng aWkmoa*, f-r . .«•!. < .»! t « 
mean of these was I2;i mniitha. ir aiinilaely Hlmln-i ihv yhat.>K'^*n''“' 
and arrived at a covreaporuling CHliiimto- of llii i.M.mhs, 1 u’ oi.jH- HKUionmd 
between the ovi.lence attordod by tho W./L * eurvon and tho«’ mdop.nhud, Mn,. 
from photogropliH, with rcsiiect to Dm tiino o! wemronoo of ihmoUanjto lu ir. ud. 
lends hu’te support to clainm for iho vaUd.ty ..f ihu imi.'s aa nu indn-al-r 

of body-build in infante and yunnj' children. 

Before leaving this matter of tho curve of .l.:voh.].mont, ..f fv.«ly -hoild, h-wow-r. 
wo .hotttd consider some other indices, and the elaimn made for ihva.. Une .mle^ 
proposed by Davonimrt is that of chest girth, divided hy length, or re!uUM; eh. H« 
girth (I*). This index preaeuls a picUire of (hv; doveloinnenl of tesly-hvuld dtden nt, 
from the W./L.« curve. Davenport conchnlcs (on (he «( length of the data j-resi-m.**! 
graphically in his Kg. % p. 1S> that- at six weck« Uu- te«ly law reach, .t ita no. vino, i„ 
postnatal chubbiness. Anollwv temporary loss in elmbbimw mic.nrs al nteoif. eigJu 
months, duo perhaps to tho cutting of the incisors.” OnrW./D.* carve, however, pnte 
the time of maxiumm cUubliiucaa at olevmi moiitlm instead of six weeks, mid ilmre 
isuo such euddon falling off in cbnbbinwH at eight montba an jsn lvuyed in Daven- 
port's curve. Wc incline to the belief that the irregalaritie.s in 1 tevenporl'a enrve. 
including the sharp drop at eight jnonthfi, are o-xlraneotis, nnd aHribiitable primarily 
bo racial hotorogenoity in the crnss-sodional Kanipk'H, to the fewn.nw of tin; e.mes 
in some of his samples (the number of cosiw in an age group ranges finun U nt 
month 12 to 8V at month 7), nnd to tins fact that Urn ineiuinreinmite wnr« Wknn 
by different examiners. This ie increasingly oviiietu wlnui his e.iirve is I'oiniHiri!.! 
with our curve of relative chest girth (Fig, 2 t). Onr curve shows nn imbw dwreiuiiiig 
with age from tlio Ist month (o.specittlly after tin* iHb iiimilb) wbicb is far iimro 
regular than Davonport’s in its tread, showing no radied change in |Plnnijan;»H at 
the 8th month. 

Even allowing for tho fact of selection in our own sanipHv am) for ihn r<')Mli voly 


Index 
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Htiiull number of cuhcs, ifc Htill seotiiH probable that the Irue curve of dovelopnicnt 
ill biKly-buibl in moro nearly a{)})ruaclii!<l wifli the dntn from the present 8am])lc, 
and using tlio W./L.® index, tJian witli Diivenport’H data, simply because fcJie data 
are seriatiin rather thim cri).SH«sectioiial, the mousui’einents were taken by one 
person, and a more reliable and valid index of build is used. That our curve, is 
typical is nvidenced by the fact tliat the ag(! cumis of the \V./L.® indices given in 
other studies, (>.g. QuctcleKst) and Davenport (16), are all very similar, in this early 
portion of tlio curve, to our own. 

Further comparisons of the indices are alforded by their inter-correlations. 
'L’heso intor.corrclation.s, arranged in order of size, are presented in Table XIX. 

TABLE XIX. 


fnlor-f/orre/ttlion of Indices of liody-huild. 





MnatliK 





1 

0 

0 

18 

30 


ll.W./],. X I1.W./.U.L 

•KOI 

•II.S2 

•238 

•H24 


•HUt 


m 

•K77 

•s2n 

•770 


•«02 

ll.W./l,. xW’.fU 

-HOi 

•753 

•700 

•HOO 

•089 

•750 

II.W./.S.I., X \V./L.> 

•OIK 

•053 

•553 

•054 


•027 

(U!./h. x\V./L.» 

>4rii 

•002 

•024 

■721 

■570 

■594 

H.W./L. x(,’.(!./I,. 

•31)7 

•OOl 

•540 

•700 

•415 

•534 

l!.W./S.b.xO.C!./.'4l„ 

•:i27 

•542 

•023 

•007 

— 

•525 

vMia.h, X vv./L,” 

]i.w.AS.L,x(;.(i./i,. 

*218 

•503 

♦455 



•450 

•204 

! -538 

•482 

•402 


■422 

n.w./h. xo.()./.s.r,. 

•107 

1 *408 

•503 

•408 


■407 

XS.L./I,.* 


•444 


•272 

•141 I 

•272 


* AildllioJial corrolations between W./fj.* and f!.L./L. at 19 and 24 mouthii are +*820 and -fl80, 
ronpcotivel)'. 


In general, the indices which correlate moat highly with ouch other are those in 
which there is high correlation (or identity) between the measures included in the 
two indices. There is also some ovidonco that tlio higlior correlations are between 
indices composed of tlio more roliahle measures. Asbolwcon highly iiilor-corrolatcd 
indices, those compo.scd of tlio most reliablo measures arc of course more desirahlo 
as mcaHurc'H of build. The two highosb r’s are between moasures in which the 
numeratcirs are idonlicid, and the denominators arc length and stom length. Since 
the fonnor is ii more reliable measure, other things being oipial, it should ho 
considered the hotter index. Tho next three correlations, in order, are comparisons 
hotwcon width-length relations ami W./L*. Since tho latter is mnilc up of far 
moro reliablo measures than the others, it is obviously a moro reliable index, and 
probably, also, o more complete measure of the width-length relationship than are 
any of these other indices with which it is compared*. 

[* TIio fttilliora tlo not soem to have eonflidorod tho inlluonoo of “Bpuriona*' ooriDlatlon on Iho 
corrolaUon of thOBO indiooa* Ed.] 
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Of the other coinpurifloiiH, wo miml (ninmdi'r l)iti fru't ihal, wiit ro ihcrr i*« hu5‘‘ 
correlation between two inclicoH whicli nro eoitiitiwl f<f n-Habh' iii.'.voiri oiUi- r 

may bo a vuhiablo inwiKurc of (lillorin^ Itody-buihl tniiK In thin r.,nii> 

corrclationa bolwoen W./h.® aiul which uvvra]^.' only “il, »r«' worthy <.f 

consideration. These tw<t iiidiee.s are coiiijHtsi'il of llio flirw rt-hahh* Irnly 

measures wo have taken (not ineludirig lumd measnros). yol they nli-ov privtst-ally 
no relationship to each other. 'L’ho f'www'v rwcrvlau-a vloMdy wiOi ih-- j'idg('«‘ 
estimates of clmbbinosH, while the ialler mIiowh no relulion llo"*'" 

(Table XVIII, p. GO). It is in no way a UMNusure i>f lateral v.THtm lineat Icnd. in-y, 
but of independent linear propoctioiiH. lb i.s poasildt- lhal in I’onsitltTing tint rclaiiMn- 
ship of body-build to mental (‘haraelerislics. lajlh of llirHo iiidiws ^honl^| Ih* nr**'*!. 
The Wertheimor-Heskelh index, which takes aeeoiiiit of both v.•^^li<')^^h^p^ may 
correlate less with our empirical oriturion in part ImcauHi! of (his lael, Vot for (his 
very reason, it may bo tiioro diHcriminating (where llu* iiidividind iiteaHiir<'iin'n!s 
are reliable) in picking out the exlveuio builds in which short lege and long thick 
bodies (pyknic) go togetlmv and tinwe in which long log.*^ and short (hin hmlii-a 
(asthenic) coincide. The naliiro of tin* •corrclulioiis hotwi'cti (h<* two **> jwi.H*' 
indices is cvklouce that for tlw.srs early years at least, there is no (<nd>'ney }.,r nneh 
body-builds to occur much mor(t fretpH'iilly than would In* expei*!,. •! from a eham'** 
distribution in wlrich these are the exlri*me deviates. 


So far in our dvRcussion, wu havt*. treaUtd hatly-lmiUl as relatrve ehnhhimw 
or width-length rulabionship including HiilumlaiieouK (isNue. .is \vi*ll as skeletal 
structure. If wo wish to limit our dollnilimi of build to the skeletal afnielure. we 
cannot with any certainty draw concluKiojis from onr niejunires of exl'Tiia! Issly 
dimensions, since those must alw’ays be allijcUrd to Koine exlenf. hy snheuiiuieoiis 
tissue. The width measuve which i.s most reliable, hip wiillh, is prolmhly. Iwivuise 
it is a simple linear meusure, freer from the itilliieiice of siil«mtaimouK ine.iie than 
is weight, and so may bo a better index of skolelal projHirtioiiH. The j'niex 

(Fig. 16, p. 58) shows a change in pvepovtions wil!\ age which ihws not c*«iin*ide 
with our criterion of ratings of build. According to this index, then* i« a rajiidly 
increasing lateral tendency through the sixth mouth, followed by an aliiuwl eipmlly 
rapid decrease after the seventh month. Ihit siiiee the judges' ratings were mndo 
from photographs, they wore necessarily alI‘ecU!il by niibcuiatiemis liKKue. ami need 
nob be an adequate criterion of skolotid proisirlioiiH alone. The appiiMiit ineri-iwiag 
chubbiness between the aovenbh atid olevonth mouthH might h« ihm entirely l«» 
general growth in suboutaneous tissue. Since we have Keen in Figs. !) ami 10 
that hip width, chest width and shoulder width all continue to grow rapidly 
throughout the first year, we sliould expect increasing width relnlivi* to U-iiglh 
for a longer period tlian six months. Tho absolutely greater increase of length, 
which is a much larger diameter, would mask a tohdeiiey to cuntiuucd incmaae in 
chubbiness when tho comparison is made with only one of the width diainolcrs, 
and for this reason it is doubtful if the H.W./L. index gives ns a iruw piclnre 
of changing build, either of skeletal proportions, or of proportions which include 
other tissues in addition to bony atruoture. 
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G. OONSIHTENCY OF BUIU). 

Of th« iii(lie<!8 (tf boily-buikl which we have computed, W./L.” hits been found 
by an empirical crifccnion, whicli in baaed on aubcubanoous.tiaauo oa well na akelctal 
pi'opoi'tiotiK, to lie the moat valid mcaanro of growth changes in chubbinesa or 
slondornuHa of build. Wo have alao found that it ahowa a high degree of con- 
aiateiicy in consecutive incaauremonta. How consistent ia it over longer periods? 
Granting average changes in body-build, for the total group, do the slondor 
children remain relatively slender, and do the stocky infants continue to bo the 
stocky throe-year-olds ? 

(1) Individual Curves, 

Figs. 26 — 20 (p. 00) show growth curves in body-buikl (W./L.*) for selected 
subjects. Judge B, before consulting the body-build indices, named two ciiaes 
whom abo considered to bo of definitely stocky, chubby build, two others whom she 
classified ns dcPmibcly slender, and one other whose body-build, in her estimation, 
approximated the average of tlie grou]), The close correspondence between the 
group's average and tlie individual body-build curve of case 29 F (the one selected 
as " typical ” by jtidgo B) is clearly indicated in the figure. Case 9 M, one of the two 
subjects tistimated by B as having a definitely stocky build, is seen to bo far above 
llui group average for the first ton montha of postnatal life. IIo reached his peak, 
liowover, in the curve of developing stockinoss, at tlio ago of five montlia, as against 
the group average of eleven months. But altiumgh his curve from the totith month 
is much closer to the group’s average curve of build than was the case in the early 
months, case 9M throughout is distinctly atypical in his tendency toward pro- 
nounced stockiness. Case 63 M, the other subject solected os definitely above the 
average in stockiness by judge B, presents n very different developmental picture. 
For the first five months this infant was fairly typical in his weight to height 
pro{KirtionH, but between bis fifth and seventh montli ho gained far more rapidly 
in weight than in length, and more rapidly than did the group as a whole, with 
the result that his W./L.* index changed strikingly, os indicated in the figure. 
The rclaliv(! rrtle of omlogonous and exogenous factors in such sudden and unusual 
cbatigoH as this one is a mattor wliicli needs investigation. Since the group is 
a relatively homogeiioous one, with the best of dietary advice equally at the 
eoimnand of all of the subjimU*’ parouts, the iufercnco would scom to bo indicated 
that such sudden sliifts in melaboli.Hm arc due largely to ondogonous factors. When 
the shift is in the ilirection of a sudden sharp decrease in weight, rather than an 
increase, a liistory of recent illn«s.s would of course bo looked for bel'oro attempting 
to explain the decrease as due to the influence of postnatal maburational factors. 
It is of interest to note that cose 53 M’s curve remains well above the average 
from the seventh month on, pointing to the establishment of a somewhat stable 
metabolic equilibrium in his organism at this supernormal level. 

Case 7F presents the picture of a subject who, during the first throe years of 
postnatal life, is consistently more slender than the average. From the tliird month 

Biomolrikn xxvit 6 




Figs. 2B— 89. Indlviflnal Outvss o! Qrowib in Iho 'Wclglil : Ij«nglli’ Index comiawl wiilJ Curts* nl ihs 
Mean and Plus and Minus ouo Btandard DevUlion. 

Fig. 80. TVoigblsLflngih* Oiitros of iwo Oasos who dlllor widely in iliolr fondeney hwaid (Jenslrtnl 
Weight '.Length Propoxtions. 


to tho twelfth sho ia atrikingly fttypicsvl in her lonrtenny towmii extroiue »h!n«lt!rm»}». 
During the ten-months' interval between her eight- and eighteen -month Tm>iiMiire« 
she gained in weight at a relatively faster rate than in height, oven tlnmgh after 
month eleven the group as a whole was showing bho contrary tendency, and this 
deviation from the typical developmental trend results in this subject's clt:«<^ 
approach to the normal at the eighteenth month. During the next six months, 
however, her curve changes direction once moro and now falls away mom sharply 
than does the average of the group, so that by the twenty-fourth month sho is 
again well below normal. Case ISM is an individual who, except for the third 
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tnonth, ifi also consistently more slender than the normal infant. In contrast to 
7 P, however, this alypically slender baby reached his peak in the curve of in- 
creasing stockiness at the ninth month, and from that point on deviates more and 
more sharply from the mean. 

(2) Gorrelations. 

These individual curves indicate the results which we may expect when the 
indices are correlated over longer intervals to determine their consistency. The 
effect of sudden pronounced shifts — Hko those shown by case 63 M between the fifth 
and seventh months upon the rank orders of the subjects and conserpiently upon 
the correlation coeffleients for the intervals of time during the course of which these 
shifts occurred — is obvious. When individual organisms arc going through such rapid 
and pronounced readjustments, the correlation coefficiouis for the body characters 
involved in such readjustments will drop. A study of the con.Histeucy correlations, 
therefore, should bo informative with respect to which developmental periods tend 
to bo characborised by blieso pronounced individual divergences from the mean curve 
of growth, and which ones manifest relatively stable developmental characteristics 
on the part of the individual members of the group. Table XX gives these data. 

Self-Correlations shoxving Coxxsislencg of lioihj-Bnikl. 


TABr4H XX. 
W,/L.* 


Month 

3 

0 

12 

IB 

24 

30 


1 

•6H 

•48 



•17 


•10 

3 

— 



•17 

•31 

— 

•28 

6 



*44 

— 

*24 


-28 

12 

— 



•7G 

•74 

— 

-75 

18 

— 

< — 



•73 


•80 

24 

— 




— 

•74 

•73 

30 


— 

HI 

IHI 



•01 


It is evidonb at a glance that something is operating to redvipo the longor-intorval 
correlations into which the first month meaaurcinonts enter. The W./L.® correlations, 
while they are ‘718 for the first and second months, and '741 for tho second and 
third months (see Table I), hecoirio •08 for tho first and third meiiths (Table XX) 
an<l drop to ’48 and to '17 for tho first and sixth months and tho first and twenty- 
fourth months, respectively. Similarly, tho correlations of the sixth month incHocs 
with those for tho twelfth, twenty-fourth and thirty-sixth months give the following 
coefficients, •44, •24 and •28. Bub when the twelve-month ijuUcos are correlated 
with those for tho eighteenth, twenty-fourth and thirty-sixth months we find a 
considerably higher degree of stability in tho rank orders of tho subjects at these 
ages, withcoefiicicntsof •79, ■74and ‘76. Over the eighteen-month interval between 
the ages of 18 and 36 months, our subjects maintain their relative positions with 

6-2 














08 Growth OhaiKjrs in In/anin 

respect to their W./L* index to the extent imlirAletl hy n roeftidMut of n.rr<-hui<ui 
of the order of -80, whUo for the thirtieth wl thitty-KiMU wouIUr tie.' 

18 'Ol. 

The consistency corrcjlalionH for the imlox ( Inhto XXII iire \<'ry einiihir 

to those for W./L.» The r's of tUo former nix; more often Inrg.'r wliui tlo' first eiei 
sixth months arc correlated with later ages, while tin? latter uri* higher viht'ii fho 
twelfth and twenty-fourth nionllw are conipnrml with Inlrr agra, Kv)»e «'f the 
differences, however, is great onoagh to he signitkant. Anil, in g»'n''rftl. tlo' U AV ./I». 
index shows no greater consistency in build than does the \V./{j.® index. 

These correlations, and also the indivithinl enrves, ahvm that th^'to ia Utik 
consistency in lateral-linear build during tlm flrat year -j««t aa tle r»' is littio 
consistency in the relative sixe of weight and all width riiciwuroa. Hut aflor th»' 
twelfth rnonth the correlations increase somowlnit and tin* eliildn'ii aiijwor t<* Imvi- 
established a body-build which is comparatively stable • - at hNwt over a iwi vt-ar 
period. 

)Sie{/-Con’al(t{to)ia shoidnij dfmhWnctf «/ liMltf-lUUU. 


TABLE XXL T’AUI.K XX U. 

H.W./L. S.L/U 



Consistency correlations wore computed for nnoiher index cMinjHfmai of reliabh) 
measures, S.Ij,/L. (Table XXII), All the coellicients arc low for all ag«’a, even 
though tho tnoasiires used in this index arc relatively naisisloril. It is prtiUddo 
thutainw the legs are continnmg to grow rapidly tlwmgii the thiriy-Hixth imaith. 
individual difforeuces in growth trends wordd obliterate any U'udenev for r*>n«isU'nt. 
stem-stature relationships within tlm ago Hinita lutre cim8i«U)ir»‘d *. 

Body-build types may be manifested during the first year in Urn gvowriv clmnyej* 
of tho W./L.* index rather than in the ohild's rolativo build at any givi-n ng»*. 
As we have seen (Figs, 25— -^9, p. 66), when tho nge curves of this index nro plottml 
for each child separately, wo find wide individual differenoo in tlm trends of the 
curves. Some of the children (for example, caaos 9M and 18 M) show an early 

Xft * ““f, iadlviduftl ijurvae of Hie percentile renk of S.L./t,. index for 

11, moDlha. Bevent^-t-wo per eent. of tiioao allowed conaialonoyof bnild. but iha 

othore dtatinoHy changed their porcontilo rank, Thia body ptopotHon, then, Mmaiiw imauMn man, 
cnudren even to five yoara ol age, 





Plate I (a). 1 month 

Slender child Stocky child 






Plate II (a), 1 month 
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i)K;r(iiiH(! in chnbliiiujHs, niul others a late incrcaso (case 7F)| as compared with the 
majority, who follow tho curve of the niciui. A nuinimr of the more slondor children 
have little or no tendency toward increaaing W,/L.“ indices during tho first year, 
Imt maintain a comparallvely constant index throughout the entire three years. 
Tlie W,/L.* curves of two girls, coses 20 F and 55 F (Fig. 30), illustrate the wide 
divorgciico from the moan in tendency to change in body-build. Case 20 Ima an 
index which is close to tho moan for tho fimt four months. After this time it increases 
rapidly to the eighth month, stays high through the fifteenth month, and then 
dccrotrscs at a rate far more rapid than the average, until at the thirtieth and 
thirty-sixth months her indtsx has returned very near to the mean. Case 55, on 
tho other hand, has indices which are seldom far from the moan, though they are 
well above it during the first six months. Her index curve is almo.st a straight line, 
and, except for the rise between the first and second months, and a slow decline 
ofter tho fifteenth month, shows no tendency towards a changing W,/L.® index. 

When the group is divided into halves, one half containing children with less 
than average tendency to increased W./L* Iiulox during the first year, and the 
other half containing those with greater tcndencic.s to chubbinass, the slender group, 
as would 1)0 expected, lias a much higher eeimisLoncy correlation between the sixth 
and twelfth months (r is '87 for 25 cases) than is found for tho total grbup (*44). 
However, their consistency correlations drop later, and are lower than for tho total 
in tho r botweon moosui'es at tho twelfth and twenty-fourth mouths ('53) and 
between tho twenty-fourth and thirty-.sixth ('57). Of the entire group of children, 
oidy one (40 M, Plato I, see p. 32) was found to bo so consistontly heavy that his 
W./L.® index did not once fall within one standard deviation of tho mean for tho 
17 ages at which tho children wore measured. One other child (DM, Plato II, see 
p. 32) remained above one standard deviation for all but three ages. Of tho 
slender children, one (57 I'’, I’lato I) remained below one .standard deviation for all 
but two ages, while another (27 F, Plate II) remained below for all but three ages. 

Infant treiuls in body build may be characteristic of glandular and metabolic 
balances in the individual and so predictive of build later in life. This wo cannot 
know until wo can compare these early trends with motusuros of tho same’ individuals 
later, but wo have found that no singlo index (composed of the measures wo have 
Lak(tn) of <u) infant nndor one year can bo eonsidorod as ropresontativo of a constitu- 
tional typo which will continue tt> bo one of iUs charaelcristics for any protracted 
length of time. 


HUMMAUY AND (JONOLUHIONH. 

1. A seriatim growth study of nine mco-sures of body size was made on a group 
of from forty-.six to sixty-ono infants who were measured at 17 ages during thoir 
first 3() months. 

2. Tho measures were found to be sullicienUy reliable to indicate growth trends 
of imlividual.H; there arc indications that some measures are more roliahlo than 
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others, the liigliest rciuciusnrciiioiit-co'-fhcienl-s hritig fi.nn.i I'-.r 1 - hmM., -.w-iKht an-! 
Btem length. 

3. The group w«s found to ho lypiiml <if other groupn irporlA rl iit ihr l»l. nHure, 
except that after the sixth uumth its menihiTs av,>m««'d (alkr ond h-iivo r thuu 
children in other parts of the couiitiy, with Ihr ox.s'filiou of H.-hr!* d gr-oips su.-h 
as those monlioticd in the recent Iowa sludieH. 


4. Growth iu all ditnenshuis wna retardi'd, nipidly at fir's!, nnd thi n tii>‘r<’ shiwly 
through 3G months. 

5. In proportion to tiicir size at the first iiionlli, the width ne asurt » "f hip. 
chest and shoulder inermed more rapidly during llu’ lirsl yuir than any niher 
measure except weight. After this age, the greatest prin>nrli"iMile gr'<w th was in 
length. Chest depth inoroased oven less tljun diil head eiiv.unifrrriie-*. 

6. In variability there were no Hignilicanl clmiiges witfi gruwth, tt<ir In'twem 
the sexes. 


Y. The boys were eonsistenlly a little larger for all iiinisiirea tlniii tlo' girk. 

8. Correlations over the three-year perils! shmv ihid liea<l eitieniiifer<'ii<'.% 1 niglli 
and stem length arc the most consistent meiisures; lliat is, eliildri’n with luigi' lie idH 
at the first month tend to have relatively large bends nt the thitly siiish tii<inl)t 
and those with small hootls iisimlly oonlinne to have siimtl heads, w hile the «.ame is 
true of lengths. Weight and width mea-siires show only slighi isuihinteK. y Is fnre 
the twelfth month, hut with the exeepiion of t wo niirelialile measiui's (eln-s!. width 
and depth) are fairly consistent after lids age. 


9. llip width and weight are more closely eorrehilcd than any ntiu'r jwiiv <»f 
measures, Length and slom lenglli are also higlily corndaUsl, ( RIht iiieitHnn a of 
body width correlate fairly highly with weight; while the widlh-leiigth wm|wjriiS'n« 
show less relationship though they are still imsitivcly correluUsh 'J’ln- siiiiiHohI 
correlations ato found between shoulder width and stem Imiglh and nvcmg«.* •.'tih 

10. There is a docrea.se in some of the correlations iH'twoen im'aann‘s of widths 
and lengths during the fimt half of the first year. 'J’liis is true of the r« Imlween 
weight and length, hip width and length, hip width and slein length, and low 
clearly between hip width and shoulder width. *t’luiKc tlomfawal r's aji|S'ar Ui is-cur 
more often at ages wlien Iho measures involved are growing at ilisptiojsrrlioMate 
rates. Thus, the width-length eorrolations drop ihiriiig the ages when nmat ehildri'n 
are rapidly becoming chubbier. 

11. Growth changes in body proportions are shown by curves of indices, 
comparing length measures with width measures and with weight. Most of those 
show proportionately increasing width during some jMirtiim of the first year. 

12. A comparison of those indices with ratings of body build loads us to the 
conclusion that W./L,* is (of the indices studied) the most valid measimi of ndative 
chubbiness, or lateral-linear tendencies in build. 
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lU. Thu W./L* index shows a curve of rapidly increasing chubbinens (luring Ihe 
first (devcn inontha, with a slow dccreiiso in chubbitioss after tliis age. 

14. Of tlio three indicc.s of build whose values wore correlated for consistency 
ever a long ago interval, namely, W./Ij,*, 1‘I.W./L. and S,L,/I/., none indicated con- 
aisleiicy of build during the first ywvr, though W./Jj.* and II.W./L. show increasing 
consistency after this ago. 

16, Wc cannot predict from indices at an early age what an individual’s body- 
build will be later. It may be possible, however, to predict later build from early 
trends in build. Our data give no clear evidence on this point. 

1(1. No significant sex cliffcvenccs in rates of growth were found for this group, 
though the boys were found to be slightly but consistently heavier for tlieir length 
than the girls. 

Note. Since this memoir was set up a letter Ims reached the Editor from 
Dr Bayley, wliich ho thinks somewhat explains their different conceptions of 
"(diubbiness." No relation of width to length wotdd conform to his conception of 
chuhbines.s ~ plumpness. Nor did ho after a study of ICrotsoluner’s work based on 
no extensive statistical investigation give credit to his classifications or conclusions. 
'J.'ho following ate the important paragraphs frmn Dr Bayloy’a letter: 

"I have been trying out some of the indices you suggested. They should prove 
of valuo in studies of nutrition. However, in the study und(!r consideration, I was 
iriost interested in finding an index which would dllTercntiate types of bedy-huild 
such as those described by Kretschmer (pyknic-loptoaomc), or Davenport (lateral- 
linear), ntid not BO much interested in obtaining a measure of nutrition or health. 
This latter problem is one I intend to take up in connection with a study of 
physicians' ratings of the children’s health, 

"It would, of course, be of value to find an index svliich differentiates the 
children and is constant at all ages, and in which the individual children maintain 
the same rclativo position in the group. None of the indices for which I have made 
the comparisons Imo remained consistent, so that no child who is classified in 
body-biiild at ono age can bo expected to have tiro same build at another ago. 
"(JliubbincHs" as wc used It in our ratings of photographs meant the tendency to 
h(i wide, ('(dative to length, rather than to have excess fatty tissue, though this 
latter factor had a Btrong iiifliieimo in'tho rating. 

"It still seems to mo that the iiide-x I am looking for is ono which oxprosscis 
width relative to length, and all of my data indicate that such an index would show 
changes with ago, and would not bo coristant. This finding in itself should be of 
importance in imdoratanding the processes of growth in young children,” 
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ANTHROl’OMliTIlK' MIOASURKS IXKANT (JIKiWTlI STl l)\. 
{({) Ghefit Girmvijhxnre Frnfuvfuy 


Month 1 


Month 2 Moulli3 4 | M-mMi r, | li 


(^jiL F ('ni. F 




Month 7 


Cm. F 


Month 8 


Month 0 


^^ontll 10 


Mimih II 


Mmith 



Cm. M’ Cm. Om, F I 
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TABLK 
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Alontli 16 

Month la 

Month 24 

30 

Month 30 

Cm. 

P 

Cm. 

P 

Cm. 

F 

Cm. 

P 

Crn, 
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1 
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1 

55 

1 




1 


— 

■■ 

2 
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4 
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53 

2 

63 

1 
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2 
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2 

62 

6 

52 

6 
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— 
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52*6 

2 

61 

7 

61 

7 
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4 
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2 

60 
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50 

7 
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1 
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2 
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48 

2 
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2 
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47 
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47 
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3 

4»-6 

2 
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0 
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(i) Hi}} Width Frequency Dislribuitonn. 
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TAHI^K XXHI- -{cuultnwd}. 


Month 7 I 

Month B 

Month 1) j 

Iti 1 

i 

n 

12 i 

1 








'1 


5 


. ,j 

! 







1 




'i 

Cm, 

F 

Cm. 

F 

C'/n, 

F 

Cm. 

1 

i 

Cm. : 

F 

(fill. ' 

F 

1 

\ 

18-Q 

1 

18-0 

1 

iH-a 

I 

17« 

1 ^ 

17-8 , 

<> 


Mr 

17-6 

1 

17.7 


180 


iro 


I7-t1 

T 

VrH 

I 

I7'0 


174 

1 

17-7 


17-3 

J 

17-2 

1 


1 

lQ-6 

8 

17-1 

3 

17-1 


17-0 

4 

10 9 1 

8 , 

lT-2 

M 

ikf 

100 

2 

lO'S 

2 

17-1 

1 

10-7 

1 

100 i 

1 

liUl 


15'6 

0 

16*6 

1 

io.« 

4 

104 

4 

10-3 ; 

r, 

mn 


16.0 

V 

16-2 

7 

10-6 

2 

111 

2 

10 0 ; 

4 

10.1 

4 ; 

14.6 

12 

16-9 

1 

lO'S 

2 

lOH 


16'7 1 

3 

Irt 0 , 

3 , 

14'0 

6 

lO-C 

3 

16-0 

3 

163 

n . 

lfi'4 j 

2 

167 

n ' 

IS'S 


16.3 

c 

m 

0 

16-2 


15-1 1 


, 1.1 i , 

3 i 

IS-O 

2 

16.0 

5 

16-3 

2 

14.fl 

6 

I4-H I 

4 ^ 

: Ml 

' 1 ; 

12‘6 

2 

14-7 

7 

irrO 

7 

140 

4 

14.3 i 

f n 

h* 

i II'.H ; 

1 1 i 



14-4 

4 

14-7 i 

3 

143 


142 j 

U : 

H.7 : 

a ! 



HI 


14-4 ! 

6 

140 

i 

13 tl 1 

3 f 

H 2 : 

2 1 



la.a 

Q 

14-1 

4 

13-7 

2 

136 ! 

1 

1 13 U ■ 

1 





1!).« 

2 

134 

4 



1 : 

r « i 





13-6 

1 











13.2 

1 i 




i 

1 1 

1 1 





m 





\ 


1 1 


Month 16 

Month 18 

MoiitJj 2-1 

Month 3 o i 

! 

30 1 

c 

Cm. 

F 

thn. 

F 

Cm, 

F 

Cnt* 

— 1 

' i 

Cwi. 

51 

J 

F i 

1 

18.3 

2 

18-0 


10-7 

1 

100 

.wu.vw».vw«iwt.«-K A. ! 

1 iii o : 

i 

i> 

1 1 

18-0 


18*0 

3 

10-4 


10-3 

1 

Win 

4 \ 
1 

17.7 

1 

18-3 

— . 

lO-l 


tOM 

1 

103 

174 

a 

18-0 

3 

18-8 


J «.7 

2 

io -0 

2 ? 

17*1 

2 

17-7 

2 

18-6 

2 

IH *4 

2 

i «7 

4 ^ 

lfl '8 

1 

17-4 

2 

18-2 

4 

18- 1 

d 

IH 4 

4 

1 ( 1-6 

6 

17-1 

8 

n>o 

1 

HH 

6 

18-1 

‘ 13 

10-2 

3 

16-8 

2 

17-0 

5 

17-6 

a 

17*8 

8 

16*9 

2 

10-6 

6 

17.3 

7 

17*2 

6 

17*6 

1 

i 2 

16*6 

4 

10-2 


17-0 

4 

16 ’iJ 

4 



4 

M-O 

0 

10-7 

a 

IfHl 

2 

lO'O 

4 

16^0 

6 

16 'fl 

1 

10-4 I 

5 

ia *3 

i 

id 6 

J 5 

U ‘7 

2 

16-3 

3 

lO-l i 

i 

m) 

1 

id *3 

i 1 

i 

14*4 

1 

16-0 

1 

16*8 


W1 i 

ido 

14*1 


14-7 

— , 

16-6 


16*4 


157 

f 1 

1 1 

IH 

— 

14-4 

— 

16<2 

— 

16 ^ 

WJhV., 

JW 

13'6 


14-1 


14-0 

3 

I 4 *B 

1 
























76 


Growth Ohangt’S in Infnnltt 
TABLE XXIII- 



(<Z) Ghest ]Vidt)i Frequency Dktrilntliouu, 




Nanoy Baylky and Fiiakk 0. Davis 


TABLE XXIII-(coH«Mt!«!rf). 


































78 


(inmUi (’luiiujrn iu Infnnt 


TAHU-: XX III- 


(^) UeMil Gir<??oii/Vw?r^ 


Month 1 

Month 2 

M^nl h ^ 

n 

4 1 

Cm. 

F 

Cm. 

r 

Cm. 

F 

' ' ' ^ 

(vi. 

; 

1 

1 

41-0 

1 

430 

1 

449 

1 

ini) 

1 P 

40-6 

1 

42« 


4411 

- . 

44-» 

. . t’ 


1 

420 


43-fi 


44(1 

4 

39'6 

2 

4l'fi 

1 

430 

2 

43 9 

3 ; 

30'0 

4 

41-0 

7 

420 

4 

430 

4 i 

aS'S 

6 

40fi 

4 

42-0 

3 

42-9 ' 

(0 i 

38-0 

9 

40-0 

i) 

iWi 

H 

490 

19 i 

37-6 

7 

SO'f) 

W) 

410 

Ha 

-H-5 ' 

*? 1 

37-0 

0 

300 

10 

4«i5 

; 10 i 

41-0 1 

! K ! 

36'6 

4 

38-ft 

fi 

400 

1 7 

409 i 

[ 4 ? 

300 

1 

D8'0 

r> 

3n« 

1 3 ' 

400 i 

i i ‘‘ 

30-6 

4 

37'6 1 

2 

300 

; 4 ^ 

39 9 ; 

i 1 ; 

36'0 


37'0 

2 

38'Ji 

1 2 

390 ] 

i 1 , 

34-6 


39fi 

1 

380 

i 

380 


340 

— 

890 


870 


3811 

1 * ! 

33'6 

Z 

86'B 

1 7> ' ’¥ 1 ' ' ‘ 

1 

370 

1 

370 

I ^ 

1 1 





M«nn< 0 ■ 








Or?, 


F 1 

1 'm 







|i 

1 



t 

47 U 

i 1 

t’ 

4A .n 


\ '' 

iti h 


44 r» 


.1 


: : 

: 

un 

' 



^ ; 

) 

un 


n : 


1 

i 

43 fi 

1 

Vi 

41 r; 

' i 


4.1 M 


H 


^ <i 

] 

FUi 


fi 


H '' 

,! 

4tH 


7 , 

aM 

4^ 


in 

1 

>1 

FJ /» 

4 

\ 

414) 

'i 

i 

4 

1) 

, 3 . 


4Mri 

-o.. i 

41 r* 


/ 

4<H1 


1 : 

III! 




j 

; 

4<r*n 

1 

1 


1 

>] 

1 i 

4MI) 

■■ 1 . 

L 


i 

i 

f 

4 


i i 
'i i 




Nancy Bayi,ky and I^iiank 0. Davis 7 \) 


TABLE xxni— (con<MiM«d). 



CO ^ ^ ^ 








































TAI$LK XXIH- (cvuttnrial) 


Month 7 

Month H 

Afoiit 

lO 

MoriOi lit 

M-.ntlilt 

- • ‘ 7 

Month 12 

Cm. 

ii’ 

Cm. 


Cm. 

r 

Cm. 

. 

t'm. 


r Tim. 

i 

740 

1 

700 

1 

78-0 

1 

78-6 


HI -6 

1 

Hi *6 


73-G 

1 

76-6 

3 

77'6 


77-6 

'i 

HO-6 

1 



730 

3 

76-0 


774) 


70-6 

3 

iM6 

1 

79 '6 


72'C 

1 

74-6 

1 

706 

1 

T/t'fi 

7 

7H’,1 

M 

7h 6 

H 4 

72(» 

1 

740 

3 

70-0 


74-6 

H 

77 6 


7 t 6 

\ i 

71-6 

2 

73-6 


766 

4 

73-6 

0 

706 

6 

70-6 

IM ^ 

71-0 

2 

73-0 

r> 

76-0 

1 

726 

i 

76 6 

4 

76 '»7 

t i 

70-6 

6 

72-6 

1 

74-6 


71-6 

1 

716 

H 

74-6 

7 i 

700 

4 

72-0 

3 

7-l<l 

1 

70-6 

0 

7;<ri 

6 

7rhr* 

.1 1 

00-6 

4 

71-6 

4 

73-6 

3 

09-6 

2 

726 

0 

VU.'t 


69-0 

2 

710 

6 

73() 

6 

OH-6 


71-6 

v7 

71-6 

•* 

68-6 

2 

70-6 

2 

72-6 

0 

00-6 

1 

7M6 

3 

7^6 

■ - 1 

08-0 

4 

700 

3 

72-0 

•1 





09 6 

i 

67*6 


C9'5 

2 

71-6 

3 



00 6 

1 

OH .7 

, , ? 

07-0 

6 

090 

4 

71-0 

1 





07-6 

1 1 

00-6 

6 

68-6 

2 

70-6 

4 







000 

2 

080 

3 

704) 

2 


1 





06-6 

2 

67-6 

2 

09*6 

6 







06-0 

1 

67-0 

4 

094) 

7 


1 




j 

(H'6 


60-6 

2 

OH-6 

2 






{ 

0^1-0 

— - 

600 

1 

OH'O 

0 






j 

03-0 i 

— 

05-5 


07-6 

1 







03-0 

i 

060 


07-0 

1 







02-6 


04-6 

* 

00-6 








02-0 

— 

010 


004) 

...... 







61-6 


03-6 

— 

05-6 





1 



61*0 

1 

03-0 

1 

06*0 





t i 







(W-6 






! 






(W-0 

1 


1 

1 


1 

i i 

f 




Nanoy IUyi.ky and Frank 0. Bavis 


B1 


TAHLE XXIII — (continxied). {g) Wdght Frequencg Distributions. 


Mimlb 1 

Miinth 2 j 

Month 3 

Mun*h4 

Month n 

Month 9 

Lb. 

Oz. 

Jfi’ 

Lb. 

Or.. 

ii' 

IJt. Or., 


Lb. 07.. 

P 

Lb. 

Ok. 

F 

Lb. 

Ok. 

F 

n 

12 

1 

14 

H 

1 

iU 

H 

1 

18 

8 

1 

2U 

8 

1 

21 

8 

2 

n 

8 

1 

M 

0 

i 

10 

0 

— 



— 

20 

0 

— . 

21 

0 

. — 

11 

4 

, — 

13 

8 

i 

Hi 

K 

2, 




19 

8 

1 

20 

8 


11 

■■ 

3 

13 

0 

5 

Hi 

0 

2 



1 

10 

0 

1 

20 

0 

1 

10 

12 

1 

12 

8 

1 

la 

8 

3 

10 

8 

3 

18 

8 


19 

8 

3 

■SI 

H 

2 

12 

0 

7 

III 

0 

6 

10 

0 

4 

18 

El 


19 

0 

3 

10 

4 

3 

!1 

8 

10 

13 

8 

8 

10 

8 


17 

H 


18 

8 

0 

10 

0 

3 

n 

0 

7 

13 

0 

4 

in 

0 


17 

0 

n 

18 

0 

7 

0 

12 

n 

10 

8 

7 

12 

H 

0 

14 

8 


10 

8 

mm 

17 

8 

5 

i) 

H 

n 

10 

U 

10 

12 

(1 

0 

14 

0 


19 



17 

0 

9 

0 

4 


0 

8 

2 

11 

8 

■■ 

13 

8 

a 

15 



IG 

8 

2 

0 

f) 

5 

0 

0 

5 

11 

0 

WM 

13 

0 

2 

15 


BKH 

10 

0 


H 

12 



H 

2 

10 

H 

n 

12 

H 

0 

U 

8 

5 

15 

H 

3 

« 

H 


■a 

0 

1 

10 

0 

2 

12 

0 

2 

14 

0 

1 

15 

0 

1 

H 

4 





0 

8 

1 

a 

8 

1 

18 

8 

2 

14 

8 

3 

8 

{\ 


■ 



0 

0 

1 

u 

0 

2 

18 

0 

mm 

M 

0 ; 

3 

7 

12 








10 

8 

1 

12 

H 


13 

8 

1 

7 

H 


1 









12 

0 

2 

13 

0 

1 

7 

4 

HI 

■ 









11 

8 





7 

0 

1 










li 

0 

1 




1) 

12 

1 
















0 

K 

! 
















(} 

4 

















0 

0 

1 

















Month 7 

M 

Lb. 

ontb 8 

Month 9 

Month 10 

Mouth U 

Month 12 

LI). 

()/.. 

F 

Oz. 

B 


1 

M 

Lb. 

Oz. 

M 

Lb. 

Oz. 

F 

I,b. 

Oz. 

F 

23 

0 

1 

20 

(J 

J 

24 

8 

2 

20 


2 

28 

0 

1 

30 

0 

1 

22 

8 


2fl 

K 

— 

24 

0 

2 

25 


2 

27 

0 

1 

20 

f) 

1 

22 

0 

. 

20 

0 


23 

8 

1 

24 

0 

6 

29 

0 

2 

28 

0 

2 

21 

8 

2 

24 

8 


23 

0 

2 

23 

0 

7 

25 

0 

5 

27 

9 

5 

21 

0 

2 

24 

(1 

1 

mm 


3 

2si 

0 

12 

2-1 

0 

5 

mm 

0 

5 

20 

8 

a 

23 

8 

1 

mm 


5 

21 

0 

0 

23 

0 

tl 

25 

0 

7 

20 

0 

H 

23 

i\ 


nn 


4 

20 

0 

5 

22 

0 


24 

a 

7 

ill 

8 

4 

22 

8 




9 

lU 

0 

0 

21 

0 

0 

23 

9 

10 

It) 

0 

0 

22 

0 

4 



3 

18 

0 

1 

20 

0 

9 

22 

0 

4 

18 

H 

7 

21 

8 

2 

20 

0 

5 

17 

0 

2 

19 

0 

0 

21 

0 

7 

18 

0 

4 

21 

0 

2 

10 

8 

1 

10 

0 

1 

m 

0 


20 

0 

2 

17 

8 

2 

20 

8 

7 

10 

0 

G 

15 

0 

1 

17 

0 

1 

ID 

EB 

2 

17 

0 

4 

20 

U 

0 

18 

a 

2 




10 

(J 


18 

0 


m 

« 

2 

10 

8 

4 

IB 

0 

3 




15 

EH 

1 

17 

0 

1 

10 

0 

5 

in 

0 

5 

17 

8 

3 










15 

8 

2 

18 

8 

2 

17 

0 

4 










15 

0 

1 j 

18 

0 ! 

2 

1C 

8 











14 

8 


17 

H 

7 

10 

0 

1 










14 

0 

1 

17 

0 

2 

15 

8 

1 










13 

H 

1 

■ r 


3 

15 

9 

. — 













B 1 


2 

14 

8 

1 













B « 


















B~^ 


1 
















Bt 


^^9 
















14 

0 

LL 














Biomotrika xxvk 


5 































Orowth (lhanip k hjanh 


) 

i 


TAHLK XX[II -"(omfnHiH/), 


Month Ifi 

Moitih 18 

M<oilh 2-1 i 

j 

M.'iilhlVt 

O 

¥ 

LI), (k. 

/’ 

LI), 

(U. 

f * 
^ } 

Lh. 

t 

(I)). ; 

1 

¥ 

31 

K 

1 

32 9 

2 

3? 

0 

1 

41 

! 

0 : 

1 

31 

0 


31 9 

2 

30 

8 


41 ( 

II 


30 

8 

1 

30 9 

3 

3(1 

0 


39 

II 1 


30 

0 


29 9 

2 

35 

8 

- 

3S 

1} ! 

1 

29 

8 


28 9 

2 

35 

0 


37 

n 

a 

ikr 

29 

0 

2 

27 9 

3 

3-i 

8 

3 

30 

0 

0 

» 

28 

8 

1 

20 9 

10 

W 

0 


35 

M 

3 

28 

0 


2fi 0 

8 

33 

H 

, . 

31 

II ^ 

1 

27 

8 

fi 

24 9 

2 

33 

II 

u 

33 

(1 ; 

0 

27 

0 

3 

23 0 

(1 

32 

H 

1 

32 

0 

0 

20 

8 

2 

22 9 

II 

32 

II 

3 j 

31 

0 

1 

20 

0 

1 

21 9 

1 

31 

8 


30 

" 1 

li 

20 

fi 

3 

20 9 


31 

0 

1 

29 

" i 

f* 

4i» 

25 

0 

4 

19 0 


30 

K 

4) 

2 K 

tl 1 

(1 

24 

8 

■1 

18 1 ) 

1 

30 

0 


27 

0 j 

4 

24 

0 

0 



29 

8 

2 

2(1 

0 

1 

23 

8 

1 



1 29 

0 

4 i 

; 2^5 

0 i 


23 

0 

3 



! 28 

8 

fi ! 

24 

II < 

1 

22 

8 

2 



28 

(1 

3 ' 

23 

0 ! 


22 

0 

2 



27 

« 

2 

♦VI 

0 I 

; 1 

21 

8 

5 



27 

0 

1 




21 

0 

2 



2(1 

8 

3 




20 

8 

1 



2(1 

0 

3 




20 

0 

1 



25 

8 

2 

? 



19 

8 

1 



25 

0 

2 

i 



19 

0 

__ 



24 

8 

1 




18 

8 

•— 



24 

0 





18 

0 

— 



23 

8 

1 




17 

8 




23 

0 





17 

0 




22 

8 

1 




10 

8 

1 


































84 drmvfh (fhnntfn in lujimfti 


TA15LK XXHI 



(i) t%unlder Width Frcqiwiwff OtHinhuivffK 



Nancjv Baylky and Frank C. Davin 


85 


TAHLK XKin.-(ooM<m„,.4 


M»n(l 

i7 

Mimt) 

1 H 

M.bUI 

1 0 

Mniitli 10 

Month U 

Month 12 

Tm. 

F 

' 

F 

<'in. 


(‘ni. 


Cm. 

F 

Cm. 

F 

a-jn 

1 

*!*»/* 

\ 


1 

23-r. 

1 

22*3 

3 

220 

1 

21 ‘n 


22i> 


220 

2 

230 


22-0 

2 

22*0 

1 

2I(» 

o 

ai-7 

\ 

21 7 

2 

22-5 

I 

21-7 

4 

32-3 

2 





2M 

2 

220 

2 

2M 

4 

22-0 

4 

aifo 


21-1 

;j 

211 

U 

21 '/J 

7 

2M 

1 

21*7 

3 

lun 

to 

2'i« 

w 

2n‘H 

... 

21*0 

3 

20'8 

3 

21-4 

1 

itii» 

II 

ati'5 

a 

2on 

5 

200 

7 

205 

1 

2M 

2 

fSSi 

fl j 


4 


2 


K 

20*2 

5 

2(l-« 

3 

IH'O 

H 1 

l!l)» 

W 

MIO 

if 

i«ri 

H 

10*0 

3 

20-5 

3 

I7*n 

1 

I'dt 

*» 

m\ 

:i 

HHl 

3 

100 

2 

2()'2 

2 

nn 

I 1 

IM'M 1 

H 

liMi 

7 

mn 

-t 

10*3 

2 

10-lt 

3 

1 (i’r» 

1 

RIO 

i 

1 m\ 

2 

]H*0 


10*0 

3 

]»•« 

2 



IH-7 

4 

\ ]H1 

5 

I7'r> 

1 

iH*7 

— 

10-3 

(1 


i 

i I«-« 


1M>4 

Ti 



IS*4 

--- 

liHI 

1 


1 

! !«■* 

i 

\Hl 

. . 



IH*1 

1 

18'7 

1 



! li-H 

1 i 





j7*H 






i IV’A 


i7-r* 




17*5 

— 




i 

1 

1 

I7-2 




17^2 






[ j 

1 

uw 

1 



UlU 

} 




MiHiiU 15 

MpoHh (H 

i^huidi 24 

30 

Month 36 

Cm. 

F 

Cm. 

7^’ 

('in. 

F 

(■m. 

F 

Chii. 

F 

2H-.7 

\ 

ar.-ii 


a‘i-r> 

1 

2ri-/i 

1 

2B-4 

1 

23*2 

1 

25*0 

V, > 

240 

4 

ao-o 


26*1 

— 

22*0 

/ 

2.7'3 


23*5 

1 

24*5 

2 

2i-H 

2 

A»*/ 'P 


2rii» 


2311 

4 

240 

1 

24*5 

0 

22*3 


a« 7 


22-ri 

10 

23*5 

3 

24-2 

3 

22(1 

i 

21-1 


22lt 

f 

23-U 

4 

23'() 

3 

21*7 

2 

2M 


81 'fi 

2 

22-5 

H 

2341 

4 

21 1 

(1 

23H 

t 

2I-(I 

5 

22-0 

H 

23*3 

3 

22-1 

0 



20*5 

*> 

•ai-fi 

0 

2341 

0 

;nih 

3 

2:ia 


2on 

1 

21» 

1 

22*7 

5 

20*5 

! 

220 


10*5 


20*5 

1 

82.J 

5 

20;j 


2211 1 

3 j 



20*0 

1 

821 

3 

lOM 

3 

22*3 I 

0 1 



Hl'5 


21‘8 

3 

10 0 

1 

22'(l 

- i 



10*0 


2lf> 

2 

10 3 


2h7 

3 1 



l«'5 




1 0*0 

0 

2M 1 

•1 1 



180 

— 



1 


2M j 

H \ 



i7*f; 

1 





20H i 

\ 









20*5 I 

2 









20*2 

2 j 









10*0 

1 : 









80 


( 4 roioth Chanift'ft hi hijmtx 


ltKKKHKN'«'K?i. 


(1) IUkwis, H. mill U. M. “ llmly-lmiM in ii.fma'' 1 ‘ll-m 
cxtormil tlinioiiHionn nf He' l»«ly in tnf'in'*'- ( /'"i 




1031. 

(2) lURWiH, 11. mill U. M. “l-.,«ly.UiUl lu infmi!.. 1 1- Tii- m V...- .-.ou,.,] 

HimonHioiiM.ftV.lii'JiltliynifmiiiliirinKnmrMrn rhr. A>). \ 

lip, :i77 .'ilM, IfCIl. 

(3) IUkwik, ir. mill n. M. "ItiMly liniM in tnfm.K III. IWj ImiM in *'h» 

/aiics<., V«.l. X. pp. !V.ir..** jn3, l«;U. 

(4) BarR’IS, II. mill il. M. “Tyiai "f U«U-l«»M m inl..!,*.-" .W^’r Am? lh.> f 

Vol. xxxvn, i»|n 

(5) lUr.DWIN, H. 'l\ Th(& phy 9 i*'*d ^jrmifh uf ihiidrtn htrfk i., I 

HUuUcvh. HtiulwH iu (*luM \\Vlfun\ \ f' ^ ^ yv * 

(8) AntliropoTuatritJ inciAHUrNMOiil-H of vhiMn^ii 

Con/efeuce fhild tlnrluf^mk'uf. IM*., i-jv V. 7* V^'Zh. 

(7) Haii!)K1;n, ('N H. *‘TIn^ hn^hl Vi'tsj^lit iiul^*x of lojiM iu K 

[iroportioiiH uiid HUvfut't’ HnM of llut I ««fly ^ luring 4l«o3 r ■,# 

iQ iWi ‘V»» of I 1r(7K7 |<j* t " 

1020. 

(8) Bkan, 11. H. '“Tho imlHiKif growMnii nmh/' \\)* r« 

( 9 ) Bkrkbon, J* “( Irowth «hiuig(m in iihymr^l isormlAlion - hrjgiB, ^ ^ ? 3 r 7 

forcnco! Malc«.” Uumm Ih'oi^ Vo). <. \^{k 

(10) Boah, F, ‘'HiwBftn m " //«maii /(iW., \Mmv. n*:U’ 

(11) llOAB, F* “Umwtlii <^( uhlUlvoAL" K.H,, Vol. v. y\k ^7<» 

(12) BoaHj F., hiuJ WwHLpHi {', “HUliMlirn of gn»wilh/’ /iV^i. T A', /Aiw . 

Vol, I, lip. UMM, 

(13) Boyd, E. “Tlio oxporiDiont/il orror iiilujrinit in mwurjug iho gn*vviog U.--.1;,. ' 4’<^r 

J. Anihropol.i Yol, xm. pp. JIBD '102, \^)5S5t 

(14) Davknport, C. li. Bmly '•build nod iuheHUnrt^'’ is^^uft^au 4>/ 'w. 

Pub), 329, h\\m 35, vi*H79]iji., 1023, 

(16) Davkuport^ C. lb “Hoiglit*\voighl tudox of ItuiM*’ , \%d ill 

pp. 4C7--475, 1020, 

(18) DA'WaoN, 11. li,, And BtodDaRP, U. 1), ''PliVKitvd gr^A'lli fritju I4r4b //<«. 

Edw, Res.^ Vol. ni. pp, 13O-«M0, 1033, 

(17) Brkykii, G. ** InvoHtigatioim on tlic iionnnl viUil rApfivity?»f innM ibi h* ibo 

Him of tho b(Kly ” Vnl. ex<'.vu, pp. 227 231, UHp, 

(18) Fleischnkh, E. 0, *‘3’ho ndAtiou of wi'ight bi tbn iiii»jynunitmd« rbiMfr-u ibiri/iig tb*^ 

ftrwt yflAr.*‘ ArcL Ped.^ Vol. XXUb pp. 731)--7fKb IlHKI. 

(18 a) Fukishan, 11. O.j Ju. Ohoat-widUu hip' width UokK," /V»K. ttnd Mrd , 

Vol, XXX. pp. 791—702, 1033. 

(18 if) Frekman, U, (b, Jn. “ Skolotoutwiekkng mvd Witibi^iuni iu xi\m t Un in MoivAim, 
voti 2 hin 7^ Jahron imd von H bin MJ Jabrini,’* tiamlefilrufl' iia» ,jHf,'i</, 

Vol. X. pp. 185—208, 1033. 

(18 o) I'lUSRtUN, R, G., Jn,, mut 1 ’i<att, V. '* Bkclolcntwicklnng und WmltnlniH ‘i,",' i'li'i^lin^if! 
viiii (lor Gohnrt bia y.u oinoni Slonat.’' Sonderdrud dw/Ar»i«.l. .!».v,V., Vnl, )x, 
pp. 08—78, 1032. 

(19) Qowii, l\ '‘Los pvoportirma tk coriw pemlmikla omiHwnicc." ,SW. rfdartr^.^., /Win, Ihd}. 

at iUm., Sor. 6, Vol. i. pp. 209—207, 1910. 

(20) Gray, II. «A stom-staturo index.” Arch. /n<<rr«. Mad., V,tl, xxxj. pp, .iftl., lik. \m. 

(21) Gra\, H, Tho lolatiou of woight to iitatur^i bt-cdiiUit diauietnu* (;iiid ll^g 1 L^ ‘ 

Vol, XX*. pp. 299—309, 1928. 



NaN(!y IIayi.ky and Frank 0. Davis 87 

(22) 11. "Siai«).vl«'ifi'R •««! Htetn-ltiuglli in inivuloHi'linol boys." Anw/. JuKn Dk Child., 
Vdl. xxm. pii. urn, im 

(23) I'llAT, II., and Avukh, ,1. (I. (/iwc(/i in pnvufn uchnd cAiWim (Iliiciign: The UniveMity 

(if (’Itivai'ii I’iciH, xi' |.i!H2 p]),, MK11. 

(24) llAnm«, d. A., .lAf.’Kans, (!. M,, I'atkuhon, D. (),, anil .Scammon, K. K. The mamrment of 

win, Miniii'iipiilia: Uiiiv. of Minn. Pro-HH, SiTi pp,, ]!i:l(j, 

(25) llwiNUS, li,, amt Haw, K, "'rlii! atoiti-lciiglh; ivcmiilmiit-langth riilio an nii ilidiix of 

lioiiy lyjH' in yonng I'liildvon." Jiaar. ./oar, /*/»/<. Anthropol,, Vol, .'em. pp. 2H7- -IlOV, 
I!I2!I. 

(26) lo'vii riiilil Widfan* Ri'sioni’li Slotioii, Slain Uiiivaraity of Iowa. “I'liyNliifil traiU of Iowa 

liiliiiiti," Amir, Jiiii)', Jlif. Chilli., Vol. .\1,U. pp. Illl"— IM.!, Iblll, 

(27) Iowa IJliild Wi'lfaro Ui'-anawli SlaUon, Stall! Uuivoraity of Iowa. " I’hy.'iioal traits of young 

t'liildivn : of oim iiiuolmil and lifty boys anil ono liniiilroii and si.xty-HOvon girls 

from l!in‘i> in oi.v ynavs of age," Aaier. Jmtr. Jlis. (Md., Vol. xxxvn. [iiu fi-U- roKi, 

(28) KnCTridt.MKi(, K, I'hi/fiijut iwl I'hnmlet. Trans, by 1V..I. II. Spralt, Now York. Ilaranivt 

lltai'i', xiv-filKI pp., IDiirt, 

(29) I/Kioaiiai, K. h'mMnUknmlf. llerlio: .Inliiis Springer, 1(10 pp., 

(30) la i’As, W. I'., ami I’nVnii, II. II, " I'liysinul measureinnntH uinl iiliysiologio prmmsoH in 

young eliiMivn; some convlalions," ,hu)\ Aiitut. Med. Amoc., Vol. .xcvil. pp. U'27™ 
n'.V.l. HUM. 

(31) Ml imii.t., .M. "The ivlilionsliip of imtiviiliml gniwlli (o average growlli.” IlmiiiH IHot,, 

Vol, m. pp. 37. ■»(», 

(32) MiOTAiOji', II., and lliti,i,ixnw(in'in, I«. "‘I’lm eonipnrativn variuliilily of tlio sexes at 

birlli." .D.i*r. ifoar. .Vorio/,, Vol. .X.x. |ip. .TVi 3711, HIM. 

(33) Q(’i;rKiKr, b. A, d. Ao/Aro/soiK/rfe, ok iiomiov ih dilfemtlet fiKuUh dn I'liomme, 

ItrnxelWa; ('. Mnipiurilt, |H|1. 

(34) ()nKri;t.KT, 1., .A. d, ,Siirt'hiitmimttl>uleirliipiH‘im'iUikse»famldt. Paris: llaclinlier, 11135. 

(35) SoamMon’, R. i<.,and ('M,KlXs,b, A. The dmlopmi'iil md groKlh of iho extemd diinmmi 

Ilf (hi lmiH‘tn hvlif in (lif. fdnl imiid. rMiiincaimliM: Tim Uiilv. of Minn. Press, 
xxiii d. 31)7 pp,. 11121). 

(36) '1'am.imi, U. "The proifirtioiiale im<isiireninnl.s of 250 full Inna nmv*l)orn infants." 

J„»r. !H». Child., Vol. XVII, pp, m 31)2, Hill). 

(37) TiloJliws, II. "A nirasnriiig lHmr<i for infants," ,l»,ier. Jour. Phi/i. Anthropol.,M til. xill, 

pp.asi'dWI, 11121), 

(38) 'I’niui.T. \V. "The M'llabilily of me4i«iir('in«nts lou«!d upon Hubciitaiioon.s Imny points." 

Allot. Jour, Phyt, rlar/tro/sd., Vol. vitl. pp, 275 271), 11125, 

(39) Wam.io, R, S. /Ane (hildroi ijrinm ort 'mlhropoiiK(rk slitdif of privule sehotil children from 

tiro (ii fiijldprim of ivff. lowa (.’ity : Hniv. of Iowa Pross, 137 pp., 1031. 

(40) WnmiiKiMV.H, V. I., nml llRsKKTJb T. K. fli» nijnifimm of (fm phjmd «tiH«filB(m)i in 

oiniltj diiir.itii, RalUluot'o; Tint WilliniitKnnd iVilkiiin (Jo., xiii-h70 pp., 11)2(1, 

(41) Wminnnav, R, .M. .Sl.itura mid invihie of rhildnA under dr pmrii of aye, Oliililroii'H 

Ilnrejtii, H.S. Dept, of balrir, Piibi. No, k 7, 11" pp., 1021. 



ENDOCIUNTAL DIAMRTKllH AiSM) A >^K\\ 

INSTlUIMim FOR MKASl’(llN(i IHTKHNAI. 

diamktehh of tiik sKtnj.. 

BV 'K. VVACJNl'iH. Oiiivci 7 <iU'l.ft,s Aimioiiiinkr IiiHiiinsi. Hf.}.., 


I. lKTH<ini.WI<»K. 

Tnii clnso correlnLiou between form of .«kn!l nntl of br<»ii» Ik 
phentimeaon that on sujwrfuaal conaitloriilitm it jniglit m'W 'oaU*- 

it the subject of a statistical stuily. When wo Iwar in niiii'i, however, the b»r> 5 '' Inoiy 
protuberaneeg that avechawcterislic for nvoat of lH« jin'lnaluTiesknlF, tlie *-‘*rrrhtiioi( 
at once becomes less obvious. And eve.rylKxly wlio has lri^‘«^ l,.t ta,»k*< I'osopiriN.ms 
as to tho shape of the brain-case belwoeii (ireliislorie and rcr'eni rae- ’• "1 man. 
or even between recent but remoUily related ratm will undo)ibl«dly have )'"h tin* 
need for a statistical study of the nialUir. Still greater will !«• the n- ed i!h> h’r<.re 
in an examination of the Itiiitiau race's phylogenetic devidopmeut, wln'O' iln* slnijn’ 
and size of the brain will always bo the central jwiint hi the work H'W':»r<-h nml 
whero also tho anlhropoidsmustbc taken inlocousldenaion. The vriinio of iln-(»e latter 
are, as we know, provided with largo inUBcIi; ridges. In many works on tin- emoi.'higy 
of tho anthroiKWla it is just this considerable iucongrueiiev Iwlwei-tt th** shajs* «<f 
the brain and the outer form of the cranium that Inwt been Um technical stnmhlhig- 
block. In this conncoUoii it is midicicnt to incrilion the well-knownt w«rk <tf 
Stephanie OppenliGlin: ^fur I'lfpologk r/w /VmHUcacrrtnmHWiftO). It m ttiii)n,;h< 
avoid the dilhcultios by Hclocting such imints of itieiwuRUiieiii jw will idinilnui** as 
far as poasiblo the inftnonce of the thickness of the cranial wall, bnl il cannov In- 
said that in this way it has boon found possible to Hocurf a umhni»|Ue which 
quite comparable with that employed in human croiiiology. 

Schwalbe in hia famous work (as) on the calotte of «?r<?d«« /lohoiv 

mentions that the breadth-length index of this frognumt caiiuoi Im tlin-cily 
pared with the bveadth-longth index for recent sknlls -likewim* on uwmMiil of ii»e 
orauium'a “Au8senworke’'(outwork«), aa iilchwiiilie (after Virchow) aptly dv’nigmUvH 
the Torus suproorbilalis and similar forinaiions. Thus alremly in this work tho nmin 
stress ia laid upon tho measuromenls and indices found on casts of the crauinl eitviiy^ 
partly on casts of the Pithecanthropus fragment, partly on euHts of nnthrojmid erimm 
examined for comparison*, In the following jiapor w« Hindi deal with other nmre 
special problems connected with tho greatly varying lhickji« of tins emninl wall, 

* Note: Ltttor on, In WOa, SobwoUw look up tho wnno quosllon lor rrnnwwl lrtttittt«ru (n Ihn 
"B erJohungen zwlsohon Innanform unj AuBsonform dei Bchulolc," but uiiforluiuitety H id iiwiiily ihe 
ctiiinlo.ceiobi!B,l topogtuphy tt«it U Goatt wHh, t.o, a fiotd that hiw only imVirecr Intoi^l tor anthropoii:^. 

Itbough tho antbropology ol tho bmln biu in Intur yours Inkon « prominenl- place in tho work ol 
re^arch~ol. Ari»ns Kopporj’ book on the devolopmenl ol tho norvouft oyswin, hi which tho chapter on 
"Data lor an Anthropology ol tho Brain” occupies ono-third ol tho number ol i««m {t») -,.only few 
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bub whnti liiw already been fiaid ia aufficienfc to show the need for an instrmiienb that 
will render jiossible a direct delermiiuition of th<! three chief ditiinetors of the cranial 
cavity, without anwiiig through the skull and without making casts. Over a year 
ago I therefore luldresHcd myself to T. (Juiidcraen, instrmnont-makor, Oslo, atid 
mihinitti?d the task to him. At that time I was not aware that H. Weinert had in 
1925 already de.scribed an instrument aiming at the siuno purpose: “Bin neuor 
Mosszirkel ziir Krmittolniig von Innenmasaen’’(8o>, This in.sbruinent, which moreover 
is also ineutioned in the latest edition of Martin’s Xe/irittc/i rfer AntkropuUniieiW, 
is later do.scrihed in connection Avith a largo Avork on the development of the Sinus 
frontal is (81). In the same AVork avo arc promised a more systematic comparison 
between the (j-xterior and intmior form <»f tlie skull — "cine oingohondero Arbeit 
(liegt) ini Manuskript bereits vor” (8. 3ri4), but, so far na I knoAv, this work has not 
yot been published. 

'I'he metwuromeuts Avilh the new instrument were alr(5ady far advanced when 
I became aAvave of Weinerb's Avork. Afterwards, in my study of the literature, 1 
met with an article, in liiomeirika dealing in part Avitli the same problems, namely, 
Ilondley and Fearsen’K "On Measurement of the. Internal Diameters of the >Skull 
in relation I. To the Prediction of its Capacity, II. To the 'Pro-eminence' of the 
Left Hemisphere” (6). As appears from the title of tluit pajier two main pioblems 
are there taken np for discussion. In the (imt part of the work the correlation of skull 
capacity vfith the diametei-s of the cranial cavity is ooinpared with the correlation of 
skull capacity and oxlental mctwiurorneiil.H, In obimr words, the authors invcHligate 
whether it is possible by iiitornai moasuromonts to arrive at a more reliable formula 
for calculation of capacity. In the second part of the work they take up the old 
(|UOHtioii of the sagittal asymmetry of the cranial cavity and coiweipieutly of th<i 
brain. The prevailing assumption that the left cerebral hemisphere, both in general 
and a.H regards certain fimctioiiB (e.//. thospecch centres), occupies a leading position 
ns coinpiueil with the right hemisphere is, in Hoadley and Pearson’s opinion, not 
justified liy reliable inorpbologico-biomutric observations*. And their iuvesligalion's 

uUoniiitu liuvtj liithoilo bdon inndo to dcjil mih tho form of tbe bniin in Rh enllioty from nn mUhro* 
polu^iciil Hlniidpoint, In the litcmturo wo ciin find a luimbur of bfoniclrio workii on ilctnlla of tho 
difToionl of tiio brain, but Uio quoKtiono wliicli arc of oBaontiiil iiriporlancn for until rfqiolo^^y aro 
Kcanioly ovon fornmliilod, not to Hpoak of tboir boltiK utiftwoiod, And lliiHdii itpRn of Uhi aUvloinont miulo 
by Klnnlu'h (U) iiiorp than twenty yearn "Nlcht di« iudivldiioDon YortichiodonlioRcn dor oinyolnoa 
Fiuoln ii himl I'H, aiif dio oh luikojinut, Hoiidom dlo Kombinationon von WindHngH- und Fin’cbnriftH- 
HyHbnm'it, tin don naujilpiulion, nhdit nilmlor aW anolr anf dio noBaintform dor KroHHon AbKolmiito 
inid doH ^jan/oii (IrojiHliiriDi.’^ I'luiKnwoilliy uUoiuplH in tliin direction liavo roooiilly laion inudo by llio 
Anujvb nn invoritif^atoiii Woil (20), I'ickoving (21) and Connolly (7), wink* ^lrdli^^ka'H work on tho (omu 
eianii, publiHlit;il mi early tm 11107 (10), nuint be nionliunod alno in tliiH con mint Ion. 

[• TIuk Hliiloniont U linblo to a miHundovHlandinf^ on tho part of tlio road or. PearbOii and lioadloy 
found that the iGn^tb of llio iiHiit iiomiHpliero in llioir nmlcrial wan than that of the loft; an 

oxaniirnUiou of llio litomtiuo allowed tlmt the more reliable investigalorH found tlio total right homi* 
.sodium to be li^^avluv Liiim the total loft. The writers of the paper theroforo conehuled for liio and 
woiglit predoiiii nance of tho right, Bui they stated finally that: 

AVe do not coiiHider that UiIb ib in any way opposed to tho view that— at any rate for Bomo functionB— 
the loft hcminpiiere may predominate, beeauso wo do not boliovo tlmt voUtional predominance H of 
necessity associated with suoh gross oharactcra as fli7«Q and weight, foe p. 117. Bi>.] 
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Bndmninhd DhunrUm and huUcr^ 


of the hingituiUiiul "f On* t'v-i hiOvr'^ *-i ?h*‘ 

decisively in the mipoMte dircrti"n. T» lhi*i. fh*y ‘h ,d -Aifh 

large and at the wnne timis lininii<gi'n<-»jN <?:*■* fi'lai*? **, <>' 4;iilhi 

of the long 2(lth— .10t)i Dynaiiti- i^ Egyptian Sm. h in 8)t» L.sV.-?a’Sr,ty>. 

but, as will be expluiiied iunre (idly later •*», my mt-n.'^ny *■(,(> ?<?•* Isa.*' u- v<'i5h"h it«i 

led to the. oppoaitt! ri’.mdt. 


Hoadlcy and VearHon iniike iiw* nf Wrini'rliV in^lrnnn'nl hh "ntra.*>t t"* Inrii. 
they give <i very full deHcription of the leehiiieal •lidii'nlSss H.. s>.bi»“b i*y in* in* iiif* 
inconsiderable and which, nnimiver, we sthall rjwert n* ta'S'.'V. ’lh«- iejtU-'T**. .w Kt.at*'d, 
investigated only nmle Hknlla behniging t<t ••lie me**. I 5 y « Ki-ielmg ?h<' invest jg« 5 i«n 
to both aoxcH and U* scveriil mee.s it wnnhl. nf i‘*inrf<*, !«' jr"H»sbh> ?'• d» d wi’-h n 
greater number of probleiiiH. Nnlnidy .••hnnhl we llo'reby le* > ij.d>b 4 b-r tie Sir(*t time 
to provide a ay.Hteiiiialicnlly pre^i-'ircd IhmIv of i:>i)iij»amtiv<* im.'ii*'u .'»1 l. r '*-b‘ r inv* nU- 
galors who wish to draw parallelH regarding Uiein iin f'^iin »*f tio' hr nn in »ia'ibn*ji“j'i>‘ 
and in prehistoric or recent raeea of iimiihiiiil. but we ph*<»iM :*('>■* g* s in » pj^-rroiniy 
of discussing till! ipie.Mlioniw 1,(1 wlu'tber and, ifi-i.t'iwli!*? degr» •' sb*-* T.ine'l- 

racial ditferences which aiitliro|iology Imis *leiimiislra!*Ml are i«i'*’enip.ni!< «l 5 »>, i.nnibir 
dilforences in the shape of the, brniu. 'riiii.i it. i« tin* i-rtnof dilb r'-ie * >« iSn! (■•rni 
the chief object of my invostigHliuii. itnd iml, ns in Ht'iidiey »itol werh, 

the laws applying for the homo mi>ienH ii« n g»'nus. In reiiw<'ipi< n''*' **( tin" e'.ntilnnily 
proceeding interaction between Mbupo of skull and «b*»|»* **f bmin dnring *’ncb 
individual's development it is iintHiRsible at any mie f»r tin* j»r*’n*-ns tm eauddish 
whether the point of attaek for the fuudaweaUil fae<'*m of lo-ncduy n«(''i 1 *iu ihe 
brain itself, ( 6 ) on the bones of the skull, m* (0)011 l»««th brniu ami .wk’iSl. Hni it 
must bo possible to ascertain tlm filial n-niilt of this imiliial ii»{ern«-i(..n^ pn<vitle<l 
wo have suflicicnt material at our disposal. It is clear thai the pr**bleui t an hvr»* 
be dealt with only in broad outline, as wo must limit tin* invurssigfitimi Jm rtaiii 
races. It is furthermore clear that when speaking of braiu Term and naymmelry «*f 
the brain in this paper, I mean so far as it is revenlml ihrongh a shidy *»f lh»’ 
skull cavity. Wo have to disregard the infiiicmrn of llm im iuugcid im-mbraiif!*, 
but this point will certainly be of miiior iiii|[siriaiic^r. In «'<im.'ludMtg fr*»iu the 
ti'ansvovso iwymmetry of the skull cavity «« 1*1 the pnibable tmimverw asymumtry 
of the brain, 1 have mado one more lueiumptimt which will la* in dm* 

place. 


It will be understood that my task is dowdy cohuw’UsI with tin* rm iat siguifb 
cance of the tldckiiess of the crunial wuU, a matter that hiw rKvivisI comjwrativdy 
little attention in crauiologioal literature. And ns the variatuiti in wall thickin-jwi 
undoubtedly leads to the tnlor-raciul fnrniulim for crtknliaimi of eajwiciiy giving 
relatively imperfect results, by oxtcmiing the iiiv<?«tignliiin to y|i(rcri.iit rMi% we 
also are led to examine that question. 

Among other problems of immediate intei*csb wliieh Ilmidley and I’lsirwiii dti 
not deal with may be mentioned one connected with the twyiummry of the skull. 
As is known, Elliot Smith as early as 1907(26) poiiitml out that tlm lofi up{K*r 
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(locipitjil i« «('iior(illy wuiuswimfc juoio strongly developed than the right. 
A (lilT(,*n'iieo in this r.-ipisit wiis f«nii<l in of ii rnlhcr large series of Egyptian 
skidls ntid tin* nnlintr, ns is rcnsoimhlo, coiisidcm u greater dovclopuiont of the left 
poHf.crior lols> of tin* »s'i<‘tiniiii to ho iho fnndninontal ciiuwj of this. At the same 
tiiiU' this phononn-iion is doomed |.o hour rtilalion to the iifinally occurring greater 
dovolnpiiit'iit of the siiiiiH ImtiNVorsns oil the right side; Elliot iSinith assumes 
that llioro ojsifsis lion; ii .siuiplo causal rclation.ship: '“I’lio fulnoHs of the left 
oceipital pole seems to he the reftsnii for the ilextral hending of the superior 
longitudinal sinns, the (latfeniiig of tlm right jiole allowing more room for tho 
bigger siim.smi that side”tp, ,577). 1 shall later on take up this (piealion for further 
disen.ssion. h'lU' the iireneiit 1 shall merely niontioii that M. E. Tildoaley ( 27 ) from 
a statistical (reatmeiii. of n rather large body of materia! has not hcon able to 
(toiilirm Elliot .Smith's lindiiig iw rcganls this last-mentioned correlation, 

In wlint has he.m sai.l alHive the plan of the present work is rniuhi clear. After 
liaving first descrihod llm instrument and mentioued the tccfmicnl difticiilties— 
which wo hope (o find coiiaidenddy diraiidslied in coinparisou with Weinert'a 
proceduu' - we slmll diwuHH the ahsolutu mcnsttvemenlB tuvl the thrers main indices 
calotilnfed lIior(*fiom, with spocinl regard to their anthropological significanco. 
In eonneeli'Ui therewith I shidl lak(‘ iij) tlm <piCHlion of the form of the brain in 
pndiistoric. luan mid in llic nntiiropoidH, where material for comparison is still 
unforUuialely all too Kciuity. In .Seetioii V I shall deal with iho asymmetry con- 
di(,ioii.s of tlm cnminl cavity, my limk being hero aomowhafc enlarged os compared 
with Iliutdieymid IVitrsmi’s, and I shall then finally enter upon tho question of 
capticily calculalimi, wlums tUo chief iulorcHb turns upon tho possibiUty of esta- 
blishing an interracial forinula which in accuracy coit compare with tho best 
itilniracinl formultm. 

I am fully aware that the inclusion of so many problems rendem it difficult 
to deal ihmotigldy with each sepiirato question and that tho non-homogonoous 
nature of llm maU'rial eonstitulca in certain respects a considerable •weakness. 
Where the results must be ruganled as only proviaiorml, that fact will appear from 
the text, mid by cmmlantly taking into account the error of difTorcnces (statistically 
duLermiinsl). I hope to avoid tho dangoiK iiivolvcil in the rdnlive scautinosa of tho 
material. 


II. iNSTUu.MKKr, MATKRiAn, Eiviioit 01' Meahuuement. 

The. imlnnnanf. For the purpose of comparison it is ueecsHary first to givo 
a very brief descrijrlioii of Weinort's iiiBlrununit. As shown in Fig. 67 in Weinevt's 
work, this consists of two slightly curved steel rods, the angle between which can 
he regulated by incatiH of a hinge. Along these rotls run two .sliders, witli tho 
Himu) curve n« the nals thcinsclvcs. After the instrument has been introduced into 
the cranial cavity tho rods are fixed in suitable positions and tho sliders are pushed 
forwnnl until they touch the inside of tho skull, It is noted how far the Blidera 
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have been piiHliud forward. ihmI wlirii the th> ri 5-sV ’ m •>«>. «» •« bt'-nj-Jil 

book to the snine i»omtit.» «•< lo'f-n-. Hl.e d)«!.r.ro <- » «h- ^b<b 

iH thcrcuijon rood nIT ).y aid -f a i.idliioelre rolr A« m -d 

maxiwviTO wcoourcmenUMliw 'T'''*’'' " *'’**’^ ** **' 

certain that the highest value Ivi^ 

In the new iuBimnvnt twf» flexible h\wh Mf 
about 12 mm. wide, which in gradimled in milhun^trrsi «ui wh nnh^ JH a 

small slide the steel Irnmla can W moved ouuvard^ ^ml n ib-ir 

tip^ is found os the emu of the road ^^ilT **n behind «>Sob ri^ 

Tho “head” of the imtniment m pmvith'd w>ih n mu;*SI r^db r, 
the steel bunds go straight nit IwaitK ami cart" i*^ nf r Mlt* i<i f j.ir«vlofb ?4nv 
lateral deviation* The bandn are given a bn^^iuUli ♦d Id b*r%Hmd 

ends uve rounded off so that tlm surfiutr of '^iih Oo- 1-^ b.^trriy 

% mm, wide. Tim dimenHions of iho hvad atv madv' nuno ly- 

12 X 24j inm„ a sun which rondor^ ja*H.nddo an iovr^Hgatom «d ibv bHint^u 

crania, nor will the nmjorily of nuthrojand^ Iw* UVdy t any disV in 
this respect, Of great im|HirUuicn is Urn fart that ih*" \m*nm^ u\ jo^4vob'd 
with a mirror, ho tlmt wo can insin^.l the inb^rn^r **i ^4u5} band nuA 

(luring the measuring rum »uo where l)u* up «f %)v^ Wind iMorhr>» wall 

It is of coui*aa necessary U.i light up thu eranial mvuy by »d ^ ftiojall 
lamp, which is intnjduc(itl through tlio foramen tiiugrunn. during 

measuremont lies with base upwnnlH, this im fhthViiiUn^ rb»' >»hul1 tmm 

be well and (irmly Bv\p|K>rt(nl uu a bag llUvd with hkw li oi 

sufficient to pmvuto the iiiHtrunumt with one loirw, tio’' p*unt h| 

measurement can always bo viewed tlirr^ctly^ I horr b^avi^ »oir ♦d r««nr»idofaliiMii 
the measurement of iauinml breadlli and lufight* uinro sifi rogard« 
it is of miaor uaportaucu to he abW to m the of K 1 (oi. 

I shall now make a comparison between WniiierlH irmirunoua nod Oo* 
here described. As I pereonally have no ox(H*rininH* of Wnin^rl'si lit. niid 

a9 his own particulars about tho techruipn* aro mraiily, 1 nmi^t r« Wr Uf llM?id!* y 
and Peorson^s above-mentioned \wi\Hav iu HmmHiikn. of WoiuorlV 

publication in tho ^7iMrop. Aaccu/(ir (80h they «ay on p. H5' No dirr< urm^ (*u 
tho U 80 of tho instrument urn provided with it uur in tho aWivti only in iho 
latter we find a diagram iUuatratiug what i% ap\wuuUy ibv^ nnnUnu 
of the skull with the iustrumont sol fur meaisuring Um longth. In dingiuni 
the maximum foramiual length is nlmoat nu groat n»i ihr? difit#ujc’ 4 i» from ibo bn-tiiMU 
to tho tip of the domm scllao; with auoh a magnilnik of ihti fumunui il tn j>^*siHibhi 
to place the hinge of tho measuring circle (Weinert’a tudruK^ni) entniLdy within ihu 
foramen as in the diagram. With crania with more rnmlcmii* ruminiim wi? Imvi* 
not found this possiWo, and greater difficulty may thou tmm in taking the inhiTind 
measurements ; it is leas cosy to grope for the maximum diaimoU^r ” Frum wbnt 
has been said it will appear that the advantages of thu new jnatminent am tbe 
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followiiiK: ({) Hicr.‘ in iiovci- any iHlliculLy in i-iitoriiig tlirougli fcho fomnien 
inaKiuiin, (1>) \v,> ran m*,. Mn* paiiilH nf nioasmoinciH*, (S) tlio inonfmrmnontH can 
hc! nwl (.ff (Jtr<*r,t, Uh, iMHlruiMri.f, an.t (+) w,: Ui.a-nfmo havn I(>hh dinienlty in 



f»> (fc) (e) 

Mu. 1. 


adjniiliug it Ui nbuin tlio ninxiinnin vafiiu. On thn other hand, it must natumity 
bo ftilmitlcd ihui lliw floxilile alcol luunls hnv« U» bo hnntlled with ftoortain degree 
nf CAUtiun. they hiuhi never be |nf#lK(d Forwaixl with any great force; 


t* III tlitii vrbt)lt]i fn wiUi lb« in lU« lft«l lin«!i of Uio ptevioun p«in{{iapl>? Ed.] 



u 


Jilitdoiranitd 


the emlH Bhwkl just biuuly Umcli Hi.- walls .'f H>«’ 'l l’" «'• » ua- ' Ssm 
thftt the hernia will huiuron uus-ling ft wall, I"' *1’*'“ ’-Jnf 

Numoroua coeWel moftHUntnK’uts uituh' willt n vi<-w Hi.** ?.4»s.<>r }-‘'»i=’:l>3hJy hav.- 
shown that the iiwtrueu-ut'K e«« Htnil, ..f rrr..r n, !> <** Hun ^ oi a r »,f 

0 to 200 vnra., awl ft» YCRwnls n«v tuaM-rW -au'l f’lr Hathi-j-l-iii- al iniH'Ti-il 
gethor— grfiftter (liinenabna ftf« Uanlly likely r'tin<* ».N’ iJ t» 

of courfie ohvious ihnt this orrer nf lh<’ inslruni'-m iwH wlu- h nf;»v h-T.' W- left 
out of account, ainco all nn’aau«;nu'ftt« nre r« n»l »»ff ta ilu ii« ar* *t »s»U«an»’?T.' lunsi 
not ho confused with the uctnal error of nn-asnr^-no nt w „f ih,* 

diametora of llio cmuitil cavity, where diflienUios nce-tviouod hy lh>’ j^e- nhar itawto 
of the umteriftl nlwi conic into coiiHirk-mtioii, A« regarih jr-iii!,, t nmy refer 
to the Inal portion of tiie prcKont actclion. 


Also as regarda the {ec/ni»i/«e of m«<tmreinrn( in itnu ral wi? nuy a» aiS! ejn- u».iai« 
refer to Hoadlcy anti Peurson'H article. AUhonKh tin*. Ifiiierwrt-s, nnknMWii 

to tho author when the prcsoiib iimler'ml was li. iiig Ho- ..f pro- 

coduro, so far ns it iippcnrs from llio tlireclioim given, ho#* Iw-eti in pmo-iple ilo* 
aainc. Of tho grcatoat iinporlniico is Hondlcy ami I’ent^-mV r' Kurk en pp Hti -•?!?, 
that the fougituoluHif rfuimdor «f the cavity ‘l«w «, ««»( li« m tU«' (m«:li«n 

planc—of which we can coRily convince ouns'lve-H hy eKtiniining ■! skulls - 

but about 1 cm. to the sklu thereof, so that Uu? imawmring pfinu c«tfcsp'.ml l-.! the 
moat prominent parts of the frontal lulni tir of the }«*«u-ri''r htla*. "The r«’ailer who 
will examine a Beetioned aknll will fiml that the mtslian wgittal iw cieui ih rklgtsl 
to ft greater ov leaa extent both RUUwiorly awl jvoslerwrly ; we hav« th« creat. fw 
tho attachment of tho falx cerebri, tho criftta galli of the eilmiuid, nml the inlermd 
occipital protuberance and tho aagitlal ridgii nawrinksl with ii'" ip H'*) Fi»r this 
reason it is practically impossible to lako ftn internal tungiunlinal iiiejunm-meiil in 
tho median sagittal plane, and apart lhcrt»from siicli n (ii(*««im’nt.‘nt wniihl Ih’ 
of no interest, since tho purpose of the Wfawuromcuia «f tho cranial cavity iw 
to eliminate the influence of the hone thickiieas. Htil if vve nre (him ohligisl h» 
abandon the obtaining of a longitudinal diameter in the imirhan phiiir.*, wn tniiHi 
on the other hand bo careful conaUinlly to li«vo Uit* jMiiiits of contact for mcJVfum*- 
menb lying strictly gagifclally; in other wortls, the pi-rpemlicHlar dishinww fntm 
the points of contnet to the inodtnn phum roprcscnt<s.l hy 11110 crista Mgittalis 
must be equal in front and bohitid, do far n« it in jnnwihlo l4» sr-enn* iliin hy 
estimation with the eye, I'o tho ahnvn directinnH given hy li.MirDt'y nnd 
it should furthermore ho added that wo niUHt nlwnyn lake cftn* tlint tin* puntcrjnr 
point of measurement stands free of tho furrow of the nimw nagittalf* or tin- 
latter’s deflection into tho situis transveraiis. As tliii sinim imusvorKun in gcntimlly 
more strongly developed on tho right side than on the lea, it would lead hi tmr 


, BlrongUion lUo bands the aulhor got Mr aundorsdn |a imka n new (twiromeiil where 

two BexlhU bawU are r WofM topttw on caoh aWo ol lhabat. tWanavr ImUoinenV, -«Ui«h ha« not been 
used aa yet, looka exactly like the former, but tlw hands are very wwU ettewgVhemA. li might porhaM 

their flexibility. [If the ‘'/ear” bo "quilo unfounded” why this need to sirengthen tbo bandhf Eo.}^ 



K. Wa<inkk 


05 


gottiii)' too large a iiii'iiu value for tlio loiigitiKlinal diamcler of the right side of 
the (!4ivity if wo wore nol ohsorvuut of thia auurco. of error. For the sake of coin- 
{)loloii(.‘K.H it Hhoiild furtlior la* iiioiitioiuHl that — iih lollow.s iHoroovur aa a corollary 
from what liaa heoii aaid above the meaHiiring poiiilvs for the mmiimm breadth 
muHb He i» a lra!iavi.*r.so jilaiiu niul, of eouvae, i)o atrictly .symmotrioal on tho two 
.aiduH. Hut otht*|■wiK(^ we umat iilao here— -ns in every iiiaximmn (nojiauromont — 
lake into necoaiit tlie individual |KM'.aliarities of the akiill. It will very soon bo 
diwiovered that the iiinxiniuiii breadth of the cavity generally lies in i\ piano very 
near to the emitro of the occipital coiidylea, a regularity which is probably not 
merrily fortuitona btitdtie to laechaiiical factors n.asociftted with tho upright manner 
ef walking. (tJf. the aulhro|siit|ii, in which the umxiiuum breadth of the cranial 
cavity is coiialanlly fontid coimideraltly in front o/thia plane, provided tho skull is 
orietilab d in ihn Ftankfurl tiori‘/.oiilal. .Seoal.so Molli8ou’8Woik,(S't«iifcdfiA'7rieHsc/i- 
lickcn iSV/judc/s (itt). An exaiiiiiialioii of prehistoric skulls with a viow to this 
(|nesli"it wimld not be witlioul interest.) 

It reinaiiiH tii lui luciiliniU’d that the two lieight incaBurciuents, internal basion 
heiifhl and iolerwil nimlbum heifiht, have bticn farnd by aid of a vertically placed 
riKligradualeil in niillinietrc.s which isHhown in Fig. 2(p. DC), The skull is orientated 
in liie ear-eye idain* by meaiis of Mollisen’s cranlophor. We are aware that tho 
furrow of tin* slinm »«gitbdiN is included in these meftsiiromeiits, but at this place 
the furrow in so sligbily d(;velo|>t'd and prolnddy varies so little that we may bo 
pennilted to disrttgard its iidliieneu, Of tins two height meusiiroinonls most iin- 
porlancn is a.HKigiied to tho first'iiionlioiicd, bccjiuKo it comes natural to compare 
it with tin* nxteriinl measujvmmnt, l)iwiuii-br<!gma lioight. With a view to tho 
(loUiriuination of r>aj»ifity wo havt» also ealeulaUnl a thirt! height, namely, internal 
ear-brqima hrifihl, which has hecii fmind indirectly by suhtracting from the 
e.vteWHil iitea-siircmt'iu. tin* individually deiermineil tliicknoHS of the os pariotale. 
This latter value was, it is true, incasuii'(l at the lower po.slerior corner of tho bone 
(right side mul ulsuil ‘2 cm. above tlie sulura mastoiden) — through the foramen 
miigiiuia by aid of ordinary cnllipcnt—aud not at tho bregma, but tho dilTeroncc 
is pntbalily ncgligitd(.>. 

lUtlmuL Ah M» the iiiubM-iul I need nidy say that it belongs to the Anatomical 
IiiHiilnti' in tlsbi, the !'riiiei|Hrl tif wliieh, Frofessor K. E, fichroinor, has nol only 
been m kind iih in place ifie skulls at niy <lm[H)H(d, but has oven allowed mo 
In make tiwt of iitateriid asHcinbled fnr nnothcr juirposo. This latter ooncorna 
Norwegians and Ivapps, A Hysteuialii!. lieiiUnent of tho whole material of Lapp 
skulls, far niore cninjuehensive iliaii that dealt with here, now lies completed 
rrtun Schreinur'H hand (aa». Alllmiigh I thus, from considoratione of time, have 
net incliuteit all the .skulla of laippa and Nurwugiana that stood at my cliajwsal, yet 
I have not ituuli* any wdeclinn. except in .so far ns only adult skulls in good 
proservatinn have been eni[»lnyed. The two grotip.s consisting of Australians and 
Abiori will form the foniidalion for another work by myself, already comraonoed, 
on tho cruuiulogy of the Polynesians. 
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lUndocranial J)mmderH and Imlm'n 


Originally the material coiiBiBtod of 32H hUuIIh of Niirwi*gi!ui«, Umij.x, Mi-oiri 
and Australian aborigines. After I hud finished the sludy. I 
to check some of the more doubtful resulta. The iiiemis, the o‘.« i«id Ts. fet .d! 



aXTw.T'?,"" 1 1-"" “'»> "'■“"'"■■Hi 10 .uilhr..,™,! 

.k»ll», l,kem,o belonging t„ tho Anotomionl tatitolc. Thmo few 

nerve b, demonetmle .hot Ihe nnine techniqno ,n„, bn npplieil Itht ,0.21. ‘ ' 
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II tiow rtimftiiis to sot forth a few figurtts ilhiHtrating the aocunicy of Dicusure- 
ment. What ia of interciHt hero i« the error of mcosuroinoat in detonniiiation of tho 
leogUi of till! cnmial cavity, where tho dinicultioH are greatest. As doHcribuil in 
(lelail hy Hoadloy and PcarHOii (p. Ill), this error can bo ilotorminod in tho 
following inaniii'r; We tako two sols of itidependont inoaauroinents and calculate 
i (7/;, A/() for both. If thi! individual observations in the first and socond mouHiue- 

iin-nls are designated by ii and respectivoly, then 0*67449 will give "tho 

probable error of a single ineasuroinout." 

In our own material, this value was found to bo 0*7406 mm. (<r = 1*008 mm.) 
for 324 Hkulls, since 4 skulls wore nob available for tho socond measuremont, 
whereas ffoadloy and Pearson find tho error to bo 1*2043 mm., with use of 
Weinert’s irislniment. 

Wii Koo that tiu! error of measurement is reduced considerably (by as much as 
3B 'ff, which ia not an improbably great reduction wlion wo considor the advantages 
of our instrinnent, e.sp(!cinlly tho fact that the points of inoaaurcinGnt can bo scon, 
With greater jiractico I regard it n.s possible to reduee tlie probable error to less 
than 0*5 mm. 


III. The ANTimoi'oi.otiicATi Imi’outance oe Intehnae Measuuemen'ih and 
iNnicES, TmcKNttss ok TitK Hoop ok Skule. VAUtAWixi’Y and Couueeation. 


As montioned in the Introduction, our first object is to investigate to what 
o-Ktont the craniologioal diflbrcncos of race expressed by tho thn'o main iliaincterB, 
and tho inrlioea computed on the basis thereof, are accompanied by paralhd 
dilforcnccs in the form and size of tho brain. Table I gives a survey of tins mo,Ht 
important absolute inensuremonts. Horo, as in tho olhor tables, ladcnotos "standard 

error,” i.o. ~ . Where "probable error,” i,e, 0*07440w, is used, this fact is specially 
Vn 

iudicaled. 


Norwegians and Lapps are relatively well ropresonted, while the values for 
Maori and Australians can only be taken os provisional, without thin fact liaving 
iiecessurily any groat influonco as to tho questions hero dealt with. It is soon that 
tho ilifTcroneo in sox comes woll into ovideuco, both in the oxtoriml and in the 
internal values. The maximum length of tho oraninl cavity (length of tho corabratn) 
is in woinon from over 3 to about 7*5 mm. less than in nion, whib tho breadth is 
from about 4*6 to about 0 inm. and tho hoiglit from about 8 to 6 mm. loss in 
womon than in men. These dilTeronceB are from 2 to 0 times tlmir standard 
errors, only the differonco in hoight of brain-box in Australians being statistically 
very doubtful (less than twice tho standard error of diPferonce), Further, it is clearly 
evident I’rom the internal racasuromonbs that tho Australians' brain is not only 
very narrow but also oxtremely short, whib on the other hand it shows considerable 
height, not only relatively but also absolutely regarded. Before proceeding to 
illustrate these points by means of indices wo shall see what Table I has to toll 
about the bone thickness in our 4 groups. Subject to the reservation that an 
Bioinotrika xxvn 7 
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indirect determination of bone ihicknesn can yield oidjr approximately correct 
fif'uroH* and that the upper point of mea«iuninunt for No. 0 does not correspond 
exactly to bregma (No. 3), J (2 — C) will give the liono ihicIciicBS at enryon and 
3 —6 the approximate thicknoKS at l)rcgma. 

The values given below (Table H) anr, h<)W(!ver, the means of llie individually 
computed diffcroncea (nob the differences between the meanH)f, whereby it hucnities 
possible to take the slsiudai'd errors also into account. For comparison with the 
c<>mputc<l bregma thickness, the thicknc.s3 cf the o.s parietahi (right side) at the 
lower posterior comer is also given, measured directly through tho foramen magnum. 


TABLE II. 



Norwogianfi 

Lapps 

Maori 

AuBtraliauB 


d 

(t = 8l 

9 

ri=7B 

n-io3 

9 

« » 65 

d , 

tt-n) 

9 

71=5 14 

(J 

n=ia 


Thioknofla at 
ouryon 

.1*1 n 
±0‘oa 

3*57 

±0*10 

3’24 

±0-11 

3'4l 

±0*12 

8*28 

±0*14 

3*04 

±0'20 

3 '73 
±0'30 

3*50 

±0*22 

Tiiioknosti at 
bi-Ggma (oojnputed) 

±f>'20 

±0*1B 


3*44 

±0-23 

■QTn 

mumm 

4*04 

±0'47 

7*15 

±0*64 

4'80 

+0'77 

Tbicknosa of oh 
pariotalo (dircot) 

6*33 

±0d7 

4*88 

±0*13 

4*30 

±0*16 

3-98 

±0'M 

o*m 

±0*36 


7*30 

±0*60 

5*70 

±0*32 


Wo see that tho difference of tho directly and the indirectly determined thick- 
ness of tho 08 pax'ietale is in genet'al email, being in 4 groups less than J mm. 
In Lapp women, Maori men, Maori women and Australian women tho difference 
is, however, not inconsiderable. In tho two latter groups the computed bregma 
thickness is probably about 1 mm. too small, which may cosily bo explained by some 
irregular contours, where immediately behind tho bregma the cranial roof has risen 
relatively much. 

In tho next place it is seen that tho skull-cap is, us might ho expected, some- 
what thicker at tho bregma than at the ouryon and blurt tho male skulls are in 
general a little thicker than the female. As regards the racial differences revealed 
in Tabic II, it is natural to compare Lapps with Norwegians and Maori with 
Australians. As might a jn’iori be expected, tho volues for Lapps are lower than 
the values for Norwegians and thoso for Maori in general lower than for Australians. 
The difference in tho former case may bo regarded os statistically certain. If we, 

* Owittgto tho small dlmotislone hero involred wo must, In aa oxamhmiion Aiming directly tho 
thicknofla of tho ukuH roof, domaud rv gveator acoumoy of measuvemonb than 1 mm,, and mcaauromenta 
prcforably taken with an instrument speoially confltriiotcd lor tho purpose, Buch an Inatrumont was 
(rwicording to Martin) designed by Pdan as early as 1806, 

[t If the two are not the same, this inu^t bo a fault of arithmetic, not of moasuromonl, Kd.} 
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Ewlocranial Diamtc.rH and fndiirH 


for example, compare llie Uticknewi al tiie euryoii in ittali* 24i itu4 ut oral- 

Korwngmna (4’IS). bl»c iliffori'ni'c isflcen lo bo <HU \m\ . or r, ri ilo- ■.u«vl.H4l 

eirer of {lie difference Tlui difference belwofn Maori und An-Jralionii.uii 

tlu! oilier Imnd, in alatlHlicnlly Uw well frniiidrd. bid if, ran hardly b* d.uib!. d Hiai, 
in a larger liody of maleriiil Uu' tliffrroncr wnnlil 'oi well Iwyiid tin- '-f alia in) 
error. II. would bo of iiiteral to (wcrrlnin whrlln r ili" An^lrabun llu- 

tliicknesa of which at Uio breinnti ia very wnwidi-niblv. in o-f lUHvr at tlo rntye* 
than the akulla in an tivorago Kuroponn nuilorial, a« m iiis b> njiprar ’I'.ib}.' 11. 


Our figuves ivccord well with wlv\t othetw have tuiud; Ib-xdb'y and l'< !ir«oit 
state tiio thiclciiesa at the oiiryoii to be tiiiii. nud nf tin* br'-gnoi*^ Tr P'i tiiiii. 
(male Egyptians). Toikl (28), lut the uveruge of -fW ftt'ciioiu d "wliil^MTiiiib" jniahi. 
found by direct measureinont JbSC miii. at tliii euryon ntid .’i hh iiiio, an (hr vi 
figures which, together with ours, cotifiriii on the whcilr llrdd'M'K iihb- nf llu* 
values that must be dwlucted from the exterual breadth imd r-xl' nial hri-jj,h( in 
order to arrive approximately at the inlernnl diuiehsioux (.‘mv Matiiit. p 
Only we tnusl make the roHorvaliou that llu; variation -iis 'Oeld jstinta «inf i** en 
considemblo that the Inhle can he niiplicd only to <«ra« vabnw 

We now conic to the thiehnm of the fronUtl hone ut (he ;/l<thelfn. In s.rdn »<( 
find this value tvo rniwl from the difference belarH’U extrrnnl /un) mirru'd boKlli 

deduct the thicknesa of the os occi|>itali; at the |w»sii<rier jvdtd of 


mcasureraont 


On+Oi 
"1 


’ . This latter tlimenHimi, which luw breii found ti>r«'r(|v. 


likewise to bo scon from the following tabhf, (Wc have to tlit.reg<ml llc’ fie( that 
the anterior point of measurement for the inU'riml length dm's noi exneUy 
spend to the glabella-jioint from which the exteruul length h»w Iho*h nousnivd. 
but this circmnstaace wilt certainly have no tlistiirhing inltuonre oti the ri4i«i!i.>*.i 


TABLE III. 



KorweRiftM 




cf 

9 

d( 

9 

Tliicknosa of 

*1-21 

im 

m 


OH Qcci\nUlo 1 

tO‘U 

±IVl3t 

±0da 

±U'S-i 

Thick nosiH of oa frontalo 

11*22 

9*10 

H'lt 

n-j:) 

at glabella 

±0*33 

±0*27 , 

±0’-|() 

±M» 


Mauri j 

... ^ 

I 

f *" 0 

d 

' 1 

■ 4 

i 

1 Vi 

1 * 


i 

1 rx,x\i' ^ 

-I'U# 

j'-'d ; 

‘ A-ru 

; trin 

ttrJi 

lr"'2ri ; 



1(1-71 

7-'W i 

i ii-.-iri 

; n-.'.H 

±n-.bi) j 

i 

i 

1 ±n7-J 


ih, moo, whkh is n,.l .l« 

t 'Xl.i» is tUovftluo glvon in Bvblo XIII, but if tbo onlrics in Uwl tobln (m,n whid, it h Mnm\ be* 
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Takin/f first llu? ciccipiial bond, we Again note that the Lapp skulls are the 
lliiiuu.'st aiul the Aiistmlian sknltR the thickest, although the racial differencoB are 
not pariieularly [atmounced. As before, the difference between Norwegians and 
Lapps is statist ic^illy \v(dl ostiiblishcd, being for the male skulls 1‘20 nm.^ or 
7 times tluj Htanilard error of difference, while the difference between Maori and 
Auslnilians is statistiejilly doubtful. In imdoH it is (KJO mni. 0*18 min.). 

Further th(‘re is siion to be a strikingly small difference between tlio two scjxes. 
In Lapps and Australians the difference found actually goes in the opposite 
direction to wliat shmdd be expected. Quite diftcrent is the situation os regaitls 
the glabclla-tlnckness. Here tho difference between the sexes goes in the same 
direction in all 4 groups, and lies between 1*78 and 3*28 nnn., 7ai}jf, lying between 
0'43 and ML The sexual difference is from 2 to 5 liincs the afcandaitl error of 
difference. And if we further compare Norwegians with Lapps and Australians 
with Maori, wo find, to take the male skulls first, a difforence between the former 
two of 3*1 1 nun,, and between the latter two of S'Cl nun., tliat is to say, rcspccti voly, 
(i and 4 tiino.s 7 aj),f, (0*52 and 01)8), The female skulls give <|iutc similar figures : 
Norwegians - Lapps 2*82 min., or (J times wtj),f.(0'43); Austral ians - Maori 4T5 min., 
or 5 times minf. (0*87), My figures for the glubclla-lhicknoss thus alsfi accord 
very well witli earlitu’ findings: Tmhrs material (male "white crania”) gave 
11*26 nun. (ef. our Norwegians) and Hoadloy and Pearson’s male Egyptian skulls 
showed a difference between eKtormU luul internal longUi tif LVKJ mm , wluueof 
the author’s estimate to bo frontal and jf occipital, that is to say, a glabella- 
thickness of about 9 nun, (lying botwcon Lapp and Sraori). 

'riie marked sexual and racial difference in the glabellar region which I have 
hero deinonstratod is not surprising. In the first place, a welbdevolopcd toriis 
Hiipraorbitalis is one of Iho features to which most importance is attached in 
(Kdermination of sox, and as regards the Australians, Mollisond?) has oinpliasiscd 
the grout development of the glabella particularly in contrast to the Maori. The 
Hat glalielhi in Lapps is likewise a well-known phenomenon, which moreover we 
have seen is accompanied by generally thin skulLbonea In connection with rny 
invc'stigalinns of the thickness of tlu3 skull-wall at tho curyon and bregma we can, 
Imwevm*, Irom^ ihe figures here given draw certain conclusions of interest for our 
main subject: Uuj correlation betwecni form of brain and of skull. 

L »Sinet? on going over to internal iueaHnrcint?nt the length is reduced iniinh 
nain* than tin* breadth and tho breadth, iigain, more than the height, all throe 
iiil(*riial indices will probably on the average show larger values timn llie corre- 
spoiuliiig outer indices. Tim differences hero eoncorned recur again in all 8 groups 
and they arc so considerable that this rule may probably bo deemed to apply, if 
not Ui all, at any vaU) to most laccs. Tho increased breadth -lengtli index lias 
rcptiatedly been observed in casts of tho cranial cavity, cf. h)chwalhii{23), who as 
(‘arly us 1899 could state, on the basis of exainiiuition of individual skulls: "Ks 
xeigt sich, dass dor 8chiideHnneiirauni des Erwachsenen, wie hoi der MehrzabI 
del* Allen, uinon grdsseron Index besit7.0, ids der aussLMi g<‘iuessem‘ vSclmdid” (S. M>). 
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11. Even Ihou^l' <>i'« «*«'«'' in iirmtul in nil il i« it<>' ('i 

make itself equfilly <-vi,lenl. in all ef ihein. In lla- mees .le.w tli-< 

(levolopmonb nf the frlahelln rt'Kinu lh.« iucvefise «» lU- hri -Mlth-h n^Hi aiel 
iieighl-lcnglli indices will b(t iihwI. j»roii.,mieiKl--in niir mtd-'ri.d r-sj^nMlly in tie- 
Au8trulian.s, 

]ly a more searehing e.xuntinHtimi of my fiKnr.‘H it w.mld uitd-mli^ iUy Iw- 
possible, to draw JdliW anil moio delailed coiicIuhIihis as |o tie- prolmMc lirain 
iiidice.s,” but wo can attain the Huiie) ebjeol, in a simpler luaiin'-r l»y a direct 
compaiison of external and iiileriial indices, ns in 'I able IV, 


TAHEK IV. 


Kxtoninl inflicciH 

Norw{‘gian» 

1 

I'M'I'f 1 

' J 

1 

■i 

7 

1 

4 

ii 

d 

V 

t'i 

V 

J 

f i 

7;s‘><7 

tSt'VX 

tX'i.'' ! 
*0-Ui j 

i; 1 -sii 

i 

. 1 .. 1 
1 « 1 
. , 5 

index 

Iloiglit'bmulUi 

index 

ircHH 

±0’X:t 

to- us 

±0--IO 

(i:s-()H 

iO-fiH 

75*Wi 

iUlUU 

±0';m 

imi 

40 *rr 2 

7\i'uri 

HH'l!) 

KS‘l7 

1'iHi 

±(mi 

H7-™» 

h'>‘-S7 

r. . ^ 

7.t-n7 . 

j 

7x-:!.-. 1 

4M-;>n 

jiH-iJt; 
4:>-m ' 

■a-i’s : vr.-m \ 
♦ nrsj ; 

nciiri ! nr, lu > 
; .'**<>‘4 1 

! ' ^ 

1 

liilornrti iiuVioim 







i 

] 

Breadtiidonglh 



SS'lSl 

h:s-77 

77-1S5 

f 

W\\\ 

i 7fc;ir, ) 7rrs7 | 

iiiilox 

to-:i7 


±0-60 

+ (|r,U| 



1 4 M S>f( 1 

i 1 

llciglit-loiigtli 

7S'8« 

73*«i 

71 '-ir. 

71-7:i 

7:.-m 

74*71 

7H«7 i Mi'Ut j 

index 

iO-.I.'i 

±[m 

,tn’ir» 

±SIM’J 

±if7:» 


j ±aim 1 i \‘^\ 1 

Uoiglit-bremUh 


1)4 '^J8 

Hsr-so 

«i)-:s7 

Itil-iJH 

oit-ao 

1M4'4H 5 107')^^ 

iiidox 

— 

iO-SS-l 

tO%M 

i 0 -r.(s 

te-.M 


ii'H 

±I'4H ^5 fjr*\ 

\ \ 


On passing to intuviud mc.aaureiue.nlr Urn breadth- lengUi imU-x ta incrvawisl 
by from O’CO to fl-O? indux-unils, the beiglil-length index by from 2‘10 to o'^l 
and the htsightdwcmlth index from 0‘0r> to 2'0l index-unim. ‘I'hi-Ho Jigurea nceortl 
very well with what migitfc bo expected from otir kimwimlge aa to »k«ll ihieVmesrt. 
Aa togarda the h\ab-namod imlex the inevtsaae ia mnnetimea irmignirumnl, and in 
individual cases thoro will of coiuHO ficnuouUy Iw found a rluviation in the 
opposite direction, but for tho material os a wholo the iuettiiuin* must, in apiU; of 
the, relatively large menu errors, be regarded n« a faet, since the Biimn tundoney is 
mot with in all 8 groups. Aloanwlnlo, if we wish t<» examine whether the nnthro' 
pological differences in slnipe are lessened or further inwemietl on iwnsing to 
internal measurements, it i.s chiofly the first two indices that will be of iinjwrlnnce. 
Tho breadth-length index ha.s in the highly dolichocephalic Auslralians inereasod 
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by S'O? ftiid 8'35 indox-unitH for inaloa and finnnlog rcapeotivuly, in tho Maori by 
roapoctivoly H‘25 ninl 1’2U index-units, in Norwegians (inesoccphnlio on tbo border of 
dolicboeepbaly) liy IISS and l'(j8 index-unils, and in the brachycoplmlic Lappa by only 
I'olJ and 0 (10 nnita «!fl|)ectivoly for males and foinalca Ifnrein we see a distinct 
tendency to r(.>(lnco the racial dilTerencea, once again as a result of the formation 
of the glabella, — the increase being also ns a rule greater in males than in females. 

Ah regards tho height-length imlox the figures suggest a somewhat dilTerent 
situation. Named in order of succession from the partly hypsicejihalic Australians 
to Nnnvcgiiuia on the border of chnmneccphnly the following values are found for 
tho index increase: Australians re.spcctively 4'4C and 5*21, Maori 2*79 and 2*39, 
Lajips 2**10 and 2*10, Norwegians «3'43 and 3*88. Tho racial differouco between 
Norwogiains and Lappa is lessened on adopting internal nicasuromont, while as 
liotweon Aiwlralians and Maori it is increased. The .strongly developed glabella of 
the Australians thus partially conceals tho consirlcrablo relative dovelopmeut in 
height of Imiin. Had onr material included a chanmccophalic typo with Hat glabella 
{if such a tyjie exists), os well as a hypsicephalio grouj) with strongly developed 
glabella, the incroaso in racial difference would have hecoino still more clearly 
manifest. 

Tho results of these investigations of sluipo of skidl ns contrasted with shape 
of brain* can thus ho provisionally Hummed up hh follow«; 

1. All three brain-indices have eliown increase as compared witli th(> indices for 
the skull. The difference is greatest in the height-length index, loss in tho 
brcadth-Icngth index and least in the height-breadth index. 

2. The racial differences are constantly less clearly manifest in tho hnsadth- 
lorigth index of the brain than in that of tho skull. The general vidiclity of this 
rule is of coui'so contingent on a rather strong negative (spurious) correlation 
between ghihella-tluckne.ss and external lenglh-broarlth index. In my own material 
I have found tho following figures for tho cocllicient of correlation (r) between 
the piopoitios mentioned: 

Noi'wogians, male, - 0*2900 ± 0*101 ; fotnalo, — 0*2128 1 0*110. 

Ijnpps, male, - 0*2858 ± 0*117 ; female, — 0*2821 1 0*120. 
luterraciully this negative correlation will undoubtedly ho still more pronounced. 

3. On comparing a liypsicephalic race having a relatively strongly devoloped 
glabella with a clnimaecephalic race with relatively flat glabella, tho height-length 
index fur the brain will show greater racial differences tlian tho skull index. 

Rules 1 and 3 need no furthor sulwtautiation from our knowledge of tho thickness 
of the skull roof at tho glabella, onryon and bregma. 

If we arc to have any hope of penetrating more deeply into onr problem of tho 
relation between shape of skull and shape of brain, wo must also take into considora- 

* Let it bo nietUioiiod itgain— to avoltl mlaundorsUndiiigs— that “sbapo of bmln” ia hero used as 

KynonyrirouH wftli of akfili cavity. 
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tion the conditions of wnttlion and correhdm. Whul Oi- rliiff lUli'n-fiJ f-r m 
here is to compare the distributions of the exlornul with tho tH.rr.-si-.ii.ImH mi nin' 
dimensions (Tuble V), 

Hoadley mid Pearson find that the internal h'liglh i8**ro»«i«l< rably inrmbli- 
than the external len^'tb, while in the taw' of the VmmUh*^ and h.-ivjht*- <!«’ 
difference in the cooHicients is negligible, being well within tin* probable errer. " 
In our material there is found no conformity U» rwl« in Vbm n'5\jn*ct.', ^mielimen 
the internal length, aometimea the internal brcmllh or height i'« mon.; vari ibb* timti 
the external. The differenco as a rule U alight, and for each grr.np inken H'j^jurtlvly 
does not offer much to build uiion (cf. the •'slnudairtl error" of stniidftrd d>*vi;«f i«»nK 
but such difference ns is found generally lends in the din-cthm ibat tin’ int* niul 
measiireinont is more variable. If wo keep to the variation ciH/fllcirntM uiiri fount 
together the + dovintions for tho brain, wn find that 112 out of 4H pwiiiit in tin* 
direction of tho brain being more vnriabic and 15 mil of 4K in tin? opfr^sito dirof lion, 
while 1 shows no differenco. On examining the ahsolnlo itn-a.‘ 0 iri*(n<'ni'< und ihf 
indices separately the following figures are ohtaintul: 15 4, H — and mm It d> viuti»n 
for tlio absolute mcivauvoments, and It + ami t ~ for the imlicfs, and of ibrw lotb r 
7 “ deviations five fall to the internal brctuUU-length index, \vlnk> tUf hcigbldfuglh 
index of the brain is in all eight grouiw more variable llinn llmt of lln* skull. In all 
cases it can be concluded from tbeso ligurea that at any niU* av* himkI rin‘l-fin do/A 
«n {intraradal) variation of shape and site of the brain which is nut fruH than /hut 
of the shall. This result Is surprising in so far n.*i wn ahotilil bavt* (’xjsfl'sl tio” 
considerable variation in thickness of tho skull to intiko itself strongly Jell. An 
investigation of tho corrclalion between iiiUirnal iiKauntrenicnt and bi'im fb!«'kii' '- < 
supplies the explanation; for Hoadley and Poaiwm have shitwn llml thf Imne 
thickness is negatively correlated with the corrcapnntling inirrrnnl jm nsuri’Uivm, 
rij/it-iii, thus giving - 0 {lfl448. A simitar correlation is found in mir malvtial. 

As apj^ars from Table VI (p. 100) the thickness as mprewnud by iVif 
glabolla-thickncss ia in all fonv groups ncgivlivoly correlalwl with tin- Icnglh ol' 
the cranial cavity. Tho accompanying errors nro, it i« tme, k» huge ibui we nnml 
content ourselves with n summary conaidomtion, but for the mutorial «» u wlittlc 
hardly any doubt can prevail as to tho signillcancn of Ibis m’gntivn f<irn*htiimi, 
especially in view of Hoadley and Ponraoii’s invoatigations. Wo. also limt thui tim 
curyon-tbicknoss in two grouiM is negatively correlated with the iiiU'rmd hrmtilib, 
while in two groups tho correlation is without significance. 

rho most natural explanation of tlieso negative correlations is llm following; 
either (a) tho roof of the skull exerts an inhibitivo influonco mi tim growth of tin; 
brain, or (6), conversely, a relatively considerable growth of the brain will Imvit u 
reducing effect on the thickness of tho cranial roof, or (c) both factors emnes into 
play at the same time. It is not possible on the basis of the available dale U» 
penetrate more deeply into the causative relations, And noitbor is an jnvt-sligaiion 
of the correlation between bone thickness and the three main indices of the brain 
particularly illuminating in this rospect. As is seen, nil these cerrelationH (bone 
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TABLIi VI. 
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thicimcfts being repreacnlod at glabolla m\ curyou) iwc very aliglil. unly lUr« t‘ 
of them exceeding 2 w,. Neither Inw an exniiiiiialioii of lliii (^<trriiai<>i) 1 «‘I,vk’<-ii 
kfiin-shapB awl cqwefty led to ponilive leanlts. It is true lliat tl»o rorrolalion 
betv^'een capacity and bvendth-lcngth inde.x ia uogivlivM in nil fnwv groiijw, l«ii hJiIj* 
in one caao, Norffcginn feiiialos, ia it of HlntiHlicn! valms in I'olittioti lit m,. Wo uhinL 
content ouraolvca with the negnlivo cnnchtaiini llmti jwli/iiuf /rum ihr> rimimml 
here dctiU iuit/i, neither the cmiiinl «HHicily unr tlio IhkklwiHH of tin- nnif of llw 
skull has any ossential iHcdetorinining indmnici' oii the form of lli« bmiit. Sttoni- 
while we must bear in mind that «n inveBllgnlioii of inirn-rurinl tmrroliUioitH in n 
comparatively umall body of mntoriul, aiielv ua mine, aomol bu deeiHivo, w ngawk 
this question, I may mention in this connection that my Atmlmlirtii Hkiilln wi-tv 
strikingly dun at U\e e’iU’yon,aftd the same was the moMfiVb the 4 \ blshinm Hhidla 
(18 male, 23 female) which wore examined after the main material tiad biieit tlenll 
witJ'i (see Table XIII, no, 6 (c)). As we know, the liskinw skulls are ul» I ijxwnivi'ly 
dolichocephalic. If it ehould prove to bo tho oi\80 that wii aro h<!r<» by a 

general law» nanfiely, (jhat tlie slcnlls of tho dolichocephalic niccH are relalively thin 
at thecuryon, then it must be pennibtccl to draw tlio cuucliuiion tliat a prennure fnnu 
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tlic wall <tf llu*. ukull in un c.snoritiiil factor in the shaping of the doHchocophnlic 
brain. I’lii.s coiudu.nion is of all the more inttne.st becaiiac it diverges greatly from 
the generally luluptud answer to a imich disputed (jucstioii. 

'rhe last ihr<‘(! series of coellkieuts for the ndiitiou between the three main 
diani(>ter.s of the emiiiul eavity likewise confirm very well Houdloy and Peamon’s 
r('.sultH, There us a very strong positive eorreiution liubwuen inaxiiiuim length and 
iiinximum hreadtli and likewise hetwoca maxiiiima length and internal basion- 
height, lint between brwulth and height the correlation is practically zero. The 
po.silive correlation between the two first-named values 8ugg(!.sts the presence of 
ginieiiil fiicLor.s of size (genetic or epistivlic) affecting both iliainetors. From the 
fact that the correlation is by no incfans ubsoluto we may conclude that there 
exist at the same time special shape-determining factors which act more strongly on 
one diameter than on the <ither, and such shape-dcteriniuiiig factors create an 
a.ntithesis in the rL'lulion betwceii height and lirondth of brain which is hero 
auflieieiitly strong to musk the effect of the general size-factors. 

IV. StUl'K !IF TUK IlllAlN IN I’UBIH.S'I’OUIG MaN AND IN TUB ANTIIUOPOIDS. 

It is iiatund to compare the idiove figiiros for the throe main indices of the brain 
with the vttlnoH previously found from ctisis of the oraiiitd cavity in prehistoric 
spcciiiKUis. As early ns iKfll) .Sohwnlhe (28) eoinpared the internal breadth-length 
index in the l*itlu(ciiiii.liropuH, Neanilerlhal-Kalotte, Spy I and Sjiy II with that of 
.some isolated recent skulls. None of these prehistoric specimens showed exceptional 
values: Pillieciujlhropiis 800 (in mcoiiurcmontfl by Dubois and Woiliertiai)), 
Ncandertlud-Kalotte 7{)T (after other ineiuHuroiiients 78‘2 — 80'0), Spy I 76‘9, 
)Spy II Further cun he mentioned: La Chapolle-aux-Saints 78'8 (Houle and 

Anthony (4), p. IIH), Rhodesia 70'4 (llrdliUkudi), p. 121), Gibraltar 79 0 (Hrdlifika, 
p. IQ9, ’'close to"), Khriiigadorf 79‘0 (Ilnliidka, p. 289, after Wciclcnreichk "recon- 
structed 1925 skull "), La Quinn 79’8 (Hrdlicka, p. 291), Le Moustier 7G’7 (HrdliiSka, 
p. 801, after Weinert’s reconstruction "close to"). 

Of the preliistoric finds lieiii mentioned only the La Qiiinu hus had a relatively 
7i(a-row brain ne compureU luilh our recent material. All the other ligures lie above 
the nvonige for our AiittlrulianH mid not far from the mean values for recent 
iiiesocophalic ICuropcans. 

iSehwulbe also established the fact that tiiu brain of the anthropoids was 
relatively broad, and the figurc,H given by him for breadth-length index have on 
the whole been coiilirmcd by later investigators: O'hiiiipanzeo 86‘6, Gorilla $ 84*6, 
Orang $ 96'0. UnforUmately Weil's (89) tcchniijuc is so differenb from Schwalbe's 
and ours that wo cannot make use of his iiieasuremout of " ondocranial casta,” and 
Connolly’s (7) excellent paper deals with fixed brains, but it can nevertheless bo 
regarded as established tliat the orang-outang is furthest removed from man as regards 
this index, next comes the chimpanzee, while in the gorilla the index partly coincides 

* It Ib not quiU) oloar troin SobwalbD'g worlc wbothor the two Spy Sgurea have boon based on caste of 
the aranial cavity. At any into, nooording to Sohwalbo tlioy give “ dio Innonforin dos Sobadols." 
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with the nieiHi fignvo« for vemit «»tl i>r<'hwUirit', uviu. 'I’Ih* r/.jmi-h rahl.« v.tniHi-u 
found cttpccially in tlio j»<trillsi (difl'ereiil ?) Inw Imh'Ii jHiiiil' tl "til hy 

investigatoiH, Keith U3». P.olk(2), Harris (81. ICeiMi (p. 78) givcH lU- follMwing fignr. ,h 
C oc endocranitti l)ra«llh-iciigt.li index; 

Ohiinjmnzee % Hhl (var. 70 . "U'i, a lOl. 

Gurillii d ^ I'd (v«i- " “ ■- OH. « '• 

Irv owv own uwUivial we have fuvuul the fnllowiuj^ vuluea: 

Chimpanzee ; 81‘0. 

Gorilla : 70-5 - «2H - H.p2 - H2'4 - H2-2. 


OvttUg ; 85-7 - 00-2 - H7-« - OH, 

None of Iho throe grout niillir(i[K.ti(lH lie.s eiilirely onhside of llx; rant'e of vj>riaH-‘n 
for raanl 

With respect to reluUvo heiijhl, it is a-' well'hoown faet that most, pr*'}iist"'ri(* 
akulla have a heiglit-haiglh iiult*.x \vliu!li is fur holow liiut of reis iit Imm m ?.k*iHK 
and in a tminner forms a bridge hetwreii liomo .«apieiis and the gi< at .a)iilo..|^»ids. 
Here, however, we .still luck reliuhlt! ligiirea wliioli t’onhl givo iis joi id* a the 
situation a« regards the iirain. 

For the La (llutpelle-anx-tSuiutu skull Ihndo uml Aiilhojiy giv.- no ui?* i)(,d 
hciglit-longlh index of 

/Itanlenr ha»ilo-hr(!goiutif|im x Hi(>\ 

\ longneur niux, / 

Rhodesia, 70'0 (eoinpnlcd from Hrdli^ku's lignr.'s; ('iidiHTuot(d h-fst'oi i)ii'goi;t. 
height 120, maximnni length of cerebral hooiisphere 170). 

Gibvallnr, 70‘(i (“chwe to," coinpnlaul from Hrdlieku's ligiir.-s. (hr gira!«si 
length of brain I8;i and ha.sion.bregmii luiight less iliiekiie.«s uf frnnlul hottr it> ar 
bregma 116). 

Le Mouslier. 75 0 (after ineasnreniont,s of Weinort’.s recoustuicicd roish-l «kiill, 
internal length 170, internal Imuion-heiglit 182). 

It must be deemed surprisurg that thvsKc vaUnis alwr lie within the tang,*' »>f 
variation for our recent matoriat. As regards the ( -’hapelle-unx-.SuiiiLs skidl I he imh x 
is, no doubt, very low, hut no fewer Lhnii 0 of mir 81 mnlo Knrwegimi skolK fde.A 
still lower values. Neither cun the inloi'iml hoighl-hreudlh index he h„i. 1 h. l«. 
exceptional in the abovo»inentioiie<l sknll.s: La (Jhupi:lle*.auX"Huiiilx 8(1 II, |{lt.Hl. fn/i 
88‘h, Gibraltar 80'8, Lo Mmistier ii7‘8. In this respeei we (iinl llmi t ..I Ho- 
aforesaid 81 recent crania lie below the Iowchl figniv, that for Llm h/i Chuisdle-nox. 
Saints. 


As regards the anthropoids Cmuudly's nnawnrenmuts of fixed brninn have .shown 
that the difference in hoiglU-lenglh index between ehiniiHiiizee. gorilla and orang 
is not particularly great; 


5 male oliim|)anzee,s 


6 male gorillu-s 

88- 1 

IH male urangs 

8tvr> 
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Hut lIutHU fignruH <|fi iiul. of wuirau iwlniit of diroot comparison with ours, whoro 
till! Icrlitiifjiin is ((iiite difToroiit. For our own (unfortunafcoly soiuiby) ntiUiropoid 
tuu/(fri«l Wit liuvo ftmrtd tlio following vuIiich for intornni hcightdeiigtii index or 
iiiicniiil liiiHiiui-iieight X 100 \ . i • ,i ri , • 

gr..arHt longll. of skuli.mvityj* = 


( 


(/himpunzen 

Ii9’8 




( iorilla 

73-2, 

77'(J, 

71-7, 

00-4, 74'G 

( )rang 

790, 

HJIH, 

81-0, 

'72‘!) 


All lliCKu figureH Ho within the range of variation for our recent human material! 
Wc K(!e how nrecKHiiry it is also in case of the anthropouls to procure a large body 
of iiialoriul for citinparison before we can utilise the general shape of the brain 
for elueiiiation of the phylogeny. I eonsulur it futile to proceed to speculations 
respecting tiui phylogeny on the basis of one or more indicos, so long ns wo havo 
not a large body <if material at our disposal and so long as we have not through 
inveMligutioiiH of eorrelation secured a tnttre certain basis for correct evaluation 
of the individual figures. So far as my figures reach, it is permissible to conclude 
that most prehistoric men, and c.spccially those hitherto best investigated, had 
a memicapluilic luain with a brcadtli-Ieiiglli index wliich docs not differ inatc- 
rially friun that fiamd in many recent races of iium, while the height-length 
index wim probably eonsiiierably under lire mean values for recent races. Tlu.s 
I'nereuscd disvelopinoiit in relativo height of tho brain will accordingly bo the real 
prohleiu ho fur us regurda sliupe. With respect to the unlhropeids, niy in- 
vestigations have confirmed the prevailing assumption of brachyeeplmly, especially 
for the orang-outangs, whereas wo find to our surprise that tlic height-length 
index is nob particalnrly low, provided the teeliniquc employed is kept constantly 
the same. Investigation of a largo body of material is liero highly necessary, in 
order to ascertain blio moan figures for the different species of anthropoids. 


Furthermore wo can assert that tho difference in general shape of brain between 
lUithropioids and prehistoric and recent races of men is not nearly so great as cronio- 
logicid inyrmtigations had hitherto led ns to supixao, bub it is possible that future 
investigations will render it justifiablo to attach very great importance to tho 
(liffortmeu that is found to exist. It will conlvibuto very much to a more precise 
definition of the problems if wo considor brain-form and skull-form to some extent 
soparatoly. It must bo due to a confusion between the two — or perhaps rather to 
deficiency in the figures— -when Hoik (8) designates *' tho primitive races of man," 
including the Homo Noaiidcrtbalonsis, os " doUchocophiilic," while at tho same 
time the primates are stated to bo " generally brochycoplialic.” 

If wo considor tho sliapo of tiro skull cavity—and othonviso wo shall not be 
able to draw comparisons — then the primates aro certainly brachycephalio as com- 
pared with man, but most of the prehistoric human skulls which have hitherto 
been examined must be deemed to bo mesocephalic and not dolichocephalic os 
stated by Bulk. 
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Endominial JHmnden and I n<la’C» 


V. KNUIWUANIiVU Asymmktuv. 

It might a prion Iv,) coua\il«r«(I a ciHitiuirulivi iy niullvr l*t aHvcrl-iiii 

v/hich hcmispheru wiw the honvior, or which hIhiwwI the grenfer i|f!V*-l(iptic'iil iii 
length, hut neverthole!i.'< llondloy nntl Piiurmni qnnli'. a large »«uih>*r i‘f ihujcth 
dealing with thin proltleiu without itu liciug possihhi to wiy thut thoir oxr<*ll'"Jiii 
survey of the litemturo iiiukcK the imittcr very much clcarev. Iloyd, Ilr^K'a, Toiti" 
iwid, Ogle, Inglessis have publwlml data jKiiutiug to " jnc-nMiiicitce of iho left 
hemisphere." luvcstigatinna niiulc hy Tiiurntuu, WngiUT, I’ruum* mul WiMe 
pint in the oppaitc ditectinn, whihs Biwtiun and llciclurtd linive the ijioaliou 
unanswered, the former after having occupied himself ihorcwilli for h iiuniVK’r 
of years. 

According toBrauiui and Wilde the grenlcr development of the right cereliMl 
hemisphere is nfsaociated with a prcpudemucc of the left cerebellar hcinm|))iere, 
According to Inglcssis the brain in ''aaymmntruiiil, hut this uaytuiueiry in coiifimsi 
chiefly to the occipital part of the hmuinplicreH, nud here the left lieitiisjthere [>re« 
dominates" (Hoadloy and Pearson, p. 106), in .strong coiilnusl Ui llroca, wh<* fontrd 
the preponderance of the left aide to ha confined to the fronlrvl lolie (cf. ihe njujmdi 
centre). 

Iti the following we shall inniidy compre our r«ault« with ihowi of IIoHdloy 
and Pearson, whoao tcohnifiue is tho snme as oura. 

As average of T20 male ISgyptian skulls, they find 

i:«al710t4{i, <r-rj-056{. 

4 « 1700501, <r«5-(i{)0H, 

that is to say, a difference of 0'994i6 tnm. in tho longtlr of the two )u*ini«i>)i(*r<.<s, 
with preponderaiico on the right side, a differpuce which, uh the anthors show, 
cannot ho due either to “error of meiiaureineut" «r to " random BampliiiK," '* In 
other words, if wo may take our sample of over 700 mule KgypLin?i skulls uh 
representative, the right homisphoro is in the nmin of greater length, anti ihen-fori' 
probably of greater capacity than tho left” (p. 111). As atatwl in the Inlrmluction 
our figures point in quite tho opposite dircotion ; 

TABLU VII (a). 
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HstwoRlimt 


Um\ 



sifil 

9 

11=70 

d 

itaflS 

9 

n=£fi 

tt^lO 

9 

rur-H 

d 

WmUI 

9 



• Zij ±prol3able error 

MVU 

172-64 

o-eo 
±0*104 1 
0-00 1 
to-iai 1 

105'78 
106'40 
0^08 
±0-164 1 
0-58 
±0*104 I 

107*84 

108*26 

0-41 

±0a59 

0-41 

±0-107 

j 

101-42 

101*71 

0*29 

±0-187 

0*20 

±0*120 



170-31 

m-n 

l'8i 

±0-386 

]'83 

±0-300 

107*67 
108-.W 
0-1)3 
±0MU 
0-93 j 
±0-280 1 

j 

100-30 

104-]^ 

0-H6 

±0'3ft9 1 
am i 
±0^242! 

iwr{K) 

I'OO 

±0-370 

VQO 

±0'2S(I 
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III nil H j^roiipH the lelfc hnlf of the craninl cnvlly is on the iiverngo somewhat 
longer than ihe right, The (UlTeronccH are from 2'3 times to 7'0 times their 
probable errors, tming the formula 

() «74.40 (or\^, + . ai,^)K 

'I'he ililTereneeH are thiiK without tlouht sUilistkially rolinhlu, not only for the 
mat(!i'iiil a,s a whole, hut also for moat of the floparnto groups. The correlations 
aro ohvionsly ratlum clowj : 

Noivvogians : + 0!)(!1 , Norwegians ? : -|- 0-i)74. Lapps ^ : + 0'983, Lapps ^ ; + 0-957. 
Maori : -t- 01)44, Maori ^ : -|- 0'937, Australians (f : + 0'946, Australians^ : + 0'979, 

On meaHuring a secoml time tin* following figures were found, which wo give 
in parenthoses in or<ler In avoid confusion : 

TAHLE Vir (6). 
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9 


9 


9 




. 



..... 

— 


i'n 

(ni-HH) 


(lOV-rM)) 

(KJPiiro 

(170*03) 

(107*20) 

(iOli'Rft) 

BTIBIimI 


(ivtiujr.) 


(KIH'IW) 

(101 -55) 


(1(IH*21) 

(i(l.T7r>) 

(lOOHO) 



(O-JO) 

(0-7.1) j 

(0*00) j 

(i-m)) 

(0*0;!) , 

{0-17) 

(0*00) 


W (5 HOC that the coiicortlftiieo with the first sot of moosureinonta is very good. 
Not only do w<i find again in all groups the greater length of the loft hnlf of the 
crnainl (sivity, hut there is also an unmistakable correlation between the lateral 
dovhuioim in the first and tho second set <»f incnsuremenls. Only in the small 
group of female Australians is the difToronce inaberiaily reducod, and hero one 
skull wns lacking at tho last incosuromont. The conclusion wo can dorivo from 
our material ns couiparod with Htwidloy and Pearson's therefore is that tho asym- 
motry of the two hemispheres as regards length is not, m has hithorto been siipjwsed, 
a churwlenslio /or man as it species, but varies from group to group, probablg with 
■prepotulorance of the loft side in vmt cuees*. This view is confirmed by certain 
other invcHtigatioiiB which Uoadicy and Poarscui do not mention in tlioir survey 
of the litoraturo. Thus Hrdlitika (lO), who has measured tho length of tho three 
cerebral fossao on Hoctioned skulls, found the sum of tho lengtlm to bo gi'cater for 
the lofl. side : “ In msvtm of tho ton series of human adults tho average of tho sum 
of tho lengths of tho three cerebral fossae, on the loft exceeds that of tho right 

* It is hero assninoil that tionilloj and IWoon's (oohnlquo corrogponda ounotl; to onrs. II wg omit 
to light up tlio omnUl oavH^r and to ingpcol Ihg poatgrior point of raeosuroinont, thia latter will soiiioUrocH 
iall in tho furrow for tho sinua Imnovorgug, wiiioli is known to bo inoio dovciopod on tho right sfclo, Ct. 
In this oonneotion what is aald Intor about tho oorrolndon belwoon dovoiopinent of tho fossa oooipitslis 
sup., depth of tho sinus trnnsversus and length of tho homispboros. . Of. also ospooiall]’ Elliot Binilli’s 
srUole (Sib), which also ootusUf conoorng Egyptian material. 
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Endocmnial Dmuuicru and fudhrs 

side by from 1 to 3 imn. Then) is lluM-onm) a elear, llinHKt' 

iongbh oil the left in ibe niaas of liuioau adiill ciuuia, (\t. lb!)). I bis fXi't-st mi 
the left side the lUiLhor liiids to be <bie to the greiiler leiiglli of fbi* Ml. /noi/enne 
fossa (posU'iiov lobe), ]«at us lugleHsis fouiul in hanleni'd brains, ( f. Ilnitii-Ka, 
jt. 193: “Tilt! most striking feature of the above ilala is tin* evideiieo (Imf in oil 
the groups amt scries the left (posterior) fowa is the loiigi'r, which is ihc 
of what was observed witli the middle and especially with (lie aiiierior eavi(iis. 
The author does not seem to iiavo dcterminrsl the error of iiicasnreiiieni, nor ifnrs 
ho adtl a- and o-ji, to his mean ligiires (the article was |inblishisl as early as IDOV l. 
but the material is comparatively so large (9- skulls) that it iiinst be said to liavo 
a certain weight in this counectiou. A paper recently [iiiblislieil by ttiiimdly (7) 
points in the same direction. On 120 hardened brains tlie lengilis of ilm (,wm 
hemispheres were measured by aid of an ap[tanituH designed by the anllmr biin'»*'lf 
and the accuracy of the results was checked by renewed ineasnrenienls, |t.irlly 
with change of tcohnitpu). The material comprised Negroi s (117 males, !) femub s), 
Germans (36 males, 10 females), miHeellanenns Whiles (IH tnah*s) mul I'liilippino-, 
(lO males). In 4 of the 6 groups (100 c«.ses) the b'ft liomiHjdieii! w.'w from 1 )« 
3 mm. longer than the right, uiul only 1 group (10 eases) showed a dilleii-ne,. 
of 1 mm. in the opposite direction. Of tbe wbule- nialerial I he right henvisplnne 
was longer in 31‘7%, the left v'as longer in 50 0 and hotli hemispheres eipmlly 
long in 18'3 % (p. 483). My 41 EHkinms uve in amiolance with (he rule-, 
W males Zjt = 17C 00, = 177'00, tlms giving 2y|, — 2//j» 0 04 inm.; and 23 feinali M 

Ib = 167'26, 10H’22, thus giving Kj,— tm^ 0‘!)(1 mm. 

All in all, Hrdlicka’s, Connolly’s and my own investigations, together embraeing 
581 cases, must be said to afford mbninnle jivoof of the greater length of tln> left 
hfitnusphore in certain groujis of the hmnuri pojndalion. Hut it wmdtl of eoiirw be 
premature to draw from this the concluBum that the left half of the brain has in 
the same groups boon heavier than the right. In ineiisuriiig tlio grealest breadlti 
of the cranial cavity it was strikingly uoticnable that the dislauce frmu the methuu 
line — this latter being determined by the oyu, with the lotigilinlinal diameter nf 
foramen magniun and the palatine suture ns guiding Une—wns gonendly great-r 
oil tlie right than on the loft side. Owing to the rough and niaily deU:riiiinati>in 
of the median plane the figures given below make no (ilaim to particularly gr«'n( 
accuracy, but they are rocordcfl hero a« ii first atU>m]>t to dolcrinitm the tinns. 
verso asymmetry of bho cranial cavity. 

R~- Z, maximum distance from Iho "median line'' of the ernnial cavity ; 
Norwegians d (81) Norwegians ? (70) liiippa <(' (63) I^upjjH % (5,4) 
3'12mm, r76 mm. 2TC mm. T73 niiii. 

Maori (1C) Maori $ (14) Austmliana d* (13) Australiaua ^ ( Id) 

106 mm. 1-93 mm. 2'3l min. 2-HO mm. 

If we are allowed to assume that tha median plane of the skull cavity — as 
determined above— -corresponds to tho falx cerebri, or what comes to the same, 
that the media! surfaces of the cerebral horaispbeves we newly symmoirieal to this 



K. Wagnke 


113 


plane, then the above-mentioneci figures go to show that the right hemisphere has 
been the broader in those groups, 


In order to verify these observations I have measured the corresponding 
maximum distance from the median piano on horizontal contours through the 
glabella and upper edge of tiio orbit. As can easily be ascertained, a contour at 
this level will go very near to the euryon, and a possible deviation will in any case 
not be of importance for our problem. Such contours of 166 Lapp skulls (91 male 
and 7.0 female) were placed at my diairosal by Professor Schreiner, They had been 
prepared for another purpose after P, and F, Sarasin’s systein by aid of Martin’s 
Kubus-craniophor and diagraph. The following figures show that the same excess 
on the right side again appears. The monsuroments have becu taken with an 
exactitude of J inm. 

Males Females 


error 

li - 75'] 7 ± 0*32 mm. 

L - 74’20 ± 0 28 mm. 
ii “■ = 0*07 ± 0*238 mm.* 


HUndard error 

K- 73*10 ±0*36 mm. 
1=: 71*33 ±0*32 mm. 
1*77 ± 0*290 mrn.* 


'L’ho difttaiicu oiifc fo tim right 8i(]o is both for malos and fornalos greater than 
out bo the loft. In males the dillforenco is 4waif. and in I’cmaloa If the 

skulls in which the right side is the broader are designabed by +, wo get among 
the 91 males, 52 +» 29 - and 10 zero-doviations ; in the 75 females, 51 +, 11 - and 
13 zero-devial.ions. Of the total diagram-material a 4- deviation to tlic right is found 
in to the left in 24%, and no demonstrable difference in 14%. Technical 
errors may of course render the above results illusory, but the probability thereof 
becomes less according as the material is larger and more data can be obtained 
pointing in the same direction. It is natural to compare my findings with tlio type 
contours which have been published in Bioinetnka since 1911. As regards the 
technique we may refer to Benington and Pearson's article : Cranial Type Contours/* 
Vol. VIII (Df. On glabella horizontal sections the parallel No. 7 will give the most 
adequate expression for the greatest breadth of the skull and a comparison of the 
distance from the median line on each sido affords very good information os bo the 
average transvorBO asymmetry. Unfortunately some of the series aro rather small, 
and if wo examine n which gives the number of skulls, wo see that two figures are 
sometimes given for one series, Obviously a single skull of the series in question 
has been delbctive with the result that the right or loft side could not be measured, 
If the series bo small, this ciroumatanco will render it useless for our purpose. 
I have thorefore in Table VIII omitted the sez*ies consisting of less than 10 skulls, 
in cases where the right or left sido was not measured on one or more of the skulls, 


[* If ihc corrolfvtioiiB between H nud L avo, anything llko those shown on p, HI, tboBO probable 
on-ora aro curiouflly high. Ko. 

t Tlio ronUer should oxamhio this carefully as muoh turns on tho manner in whioh Iho median 
lines aro found In the horizontal an<l trana verso contours. Von Bonin's teohnfquo is not that of tho 
Biomotrio Laboratory. Ed.] 

Biometrika xxvir S 



ru 


EmhoranUd Diamdrn and lndu‘t\<< 

Altogether the tahle emhmccH 42 Hont'S. Those show u \ (Icviiiii.*)! <,n the 
right hi »2 aiHOH and to the loft in 10 Caws, und on nd.liiig mir own invo’^tijiHli.-tm 
of the (lirneiisions of the craiiin! civvil^' iho iiiiioliers will ho 40 unit Itl lo- 
spootivciy, tis wo liero (lisregittd the cmniogranis of onr iiinl<-iinl, xinco 

this has in part hueii iiicinileii in the 40. Moirovi-r. as iilnwly inoniioneil, jIiom- 
craniograin.s also proved lo he in uecordinnie with the rule. tH eiinrso, the liistri- 
bution in aoino of the flumller groups will ho rorliiitous, while tefiinVof emnw 
undoubtedly my be responsible lor some of the minor deviiilioitK ((‘miK«i Bim U ln, 
Eskimo, Momnt’s and Woo’s Egyptian crania, Baiitnm-Hatavia and Mitl«4 .lava, 
ns well ns Negro crania from Tcdta Hills), but for the larger .HurieH will) average 
(Jifforeiico in breadth of more than 1 inin. it is very itnprohrthle that this .wmree of 
error has played any important rftle. This nssninplion can easily be conRiined by 
comparison with the corresponding "Irnnsverse vertical conlomN" which are 
likewise shown in Table VIII. It is semi that on lliese latter contmira -h deviation 
in 27 ca80.s goo.s to tbo right, in 14 cases U> tbo left, wliile in 1 case the dovialion 
is 0. If wo confine the examination to the groups in which tlio nniiils’r of skiills 
eipials or exceeds 20 and whero the exwwi in breadth on mii! side is mpml (o or 
more than 1 mm. on transverse contours, we (Ind that in 14 ont of lo ww-s fhn 
excess is on the right side and only in 1 case on the left, which aliogeiher is a 
good proof that the technical orrora have not been so great that the rule (the 
preponderating + deviation on the rig)it»it)e) loses ila genoni) validity, oyi-n tbongb 
wc cannot venture to attach any decisive weight in this <iiK?slioa lo iln* individmt) 
investigations. It must therefore bo said to bo of minor im[H>r{aiK(! that 117 Hawpiu 
crania or a single group of 31 haskimo skulls show + deviittion to tluj h'fl, hul it i«i 
of greater interest to note that out of 9 English grou|)8 there is only I (llyihe 
female crania) which on horizontal contours diverges frnin the rule, (Ir, if we 
prefer also to take into account the transverse contours, we find that of l.H devia- 
tions 10 go to the right and only 2 to the left (male Anglo-Saxons, tmuHverw^ 
contours, and female Ilytho crania, horizontal contours). Of Egypiinn material 
wc have 6 series which without exception, both on IransvcniMj nnd cin horizontal 
contours, are in accordance with the rule, wherena the Oriental matcriul lllunneHc, 
Tibetan A and B; Nepalese, Hindu) strikingly often show a -b ileviiitiun to Unj 
left, I thus obtain confirmation for my earlier expressed nsHtimplion ilml eerxdtral 
asymmetry is probably a racially clelerniined charnetcrisllc (lutstKiiiiUHl with the 
quantitative proportion of loft-hiindcdncBs in the population?), although for hiilu-rto 
investigated European material it can bo regarded aa a general rule that llui left 
hemisphere is the longer and bho right side of the cranial cavity is the brmidor*. 

In this connection I must mention a paper publiahctl by Wcmkm) which to 
some extent confirms my finding.s. Woo haa. like Hoadley and Pearson, investigated 
a very lorgc body of Egyptian matorial—SSr male skulls from the 2(5th lo the 
30th Dynasty— with a special view to asymmetry conditions. His technique dillura 

* The plausible conjeoture that the greater breocitU ol one sitio ropretented a comt>eimUen for ihe 
greater length of the other has not been oenfirmed by our material. The correlation (r.j, - r.jj aritl % - /f , I 
is piaotIcftUy equal to 0 and is in any ease vllhout atatiaUca! slgniHeance. {rsi - O'OCOAO OM.} 
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These 17 Tibetan A are part of the S5 Tibetan A below, 

**The feet that the Eoater Islanders show an aajmmetey of the ^uH leyersc to that seen in the Anglo-Saxons may be noticed in passing” (p. 265). 
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very mucli from mine, an only exlernat iiMjnHureiiicnta wen*, fakeii aiitl tlo ii i liiedy 
confined to the iiirlividiuil bonca. While paying foil rognttl to pos'.ihli* K'nin * h of 
error, the lutthov concludes Unit a preponderance on the right nidt* is nnn’o fn tpo'nt 
than on tho left. Out of 25 meti.Hur(nn<snt.s Hi show a i- ili'virttiini ni tie* right 
and, as appears from his tables, this excess is inoat pronounced fn* llio os piiri' i dt> 
and the os frontalo. On tho other hand it is noteworthy that the (sripital mv from 
the lambda to the naterion "ia very significantly grenier <>» tho hdi/' and nithongh 
the two other occipital measurements give contrary rcsnUs. it theref.ire seems 
rather premature when the author on the bn.sis of the excess mi the right -side in 
tho frontal and parietal region draws the conclusion that tlie right licinis(ilieri* is 
more strongly developed (p. To my former conclusion 1 shall lo*re merely 

add that tho question of a general preponderance of the right nr of ilie h-ft 
hemisphere can hardly be decided by cranial inciwnreiiientH, and in carrying mil 
direct weighing — which will certainly be adopted very largely nbo in ibe fulure - 
the anthropological charaetor of the material emght not to be entirely diHregurd'-d. 
It would be of great interest to examine the larger lobes more, syslt-malii'idly than 
has hitherto been the cose, and judging from my material 1 simnld exjs'el l4t 
find nght-sided propoitdmince of ihe jnrkUd and l<’/l:wl>'d pir/soK/rr./mY of fhr, 
occipital loh, hero again with certain rmrmUionH fur ant/iropofoyiro/ retoKoi.s. 

Relation between fossa oflci^t'falts sup., sinus Irnnsiiersus dejrler cf fdimkr 
and le}\f)th of the hemispheres. 

So far Mean bo soon, Elliot Smith was the linst to jwint out that the »pp*r 
posterior fossa, whicli so clearly marks off the caudal {sde of the {swlerior IoIm! of 
the brain, is in general deeper ami more fully formed on the left side than on (be 
rightist). It was natural to connect tltis finding with the main oiHliow of lint 
venous blood through tho right sinus tranavorsiis. As mentioned in most text- 
books on anatomy and as can easily bo ascertain<?d on in-speetiiig a series of enmin, 
the furrow is more strongly devolopcd on tlie right side than m» the loft -Ij<! 
DoublodS) — while the foramen jugularc also shows distinct difTeretuai on the two 
sides, I must agree with Elliot Smith that it is mUnrnI to suptswu! — hnt only 
as a provisional hypothesis— that the greater ilevelopment of the left jK^shfrior 
lobo is i/w cause of tho main outflow of the venous bbsal heijig to the right. And 
the next step in the process of deduction really follows of itself : the grwt^ir 
development of the left posterior lobe is in some way or other coiincetcfl with the 
predominating use of tho right hand, so that by examining the. fnaw ueeipiialiH 
superior and the sinus transversus in jjrohistoric man and in imihnqKnds w-e luuj 
obtain interesting information os to the phylogenetic davelopment t>f “right- 
handedness.” Elliot Smith has later reverted to this (jneslion on several mjcnaimiK, 
for instance in an article on “Right and Lcft-handcdiicsH in Primitive Men”<86), 
where it is stated, inter alia, that the Pithecanthropus skull-cap and the Ij^jiidnn 
skull both show inverse occipital asymmetry, for which reason both of them are 

[' It IB in tho Irontiil mi pariotal togions on the le/t sUe that luncUoiml c«iiire« Imve been RutUoriUi. 
lively plscedand atoRSBeried to give ptedominnneo in woighlancl sixo to that bWo. Eo.) 
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tliought to have belonged to left-handed individualR. Hero, however, we already 
meet with the first difficulties, since it is found that the sinus transvorsus in both of 
these cases runs to the right. For there at once arises two questions of fundamental 
itnporlanco in this connection : (1) Does the deeper and more marked fossa occipi- 
talis sup. sinistra give expression for a greater devoiopmenb of tlio loft posterior 
lobe ? (2) Can there be demonstrated any correlation between the craniological 
characters, the dcvelopinont of the fossa occipitalis sup. and the depth of the sinus 
transvorsus?* To the firot question Elliot Smith originally thought he could give 
an affirmative answer. For he found on hardened brains that the area striata, 
i.e. “the area of cortex containing Qonnari’s stria,” extended far more widely over 
the outer convex aurfaco of the hemisphere on the left side, and he interpreted 
this finding os a sign that the left area strata was much more diffused, but later 
in 1907 he adds— "which subsequent Investigation has shown to be erroneous” 
{p. 574), and ho describes in this connection on attempt to measure the area striata 
directly on 10 brains. As the results did nob confirm the original assumption, he 
advances the theory that it is the greater development of certain other cortical 
regions which causes the right area striata to fold itself largely on the medial 
surface of tho hemisphoro, and lio inontions specially as a possibility Flochsig’s 
largo parietal association centre, which is stated to be much larger on the right 
side. This, too, is of course meixdy a conjecture, but it seems to be worth mention- 
ing on the background of my own and Woo’s investigations respecting cranial 
asymmetry. That blio left region of vision is not more <lovo!oped than tho right 
has aubsetiucnbly heen established by Cohn and PapezfC). Measurements of the 
fissura calcarina on 100 hardened brains — and according to Campbell (fi) the length 
of the fissnra calcarina gives expression for the extension of tho region of vision— 
gave fi‘8 cm. for the right side and 7’9 cm. for tho left. In no loss than 72 % tho 
furrow was longer on tho right side, as against 10% longer on the left. Those 
mcasiiremonts arc unaccompanied by information as to the influence of error of 
measurement, bub the authors verify their results by direo.t planimetric measure- 
ments, which led to practically tho same result. I shall pass from this question 
without bringing into the discussion tho difficult problem of “left-handednesa.” 
I refer to the above-mentioned paper by Cohn and Papex, and above all to Woo 
and I’oarson’stsa): '‘Doxtraliby and Sinistrality of Hand and Eye,” where the latter 
ttutlmrH' riisorvod attitude to tho cpicstion finds expression in the accompanying 
motto; " Kciiui Ei'klHrung ist abor doch boasor als eino odor mchrere irrbhUmlicho.'’ 

Further Elliot Smith iHdiuvcd he could answer affirmatively the second question. 
He states that in a series of Egyptian skulls (which wo may certainly bo permitted 
to assume to have boon large in number) about 80% show marked asymmetry, 
with loft-sided preponderance of the fossa occipitalis sup, (86, p. 676), and at tho 
same place it is said that in the cases where there was distinct divergence tho main 

* A, third and not leas important quoslion is whotlior tho inverBO oeoipital najmmotry really is 
nusooieted with Ictt-handodnesa, 'rhis question Elliot Smith elaima to bo able to nnawer in the aflUrntaitve 
and he rotora to a comparative investigation made by Wood-Jonoa in 1926 (86) respecUng tho length ot tho 
bones of the upper arm. 
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direction of the trauHvcrnu wivs to tJu; toff. No pv^a*/ nf ? Ddoi! Inn - 

fillip is furnfahed. tiowuvciMind Tilcfeltry, wlio tmk uptU^* in IU20, 

arrived at the fi»ll(»win|{ nogativo : ^^Oiw Ims fo eonrliMh^ fli^n Poo ilmi hi 
bhia sorioa— 127 Burmese sknlla -tiuno ia no si^nihcanl anvedanon hi 'fwvu 
occipital asyinnujlry and the divcotioii U\ which Ww umm ivridpiinl himiih in torio d 
when its courae is chunked fnuu lonjjitudinal to lateral |»* i!57 ^ McjnrAliiln 
Tildeslcy points out that this exicninl oxaminaiion of tho s»iiiHina oc-u|iU ili'^ in noi 
decisive for tlio (jncHlictn cliBcuH^icd by Hiliot which thim ^liill rniiKiinn 

unanswered, afc any rate from a HtuiiHlicfd sUindpoinL ll is tm I his ji-'uiit tiiat our 
matorial is calculated to cast sonic li>{ht. 

Theeharactoi’H lufrccoucorm'dan* in their inaulfcHl’ilion of iirinaHUtativf' nutun^ 
although it is not inoonooivahh^ that iho underlying Imdogiral cauNahvo faejons 
mo alternative (duxtrality or Hinintrulityh iMi^auwhitu it is pr4«*tically iinpoiAilde 
quantitatively to nie?iKiire the of the posterior fo.va or of tlioNinu^*/ lOinsvf 
On the first uxaiuiuatiim of the inatorial I have noted (hr dopfh Mf (lie 

sinus tninsvorsas in thret5 eaiogiiriow, r,l and ?, ami on tin* invent iganou 

noted the dovoloptuonl of the posterior fossa in tliosiimo luaiini^r. whore 

the one groove was deopt*r, but the other uf gr<-afor lucadfh, arc assupo d fho 
'/-group. As regards tlio slalistical Uisvliufuifc cif (ho dalTi, I liuvr anang* d luy 
material into 9 colI^aystumH und to limso applii*d "the root Om an. Mpiaro 
tirigcncy “ the formula for which is 

u IV/ 

where stands for observed and Vj^ for ihoorolically oxpoulvd fr<f*jurmdr^. TIhh 
dimension is compared with 

c 1 

(jr for zero-corretation «« ' - ± ■(i74>Ml v / ■ , 

whore c is the number of ** colls” ami furtluir^ for iho wiko **( ciiinphuoiu * k?», 
(cooffleionb of mean-aquaro contingency) has been vecknnrd out fr*Mn tin* fiiiiMnl.t 

V 

I have found it justifiable, on the buam of our oarliur iiivi*siiga(ihrm of ti^yinnody* 
which revealed bheBamo conformily to rule in all grtMipHj,o d**Hl with ili<‘ nmi^rial 
collectively, without regard to sex or race. 

Wo will first oxaniino the rolaliun between lenpik of hvmiHphntt uuil uf 
fossa occipitalis sup. 

Circa tor Lcuath of lleuiisplicro 
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From the vertical marginal iotala it la aeen that our material shows the same 
regularity as regards the fossa occipitalis sup. us Elliot Smithes Egyptian aeries: 
6M% are larger on the left side, against 15*4% on the right side. The group 
“equal “ forms as much as 33*5^, which shows that our estimation has been very 
cautious. We ace tliat the group “left-left*^ is by far the most numorous and the 
group "right-right'* considerably more numerous than the dissiinilar combinations. 

= 01846, as against 0*0246 + 0*0088 for ?myo contingency and Ca = 0'r3047 
(without "eWss index correction*'). We can conclude from these figures that the 
greater development of the left posterior fossa is a very important, posstbly the only, 
cause of the greater length of the left hemispliero in our material. 

Relation between fossa occipitalis .sup. and sinus transvoi’sus; 
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From the horizontal marginal totals it can be rcckotied out that fcim (.ratisvcmc 
sinus in 67*7 % of the skulls goes pi'oponderntingly to fcho right, as against 12*0)^ 
to the loft, which accords well witli earlier observations made by Lo Double 
(G8‘5% right, 145% left), Elliot Smith and Tildcsley (704% right, 19*7% left). 
Further we find that 158 skulls arc in accordance with Elliot Smith's law— right- 
left and left-right combinations, while only 18 skulls form an exception, 

(^^ = 0*1973, which on comparison with the earlier mentioned i^alue for 
zero contingoiicy furnishes a good proof of the validity of the law. (Og »= 0*4059.) 

The relation between the sinus Iransvcrsus and length of the cranial cavity is 
soon from the following figiu*eB: 
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It is seen that the (liasimilar coinhinalioiiH anj hy fur tin* riMwl innin-nmH, llic 
contingency is oven higher than befott". 

O'DHH), while </»* for zero contingency is nleml iw before, 

Oi = 0-f)7H6. 

Wo thus find a high contingency helww'H length of lieniimthero mid nmiit 
direction of the sinus transversiw, assutniiig iliiit length of emnini cnviiy forniM on 
adequate ox\)ro 83 ion for length of heniisitluiie. We. have iher.d.y Hieeee.li d in 
furnishing statistical proof of the validity of Klliol Smithn law, xtirl by a un-tleal 
\\-hich — as far os regards one of tlie cliarnctcrH—iH indi'jH’ndon), of all snbjerlive 
jniigmont. It is reasonable to suppoxe, as does Klliot Sinilh, thnt tliere exists a 
comparatively simple causality relation between ibe, elmrmders. but. we ciuiiioi 
ft priori precUnle tlio iMiSsibility that llie correlation is due in other eireiinislnnees, 
for example, the influence of some, coniiuoii factor (|W»Hilioii of ihe fetiih in fin? 
uterus?). It may [Kmilily he auiiposed thalHiieh (hypolhelieal) faelors may 1 m‘ tin! 
emisoof the correlation nob licitig uhHoiute. In lair insl table there itro l.w'> cumik 
where the left hoinisphere has the givnler length wliile at Ihe suioe tine* ibe How 
of blond goes mainly to the, left, ami in twelve <'a.si«K the Hilniiii<iii is the oinmNili*. 
In those ctwes it may he that factors of otherwisu Hccondury iinporianee have played 
a decisive part. 

Especially it must be noted tliul onr figures tell iioiliing as lt» the, relation to 
ieft-hamiedness. In this respect a syslenmlic invesligiition oriengili i>r hl•^oiH|ll|er<• 
in connection with the size of the sinus liaimvemiis ami the loitgili of the InMm'rim 
on each side would undoubtedly be ilhiniiiml iiig. 

• The results of onr investigations as to the asyintnetry of ihe sknll "• ami, 
indirectly, of the brain- — may bo briedy summed up as lollows: 

1, Left hemisphere longer than right. (+ devialiun to left in » devjii* 

tion to right in IG 

2. Eight hoinisphere broader than loft, ( t dcvinlioii to right in irrrPdn 

+ deviation to left only in 2*2%.) 

8, loft fossa occipitalis sup. more devehipetl than right (Ldt foswr givnior in 
fiTl%. right fossa greater in lf)’4%.) 

4. Eight sinus tvaneversiiB larger than left, (Eight in loll in I2 G' /.) 

Horeimto may be added that, according to Elliot .Smith as well as to ( ‘olni nml 
Papoz, the right area striata is greater than the left, while Ul llit* HjitnM Unit? wi* 
jmy remember that Hoartloy and Pear«on*8 irivcal.igntinim wf length of 
in their Egyptiou material give i*osult8 rVUTcront from oum, The numt 
problems remaining in this add accordingly arc the following: 

(1) Will direct measurements on fixed brains confirm onr findings aa to th(» 
gieatei breadth of the right hemisphere, and if so, what is the cause of llic Erealr 1 ^^ 
breadth (parietal lobe)? 
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(2) How arc wg io explain the far greater development of the left fosaa occipitalis 
sup. whoa at the same time the area striata is less developed on tlic left aide? 

(3) How can we explain the cases in which the sinus transveraus deviates from 
tho rule? 

VI Dimensions of Cranial CAvm and Puediotion of Capaoitvt, 

It would load too far to give a detailed account of the many attempts that have 
been made to sob up formulae for calculation of capacity. In this respect we may 
refer to Martin’s text-book, while a recently published paper by Neucrt(i9} also 
gives a survey of the literature on the subject. It will be found that in the main 
two principles have been followed. Tho investigators have either (1), as do Broca 
^.^d Manuuvrier. begun by baking tho jiroducb of the chief cranial dimensions 
(L, i?, //), oftcnsiomilly with measurement of arcs and circumferences, and then 
introduced a number of corrections in order to reduce the error bo tho smallest 
possible amount, or else (2) they have, like Leo and Pearson, computed the 
coirelabion between the directly observed capacity values and the product of the 
three main diameters (eventually taking arcs and circurnrercnces) and on tho basis 
of this correlation established tho boat possible regression formula. This tatter 
mode of procedure (No. 2) might be designated tho einpiriGal'^statistical method 
and there can hardly be any doubt but that it is scientifically bettor founded than 
the former, which is of a priori nature'*’. Tho English-speaking, German and 
Scandinavian anthropologists have by degrees united in a<lopting the English 
method, and the formulae moat frequently employed are the followingf : 

L Lee’s interracial formula, computed from 8 different races. 

Male 0 « 0*000 870 , L . . OH -P 32116 cm.« 

Female 0 ^ 0 000 375 .LJL OH h- 296*40 cm.^ 

IL Poamons interracial formula. 

Male a = 0*000 366 , i . i? , 0// + 359*34 cm.' 

Female G - 0*000 375 .LJi. OH + 296*40 cm.' 

Li case tho car-height is not known, other formulae come into consideration, as 

10 which w(i may rdar to Martin's text-book. The same applies bo the intra-raGial 
formiilaei which arc of c{)urBC to he preferred in many cases. The importance of having 

11 good inUnrncml formula is, however, obvious. Sometimes the ruco is unknown or 
doubtful, as, for (ixamjdo, in dealing with prehistoric crania, while in other coses 
an aderpmte introraciul formula is lacking. Meanwhile it is maintained in sovoral 
quarters that iho-so mathematically determined interracial formulae are not 

* fsHteiul of hnoar measuromenta Nouert adopla moasuromont of piano surfacoa (copbalogmma), taken 
ill cliiTeroiU pkncR of tlio skull, somellmos sovcial aiirfiicca in tho aame piano, Tho advantage of this 
niothod Jb that pcoiiliailties in the »hape of t)io oranimn IJihI boUor DxproBsion, Thomolhod mthor 
coniplicateil and win hardly ho said to bo fully olaboralcd alaiistlcally, but judging from Nonort’s paper 
the rcauUft arc very good. For X-ray oxaini nation of living individuals it undoubtedly has a future 
before it. 

[t As lo the attribution of those tormulao, aoc my Note following this Memoir. Eo.] 
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particularly satisfactory, iiiul tlic roiiwiu for lliia may 1)0 fouu'l in four fa<'i''>ra. 
(1) Influence of bone lliicknoss, (2) ilcvelopuieiit of the hiinia frontaii!*, iH| pto-ul), 
nvitioH in the shape of the and (4) f(»rtnitouH Hrcoinmanr. !* iji roiiiie!'!i..» 
with the composition of tho inattnial for»iiiij( tlie baNis for llu> foniml.o*. 1 h*i1i wiih 
respect to selection of niees tiixi to tlie iiniiiorifal proisu lion of Ili»' indii idital no-. « 
In the pa[ierwhich lias aliviuly several times Ino'ii loenltoned Hoaillryninl 
therefore investigate the eorrolaiion Isjtwcen tho prmlnel of iht' tVireo ehiof im»>tjiul 
diametevs, L-,, B-, and Hi (by //< is niidersKMMl U(.re the inl' riml l)iMAi..n-lieiHln, 
perpendicular on the Fmukhtrt horizontal) and tins I he laltvr whk 

determined "by packing the skull tightly with niusUvrd wa-d and lin n wrighing." 
It was found that the correlation Ua<l incivused front OHUltHl (Is-lwiou rajMeiiy 
and external measurements) in OdDoMfi (bouveen eaivieily and iitlornal im-nsuro- 
mcnls). The possibility of obtaining a Ijeller rorimila wns ihi n'fnro tdainiis. With 
a view to rendering the method more servieeabhi in praclit’n ibi'anlhnrs Iritd to 
determine L;, 7/, and //,• froin B, li and il, hut this nUtiinpb faihol owing to the 
slight correlation between tltieknes-s of hone and eslermil Tin- nut 

tliereforc conclude by stating that "we innst idlher l»o eonteiiUMl with ih«*drgi‘< (* »f 
accuracy provided by tbe external diiiinclral |i)odiict, or if we wi'^h to ioiprovr on 
that accuracy wo must practise the niihor diflieuU. tothni'pie ofinlonod iiic.isnro - 
nicnb" (p. 93), Owing to Iho great technical dltVieullies the imtliorH. (’XjUfM ihmbi, 
os to the utility of the new mwlc of procetlure. Ah uiy new iuslrnuu-nt rt'iubn'!! lh«‘ 
technique simpler and more time-saving, while at the same, lime tho nveumey 
of measurement becomes greater, fresh interest is erenUsl in ihe iinjsatance of 
internal measurements in determination of tynwcity. And there can Ih' no donlil. 
that tho correlation between the internal incasuroinenlH and ihe cajmeity lots nl!“i 
in our material been considerably iiicreasad as compar'd with llm i‘Xl4iniiil ineaHiire- 
mcnts, but I have nevertheless refrained from tliis nnsle of jms'eihirt', m our 
material comprises too few races— two of the races especially (Maori and AimtraliaiiK) 
being too badly represented-— to form the basis for an cmjiiricul slalihlii’al inior-racial 
formula. Such a formula would, in fact, not have a long life, Acconliiig as mon- races 
wore investigated it would bo necessary to make sniall cbniigcH in its different faclorw. 
I have thoroforc selected another mode of procedure, which no doubt i« tbeorvti- 
caily to bo compared with tho tt pnori mclhml, but wbieh 1 ibink n-«U njsm u 
hotter foundation than all previous atteiuplu iu limt direction, nnd which in juaetivc 
will give bettor results than Lee's and Ikjaraon's fiu-mulae. If we di»regu^l the 
individual peculiarities of the cranial cavity and c<unparu il to a regnbn iv «hajh‘<l 
space, then it is most natural to think of the shapu of an egg, and the alereoineirirmlly 
known body that will first como into consideiuiioii is the ellijmiil, the siinith' 
formula for which, 

0 3*14 159, 

it should be possible to apply to tho three main diameters of the eninial cuvitv 
As height of the ellipsoid we have chosen the internal car-height (lixlan'ual ear- 
bregma height minus thickness of tho os pariotule) instead of tbe internal 
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baaion-height or intornal opisthion-height, which owing to the greatly varying 
clivus-anglo would give less satiallictory results. And instead of tho maximum 
breadth of the cavity alone I have for tho breadth of the ellipsoid used tho mean 
of greatest breadth of cavity + maximum frontal breadth. If wo inspect a sorics of 
skulls from ono or more race in tho norma verticalis, wo soon become aware of 
the greatly varied tapering ol the anterior pole of the skull. It i.s mainly this 
circumstance that forme the htusis for Sergi’s classification of skull types into 
Pentagoids, Ellipsoids, llliomboids, etc.; cf. contours on pp. C88— 689 of Martin’s 
text-book. By introducing the maximum frontal breadth in addition to tho internal 
measurements wo thoreforo hope to eliminate or diminish three of tho previously 
mentioned sources of error. The ideal procedure would of course be to use tho 
internal frontal breadth, but this dimension is very difficult to obtain and, besides, 
the thickness of the bone at this place is of vei-y little importance. 

The formula we employ is therefore the following: 

C'= 00006236 . Li . • /ft , 

fj L 

where Li - ^ , Bx « greatest breadth of the cranial cavity, == greatest frontal 

A 

breadth, //,•= internal ear-brcgma-hciglit and and 0'0005236 = • 

Wo shall first see how this formula suits our material without an additive term. 
Tho directly observed capacities in the following table have been found by means 
of the mustard -seed, motliod and measuriug-glass. Ranke’s bronze skull has 
invariably been employed for cheeking the packing. 

TABLE IX. 



NonvG|{ian8 


Maori 

AuBtr Allans 


d 

ti=8l 

? 

11=70 


p 

d 

n=!l0 

? 

« s 14 

d 

nalB 

9 

fl=10 

Directly obnerved C 

um 

moo 

ill’.l 

1473 

tl3-tt 

1301 

±U‘3 

M18 

t2()'2 

1327 

t23*3 

1278 

i;2r0 

1118 
±17 ’3 

CvOinputcd 

12U4 

1003 

1217 

1123 

1105 

HOD 

1072 

031 

Ol»aorvc(bco)iu puled G 

m 

200 

220 

j 

178 

223 

218 

200 

182 


The best possible intramcial formulae are accordingly obtained by adding to the 

expression 0 0()0.e236. •//< additive term the values given in the lowest 

column.' The next step in the investigation should be to apply these formulae so 
a.s to ascertain the individual divergencies. Here we lack, however, intraracial 
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formulae for comparison, and therefore we pr(»eei'<l at onr'* to iis'* the iiilcrrarial 
formula. It is seen that the additive lerins sluw venmrU-.ddy liHle variiilum, 'this 
is of course a ncccssiu-y condition for a kikhI inlorraeial r.ifimdH when the other 
factor should at the .same lime he kept consUMit, On weij»hling liiesuldilivi' terms 
with their respective n-vidne.s w« get the folhnving ink-rmeial fr-nmdn, which wo* 
will at once compare with Lee's and I’earfutn’s*: 

For d V « 0 000r>2:i6 U. • /L 4 ^2 em.’’* 

For ? skulls G = 0-00052J1B U . ^ . //, -J- 1112 cm.* 

The following Table X gives ns an opiswtAmily of (‘.‘Unjvkring ih»' mran ligurcs 
for the three methods with llie direct measurements. 


TAl’.LK X. Mean Jhinm. 



MiiHiiird 

Kued 

ii(t& 

IVurnou 

KtUpnoirl 

fiiriinitii 

: 

1 

Hf'r4 

j 

Sr<' 1 

KlllfUMltl 

Korweghum cf 

1450 

M13 

1403 

14511 

-h:. ^ 

‘ 7 

" 


9 



\m 


4 14 

Ml 

4‘ H 

Lniips 

d 

I47;i 

14 lU 

U\\ 

l•Ili!l 

4’ 54 ; 

i-ini i 

! 4^ 1 

1) 

9 

1301 

\m 

im 

Uilh 

7 

'■ ' i 

i \i 

Maori 

6 

141H 

14^H 


1 117 

-10 

Uil 

1 \ 


9 

i:m 

VM) 

1301 

imn 



l'i!0 

AuatrAllfinM A 

127« 

1333 

1357 

121)1 

-«5ri 1 

~V« i 

Uf 

)} 

9 

nin 

117H 

1178 

na:) 

-05 ' 

-nr. ; 

10 


It is seen that in si.x groups the ellipsohl funmila give.s Imller rcsidta limn 
Lee’s and Pearson’s methods and in one group (Lipjw ? ) tin; dilT'ctx‘aw* is only 
7 cm.* in the opposite direction. In the group Maori ? the dilfcreiice is toHignificant. 
Lee’s and Pearson’s formulae suit very hiwlly for our AuHtruliaii Kknlls, Hnim.whia 
better results would here be obtained by following Wneker's in.strnctinn to mid 
60 cm.* for thick-walled skulls (Martin, p. (147— really inuuwlcd it mdy m iipply to 
Leo’s method). Tho results would, hovvover, still bo worse than with llm olliimoid 
method, and moreover Loo's and PeiUHou's formuhie would in that way lose, iheir 
inter-racial character. 

Tablo XI shows the mean individual divergencies, without rcganl pbis or 
minus sign. 

It is seen that tlio ellipsoid formula brings ua on the average from ,6 to fill cm.* 
nearer to the directly observed values. 

' In the additive terwa wo entirely neglect the dccimale, which arc without prociinil iiiiptirtancB. Tlie 
exaot figurea would be 2a2-aB and I02'«a onv\ Wtev the %we«2aa awd liW hud Inssn einploywl omt ol 
the Australian skulls was rojoetod os being dofecllvo, winch explains the alight divergency na regards V . 
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TABLE XL 


Average Individual Divergency^ wiilumt regard to sign. 



Lee 

Ponrfloii 

ElUpRoiil 

formula 

Norwegians ^ 

54 

55 

47 

H ? 

45 

45 

33 

Lapps 

09 

50 

35 

. ? 

40 

40 

35 

Maori i 

28 

41 

23 

? 

42 

42 

37 

Australians cJ 

GO 

85 

32 

» ? 

G5 

(15 

22 


Hero again il is the Australian material that gives the worst results by Leo's 
and Pearson's methods. A deduction of 50 cm,^ renders the figures somewhat moro 
favourable, but they still continue to be worse than by my now method, the average 
divergency being 45 or 63 cm.® for males and 29 cm.® for females os against 
respectively 32 and 22 cm.^ by the ellipsoid formula. 

An investigation of the standard deviation of the divergencies with zero as 
moan has given the following results: 

TABLE XII. 

Standard Deviation of Divergendes from direotly obset'oed Q* 


Baco 

Mti&iard Seed 
Leo 

Mu&tard Seed 
reareon 

MuBlavd Seed 
Ellipaoid 

Norwogiaim 

70*1+ 5-5 

7-2-8+ 5-7 

58*04-4*6 


9 

55*5+ 4*5 

55*5 ± 4*5 

•11 'Ota -3 

Lapps 

<t 

82’r>4' 7-3 

G9‘l± 0*2 

•ld‘3-f30 


9 

. 53*2 ± 5*1 

53*2 ± 5*1 

41'3±3*9 

Maori 


33*H± G‘0 

40'2± a-2 

3i-r)+r.-o 

II 

9 

02'2±n*a 

02*2 ± 11*8 

'1(1'8±8'H 

AuutrMiauH 

75'1±M'7 

94*3 ± IH*5 

37’0±7*-l 

I) 

9 

72*3 ±10*2 

72‘3±10‘2 

2H'0±(J-| 


Now it might naturally he ohjccled against the comparison Iwre made that the 
ellipsoid formula has been applied to a material which had served as basis for the 
establishment of the same formxda As the additive term is the only factor which 
varies, the question to be considered is the influence of that factor, on the comparison. 
There are two circumstances which reduce the weight of the objection. Firstly, the 
fact that our tnatorial includes two such widely divergent races os Lapps and 
Australians, wherefore it is probable that the formula will give correspondingly good 
results also for races which as regards shape, capacity and thickness of skull lie 
between these oxtromes. And, secondly, the objection will nob apply at all to the 
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two groups, fL'iiiiilo Lupps niul fctuiilo Muori, wIuto (!tt* m-nri (igfihfs f.ir ilu- 
Cfipiidties eonipiilfiil by tlio ollipwuji f^ritHik «ro Ji'»t Iu'U'T Omo M)i}.ii/(M| by 
Lee’s anil Pi'iu'hoii’h iiiefclioilH. h is mfrm TiMi XI (k! rvru in {uty'n 
mmge mdmlntd dhwpiDif is mhiml ttilhtMjh tinhj % 
advantagiiH of tlio new inethud cun Imnlly lie dtuiliii-il. )Vli, f«ir i;oii5t*il I huve 
applied it to an euiirdij iww mnleriiiL For lliin piir|(oni' ri ^eriru nf Kvbuij.) ftknlls 
18 males and 23 feiimb, likewise lieloiiging lo the Aiiutoniirjd In‘'*lit)it.e, wus 
selected. On account of tlie peculiar wiuljfe-.NliujHsI tujH'riiig of llio parii’f dm (bis 
material .should provide an especial!)' good iesl. From llie lignri-s ^ivim Im-Ihw ji, 
appears that here also the elii|).suul fimiiiila gives imieh heller rrstiUs ilmii ihe 
other two methods: 

Eskium, 


/V«m w/iiM 

Mutf 


Directly ohserved C ... 

l.Viticiii? 

133.5 cm* 

Leo ... . 1 . ... 

MHO 

1318 „ 

Pearson 

1502 „ 

IHIH , 

Dili]), sold fiiriiiula 

/(t'crajic ((ii'crj/f'iifj/ 

1522 

1330 , 

Leo ... 

75 cm.* 

48 cm.* 

Pearson 

(ill „ 

48 

Ellipsoid formula 

•HI „ 

35 .. 


The standard deviation of the divcrgi!neie.s fwin tin; directly okirvisi eujiaejiifH; 
For males: ^ M>«urd««.i:kJ5'»il2'(i, 

O' Mwildril 8«(!(l; CMfunii f 1 12*8, O’ 5 1*3 8 55, 

For females, o' {[mturiigedi; i,r(t 53 oil Ih a* 'ln'8 jt (I’H. 
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0 


9 103-72^. [f Tiiis value and the results on either side dependent on it are remarkable, and if correct show how little 

dependence can be placed on series of 10 - Ed,J 
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NOTE ON SEOTION VI OF DR K, WAQNEIVS MEMOIR, 

By Karl Peabson. 


1. I fLul it clifTicult to follow tlio l oaHoning of a portion of Dr WagncWa most valuable paper* 
But before I enter into Any critioiBai» it ia needful to roniind the reader of one or Wo poinla wJiich 
all of m are apt to overlook. There aro two typoa of fonnulao rcaiMJctively tended by mo many 
years ago, intraractal and iyUermcial If wo wish to predict a cliavactcr like the capacity of the 
skull which is laborious to measure, oi* it may bo iniposaiblc, from more cattily nseortained lengths, 
such as external diamotoi’s, then wc require to know the most probable value and the standard 
error, which dotonninea the rango of variation about tUia most probable value. The statistical 
method is dofinito— inmudcd wo make certain a8aumptianO'*-iie* wq mcasuro tho depeiidonb 
chara(5ter desired and the indopcndciit characters in aa many indivuludi of tho same race as arc 
available and construct a rogression snrfaccj and theory thou given m thi> probable value niul tho 
standard variation about that value of the cliaracterdosiredin tonus of tlio indopondonb variables* 
On Die iissmupti(»ii that cranial charaetors approximately follow what a voter mod normal distriim- 
tions, tho rcfluUiiig rogresaion anvfaco is planar, and the standard vflriation dopends on the 
imiUiplo correlation coeflicient, Tho voaulb thus obtiiincd cimblcs m to predict from tho given 
sot of indopondont variables tho desired character in any luunbcr of tbfl samo mco with a given 
likelihood of accuracy, Such a construction formula is tonnod an kbuirdcial formula, 

As long as the hyiiothosis of normality is sensibly true, and thomforft our formula linear, tho 
moan of any doaiyed ohavactev iu a number % of mnia of tho aama race will be obtained with 
tho same accuracy by inserting in the formula tho means of tlio Independent vaviablea. 

If wo now tako tho moans of tho cloairod clmractor in a nunibor of racca and the corresponding 
means of tho indopondont characters, bheso means will follow normal distributions, if tlio 
individual characters do; and we construct in tho huiuo maniior a planar regression surface for 
ascertaining tho moan desired charnctor in any now race from the moans of its nulopondont 
variables* Such a regression surfaco is termed an inte^raml fonoula. 

Tho process is perfectly straiglitforward if laborious from both Ihouic^Buroment and computing 
sides, once tho liypothcsitt of normal ditttribution of cranial chnractom iflaccoptcdj and, as theory 
demonstrates, no other planar formula with tho same independmi variables can give ns good, 
much loss bettor, results. The formulae, wbotlior obtained by thothoovjof multiple rogi'cssion or 
by tho method of least squares; aro idoiitical. 

In the al)Ovo manner intraracial roconatruction fonnulaoworo worked out for live races, in 
1901 , by Dr Leo and mysolf^, Wo worked thorn out for variouH coinliinations of tiro Length , 
Breadth atid Height of the skull, including tho product of thcao diainotors. These intraracial 
formulae gave Ly no mcaiiH bad ronnlts and Average formiilao from owrbost material, Bavarian] 
Aino imd Naqa<la, gave ua general formulae for tho two sexes (loc. oit, p243), namely, 

( (} ) •000337XB//+400’01 \ 

($)(?- W100ifl//+20G.GO ) 

for an individ\ial skull of any race whoro G ia tlio capacity hi cubic cent i metros and tho 
diainotcrs are measurod in millimetres. 

L is the maximum (glabellar-occipital) length, B is the maxiiuuift breadth taken on th 
’parkiah^ il the height measured from tho auricular lino ih Frankfort Plane, 

* Z^/it705Oj)/ticai TranjJfldticud Jl. £i. Yol* cxcvi A. pp, 22<)'-264i 
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It m\wt Ito nimejiilximi tlwl (lift mwin i-ititwitv -f a > < ■■ f‘«Ma - an - nlj ?'f’ .l-jisshwi 

approxinintoly fn.m Ukshs f.-ri.mtftt' t'.v in'-riirif; il,- i..«n '4 DUK ?■ jr *1," iialw 

of tlio iiriHliicl (A/iVf) iH not lliP pnil't(,:t «f Hi*- n.mu » aIo-- ■ f /- U 

Now lot UH tom to I'litfir/n ml f-'t-imiU*’ f'Vw >?«'5 f • Mt.»« <.f 

ft largo immltrr ..f Miiffioifiitty (livr.pW! in»*™ t" « K"'* ?T.-nl», «),..-}„»' ,! x 

linoar or loxxhirt formiiln. Tlip iw ..fn I..rg.’ iioinl-'r .-f hy 

obeorveni moy Im tnoHl mii.Wlii'R; lo.t lody nmy sU t« hiiw|>K' !•» rro!,, »■><! ,l.w 

K) iMsrsonftl w|iitttkm imi exiswwtvo, TiK* r.kkr iH’rrtrh io>w.n»iri)»c»a« i )«- •i.«Sr\v }*«.W 

with the {Joniittii, «ti<i ll>« older Kiigti«!i iin«uknr»'oiri«u mils «'(«,«»♦ Jn «!;" >'f li-iiil 

Socioly memoir of 1W)1 Dr «irl 1 nwi.'he»I hy iHo <>f Wt jir»*a w.virra' f«ni»i5ao 

(he. cit. p. i'lT) for male amt fenmte t^nm. Ttio**- am aa foilowa 

(d ) o /> * liniiHm »4 ( . 

( 9 ) C',» L%n* 1 l I- »!«■< K» f ’ 

where fl ie again the mean aiirioiihir height inwi*iim<l i^rj^cniio nUr «-< 5S')«» J'Vanfef •?« I'taoo 


'flKiiie roRolls wore uhl«imwl (wuo lJ(« tnefto rajianlw. ami D?" iomm s-f « ,^r in 

racoft', for thin reaaoii they caiiiiol l«o 'ijtiilir<l lo an jioliviiliial ithoU >•{ aox' m«»» I hry am 

forainlao formenw viihica: cf. wh«l low t»fH'ii naiJ on ji DW. 


I have rcfori'Ml to the diWoully of getUox rAj«o ily Utoiiaum-I in th*'' mh«' w..'Uiivrr l>y ihffemot 
obsorvoin und lo«tutuiuc«i autl awmliogly in a foitnoto l»r l.<»oao<l I gjnesitr n,s5«f>i»J(OiU «iiih 
three doubtful iicriea omitl«t» i o. 


4 3^11*1 . . . 

To my Burjiruio Dr Wagner briaka nji Dr and my j<»nrt w-i.rh, a»«.l 5 w.« «>l« «'f 

formulae, lie Rtlrihute* to Dr Ia» (it) and V« m« <>h> f‘*r nwloa ami th« t!ru*a«l t'f >*’ f.«r frinaW 
It has the apiioarauee of <Mtr having jrt*»viil«l lw« wu ••f a'»>i j«rDy iU<»«nlnt(i 

forwuko ! Why ho eUould aciwridu out a n'aull in n io a y unt moio 'iir <ea uliar Jy »>iy 

fundamoDlftl formula for racinl ai|>at;ili(M I am ]niatir<l in miy ' 

On live Bftino \>ftge (foe. cii. i». 2*l“) nn* given the inlerriukl fnmtuW 

( d ) f> 'OWmwX K /> X /?’ I fiii 1« 1 

{9)£;o-o«)iw)7,x^*/?’w«ia»i j 


whore S' ia tlio moan liciglil of ibo akiill rncaanred from thn Itaaiuu !.« Dm (xonl «f iho eknlf 
verHcall^ above Uio Imajoii wlioii arlanUio<l U) iho Kmnkfnri |4«tM7, 

No^’ tho roftder will notoUiHl nolUior //(a^O// of nur //' wri* Im 

brefftna. 

Ifc would liavo been tliooi'etically nioro muMumMo Im Inko nf A tti« 4\ llio 

Ldnge of tho Jb^arU/urior VcreUimit^unt/^ f<ir i\mi //, // m\\ H H i wMuhf Imvir^ Ivt^r^n iniHniUy 
at right aiigltisnud havo ropr(WOiiU!d a triid phyaicftl ilin w-«thl l-rri^n 

itfl actual volumo. Thm won not hi niir irivK^ligntiMiu^ f4*r Uit? IriiKth i*r»«^i58 UtMi // WA.ii» 

nob provided by moat crauwhigiHU* 'Vlmn Uii(, x^v tiU{\ »^iiU | iA^ i h Hu 

bo looked upon oh tlio vohnnoH of right aliMioly oitibraHiig thd ^ulL U «ro 

moroly arbitrary fnnctioiiH of chamolora uf tho «kull, niul tbofo in m U»tt« 4 tviH^l (i>r 

inuHiplyhig thorn hy x j oa a faolor, on tho lumta of tho volitiimof iiii olh|«f«M)id. *rhr* nikull may 
rescniblo an ollipHoid^ but if flo jt« ciitxicity muat Iki luwuiwi by tbu pmluvl *»f tliw ninlUAlly 
loobaugulap axes, and not by QiianiiticK Iiko LIUJ which aro not nmtiially 

Of CQUrso wo may start from any fnnoUori/of craultd oxtotmal mc ViumU<^ and iU 

fituess will depend on how intonso tho corrolatioii of 0 and / inay Im. That m Um a<du ta*i wf 


On tboso points see bho paper by M. A, Lewoni: and K, Pearson, '^On the oi Intenml 

Capacity froni Cranial Gitoumlotene©8,‘* .diom«trika, Vob iif. pp. 560- ^>117, 160-1, Cl. c^piMally p. 377. 
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wbother ouo/ia or not better than a hocoikU Dealing with iiitmracial data for J5gyptian«, 
Serioa E, Pearson and Iloadley found a correlation of 0 and of *89^9; tliey accordingly 

judged that the product was bettor than (J!;/i//)=P whioh gave n correlation of 

‘8208 only. They did nob go further than providing the intrivracial reconstruction formula for 


Ancient Egyptians*: 

((J) 6'=-‘0004372/"/*M09'r}V±3‘l/\'n (v). 

In tlio same place they gave the external diametral formula 

( (} ) ’0003496P + 220*52+ d4/s/n (vi), 


indicating that the internal diametral formula was about 26 per cent better than the external 
diamotral formula, 

If tho reconstruction formula bo looked upon as then tho ^'besb'* values for k 

and B are to bo found from tlio correlational calculus. Neither A nor B ought to ho “guessed.” 

In 1904 Ijowonz and Pearson t reinvestigated tho. formulae for intraraoial end inton’acml 
reconstruction, as a protest against a " guess ” formula of Dr Boddoo|. Ho had used an /, into 
which ho introduced tho threo circuniforcntial arcs, and tho cephalic index, This ho was of coume 
quite at liberty to do, although tho intraraoial correlation of cephalic index and capacity is 
almost insigniheanb, boiiig about -*15 for dolioliocephaliu and +*10 for brnchyceplmlio races. 
But tho gravamen of our charge against Dr Boddoo was tlmt having choaon his/, instead of finding 
its corrolation with and testing accordingly whether his / was bettor or worse than other 

jMJoplo’s, Im “guessed his A and B, Jle guessed if «0(l) and felt by trial and error lus way to a 
suitable >!§. Now wo foar Dr Wagnor has done aotnotliing of the same nature, IIo has chosen 
his/, but ho has nob sliown tliab his /lias a higher corrolation witli (7 tlian other /^s. Dr Wagnor 

then guesses ^ as ^ coofiiciont of his /, which has no thoorotical justification, fiubstitutos 

the mean values of his variates in liia/, and dotorminoa a B for each of liis four raoos so as to 
satisfy thoir moan capacity ; ho then averages those /f's and provides what ho treats as interracial 
formulae 

( ^ ) •0005230X^ X i (/?!+ /fa) + X 222 om.^ | 

(?) t7-‘000D236i^xi(/fi + /i2)x//rM92cm,«J 

Now this seems almost as difiicult to accept from the mathomabical standpoint as Dr Beddoc’s 
procedure. Wo must not bo misled by tho fact that Dr Wagnor has taken four races, Tlio 
juati float ion or want of it is precisely tho same as if I had taken four skulls of a single race and 
based an intraraoial formula on them by taking 

(1= 0006236/;, X i (Bi +/fa) x 7/,+ /^ 

and choosing // to fib those four skulls! It does not matter that onr author is hero dealing with 
mea 7 i 6 and not individual cranial values. Until tho correlation between lus racial (moan) 6'' and 
his racial (mean) product Pi is ho high that four points will determine ivcouraUdy his straight 
rogi‘ 08 flK)n lino bis formula roinains thoorotically uiyustifiod. Ho has made his A bake iiie same 
valuo not only for both sexes, hut for both typos of formulae intravacial and inteiTacial, for it is 
eloav that ho looks upon 

{?t=,*000623{]/^a+‘222 

* Poarflon and Ilotwlloy; Biometrikat Vol, xxi (10t20), p. 02, 

f “Measnroment of IiHeciml GapftoUy Irom Oi*ftnlalGlvcuinfoi‘enoeB,"Bio»irtri/:a, Yol. iu,pp.806— 397. 

X “Do revaluation do la signiAcation do la capaoild oranionno,^ L^xbithropologie, Tomo xxv. 1908, 
pp. 207 — 294. 

§ It is necdlesa liorc to enter on other orrora of Dr Boddoo; one only is of Importance for our prcBont 
puvpOHo: ho, like Dr Wagnor, did not take care to use tho same oharaotora as wore ohoaon by tho authors 
of tho formula. 
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its an intmimlnl Umnwh for fcho Nf)nvej;liui hUhII; nor uvAh^ Jimw J,- fr.-nt 

tlw Li, Ih awl Ifi fuy an iudivuUwl kIcmU tu a \ymhu i 4, A /A 

<>f runny hUuHh wonlil nul l)« lUn ‘S>llip»wl" i>f wrnu Kv^ni l^r Waj^uor w iaU 

juHtirtcati<rii fnr umng tlio Hlip«oi(liU cnonicirMt, lljn HOo,n,| v^.mi tim^n 

t (?i/+ ^r) fnv Inn axin, for if wo j^iv<‘ nu n\oiil form Oin »*l<nll 1\v nnjn^; n in uitinun 

fudulth and A Ir.W Urcadtii nraror tft nun nnl, f Iwn I, ho « ionl U*r i\w vnintin* will not, tahu 
Iho ollipsnjdal value. All uxprriuru u >tliM\va lliat nmoiKinirioMlnf On* l vary rr^ni 

Hex nC'X luul fio\u vaeo Ui race, halwd, na \ xlmll ?*h*w\ « U‘Uor |>n'<ltrHMii fouinilao llum 
T)r Wagnor gets for Iuh four ratio.s ran at onoa nhtaincHl l*y »’<mnhtrriiig; hoUi in 

Cs=yi/Vhyf itH iinlinowii and datonuim'd l»y Ira**!' or rnrrif‘la^i»*ii,d ninlh«wl«. 

Bxit thoro irt a jaairt whioh nnif^t Im rogardcNl in all lUm' pmla Uon jfv*rmnhw, \K\% 

have Hocn that roughly tlio rhavatlm mrastintl mi I ho HkiiU follow M‘unMl diMnhni j«>n^. 
Accordingly the rcgrcHaion fonmila for foi any rnurtion id 4, //, // wdl U* id uiai^loit 

it by no moaim Miowa that llw n'grmiuu fonnnhv for (** m ^ l'r>«U\vt vriU U* Imrar. 
tlieorotical ihaaonatralion of Uiin Imn an fur Ixuur given \ and ai any ralo in iho i of Iho 
of tlio Uive.o cirouiufowutiul aivs hewen?. uwl IVamui Uavt' aliMwn l»y gra^iUing \\n* |»rmhn-l to tin* 
capacity ibai for a wWo rango of rartJi it is very nnliUrly ib>u linvariiy 

% Let ua look a IHtlo into Iho aviUnnnliu of lh« forwnlar 

Tho actual rosuUof DrWagmjr's diNonjwlon in that hoapphrri f‘*r nialci tho tntmrrO lal h-rmnla 
for Norwogiaiii* aa an iiiturracial fnruiuliti iMunoly • 

6^- 0()05>J304(Xi //rhi.W. 

whore tho hum above tho variaMoa rlonoto racial nicanH^ and 

<d intornal leiigtlia-tho {|ininliily m nwt^l by ItiMdloy Hml 

Pcawn iu 10211 ; 

7?i»iuHxinuim internal brcnuitla agrt^eiiig with HoiMlIey aint lVurfi.>ns nnvmnrr inrnlH * 

J?/=maxinuini externa) frontal bwdlli. 'llda w/m a rbai actor not originally f'>r 

wcftttuvcmeut in the HkniutWc Laboratory, for itn tiwminnlH frinpoMitly fall on vt ry ^ 

HUtuvcH, m that Uwy uvo very doubtful and nvd)jnel Vo largo iHWwund ispwtion, Ur d‘wa 

not atato how ho (loult with much indented antnrea. /A with Ur IViigner is the disJatan from 
hrogma to tho auricular axia Iohs the tbickno^ of tho [KtrioUd Ikuhi* Hiin lalU'r ahonld In* in llm 
dircciion of ihe cxtevmd iufi(t«ur€)U«iU and at rfi$ but nnr author takcii it on thi? uido wall 

of the ijariotui hono^ tlnia aH-sinning that tboi-e iaHurh a general chHn4<!U‘rns the 'Hhickno^rii of llm 
parietal bone.” The Iloadloy-Poarflun ja the iniernal h;u<|oii height, |H‘riK?ndi»:ular to tho 
Fvankfotl VUuo- \Ye will call tUia iff for the Uiuo Wung w\%\\ wo Invvo tlw following vahu'fl^ for 
two raco», tho Norwegian and Kgyptianu of tho VOtb U» 3(ltli l)yna«tiiiH; 


haco 






th’ ' 


Norwogiana 

%yptitinH 

- 

iia-iH j 
noMi 

iao-5i 

ll!4<0:jj 

„ 

iwfto 

l()7'l>7§ 

start, niftO’flifi 

la-irttri 

laa-M 

)S7.H7 

iaM-rt5 

airti,ii(fta‘i7.’( 


^ I am not overlooking tUa (act that 11 vftTinVlenu from the mm\ bo HUbslUulod lor L, il and i/, \)wn 
LbH m\ bo expanded ns a linear fnncUon to a/rit approximation; but in Uiia caio m might m well 
start wifcli a linear function and accordingly discard any of the advainages ruiukuwhI lo arl^ from the ut^o 
of the product finiction, 

t See Biom^tnka^ "VoL in. 1004 , p. SB 7 , 

t 

§ ==Bregma auricular height ~ parietal tblckneass: 118*43 - 5 * 46 =« 107 '»i 7 . 
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Now lot \m apply to tlicno products tlio iiitoiTucial male formula (vii) of Wagnor (intraracial for 
the Norvvcgiuim) and tho intraracial farninluof Pearson and floadloy for tho Egyptians. Wo have: 



Norwegiana 

lilgyptian^ 

Wagner 

Pearson Jlcatllcy 

5 § 

j 

! 1 

1417(~«23) 
1438 (- 2) 

Observed 

145C 

1440 


TUc.4e rGHiUts suggest tlirco points^ namely that: 

(i) Thoro would not appoar to bo any advantage obtaiimblo by introducing /?/, a measure 
undoubtedly dilTioult to cloiorniino accurately and destroying tho liypothesia that wo aro taking 
internal moasnrcnioiits. 

(ii) There is no special advantage in using tho ollipsoidal coofiiciont *0005230, 

(iii) Wo are us likely to get as good a result froiu tho Pearson -IToadlcy form of product P/ 
as from Dr Wagner’s 

Wo will accoi'dingly discard tho unsatisfactory /jy, and tho still more unsatisfactory with 
its moasuroment to tho bregma and its in adequate bregmatic tbicknosH, and see whether tho 
Poarsoipltomlloy /V does or does not give as good results for an intorraolal formula *Ui Wagner’s 
formula, Ho bad tho advatitago of menHuring t\io brain -box intornaWy for ftve races in both Boxes, 
using in all 101 male and 182 fornalo skulls. All his series wore short, sonio of tliom terribly 
short, in six of tho ton casos uiulor 25 cranial Wo took tho largest series in tho Biometric 
Laboratory, 729 malo adult crania, bocauao our purpose was to test liow far internal rnoAsu reman ts 
gave a botbu* result tlian oxtornal moiisuronionta, freeing ourselves os far as possiblo from tho 
errors of nmdoin sunipling. And we found they did^--an improvomont resulted of about 26 Vo* 
Now Dr WagnoPs groat merit is to have increased our supply of data by measuring internally 
five races lo which m m\ add a mxth, o\u Egyptians series. I have not tho holtlnobs to suggest 
an intovracial formula based on four, or oven six raooa, but I do wish to show that a formula 
better fitting tboao six racoj? can bo huipd by tho usual processes of statistical theory^ than by 
“guessing” A and thon averaging if. Boforo doing so I slimdd like to point out that for racial 
comparisons, us fur ns cranial capacity is concerned, but little sti^oss can bo laid on racial ofitimatos 
of oapflcity which difTcr from tlio observed by 25 to 60 cm.® Thus consider four of Dr Wagner’s 
alien' ter series and comparo tho in with previously dotonninccl capacities for longer series : 


l)r Wag nor ’h Series 


Provioiifl Values 

Ca])aeity 

Bir>o of 
Sainplo 

Buco 

OapacUy 

If 

141 S 

10 

ilaori 

1470 

43 

1278 

13 

Australians 

1205 

134 

1520 

18 

Eskimos 

1650 

34 

1473 

03 

Lapps 

1522 

00 


(Keforonces ai’o given on p. 143.) 

It is obviou.H from these results that even if Dr Wagner’s interracial ftu’muia gave exactly iii 
these four races his observed capacities, tlioso capacities would not agree within 58, 18, 33, and 
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Note on Section VI of Dr K. Wugner'H Memoir 


49cni.^ with the vulues ohlained frotii Tliiw umy <lu(’ t<» ihn 

samples, to aiftbreiices in Unjhiiitpie, or to tho h>i;U vavi's; hut , vlv^irly, ms inl<‘rrat'i.Al 

prediction forinuluo coiiiiiii; within tlO cm,* In nOnn** of ouvl» oilier imiy ea'^ily if 

wo uro detorminiiig a “meijil'’ cliaraefer, not seekiti]^ a Hliort cut fiml llo? locaii rap^odly of 
a fiorica of crania. 

1 propo.sfi now to tioiiKider ii» tim lirst placo three pnsliidioii forinulao for rranial ca|v/tciUrH on 
the haais of tlm hIx races for which interiml enuiiid meuHiirciinjnts have lH*en taken, namely r 

{a) Dr Wrtgner^H fornuda. 

(b) Tho "best” formula that ‘smld boohtaimHl from Dr Wagiior’a claU, by the um)! of eorrela- 
tional theory. 

(c) Tho rciirsonJIondley form of pr^Klucl, using all the available daf^u 

Wg need the following values: 


Race 

h 



i'i 


»/ 

i'i 

NorweginuH 


vmd 

1(17410 

o;)fi,3(K)3Mi|7 

Kumri 

l'27nT 

*d!(:M'.7l*(Xi7 

LappH 

108 -(ts 


IOH’71 


l4(bo:» 

I2I-HH 


Maori 

m-i!i 

121 '78 

10J)‘1U 

'J37,ft(X«l-lfi.' 

101*31 

i:v(*n 

t:ji:i,5»iti7*!Mx» 

AuHtmliuuH 

I03'77 

ii7-:n 

lOOMO 

“IH.fai 1*177 

l2a‘:iH 

l*.'H*T7 


EakimoH 

l7(iTi3 

1224F1 

114412 

2i«,'ii!!i<i*dr.r. 


laa-iil 

.*Vm,tMUC71l 

EgypUaust R 


i2Dba* 

J 


22H,2.ira)*.Mfi 

IU2*M 

l*2s*Wt i 

i 

u'a»,uir.u-i7fi 


From tiioHO wo obtain for {b) by tho inoiliml of correhUlmij 

Cc^mWll m Prh 1 Wl Ki ib\ 

and for (c) by tho same method, 

CV-‘O0(l&U957ft2 /V -niUHn <r), 

while {(() hi as boforo> 

0^ ‘0005‘i:j0 /\+ 222 cm.* {«). 


From Iheae formiilao roaults tho following taljo: 


Baco 

Observed 

OftpacUy 

Norwcglaim ... 

1466 

Lapi)s 

1473 

Maori 

1418 

AustraliauH ... 

1278 

Enkimott 

1620 

EgypLiann E 

1440 

Moan Hoot Sq\inro Koaidnal 


Wagncr*« 

(«) 


M54{-. 2) 
M09(^ 4) 
MM(- 4) 
12h;J (4*1^1) 
1622 (- 4) 
M17(-5i3) 


r. 

I’CAn^oii'fl 7 V 

Formula (4) 

Forum In (r) 

M(«)(+ I) 

1150 f> . (1> 

M7ft(q- 

1162(^^21) 

M17(~ 1) 

Mlll<.h31) 

12M7(.(- l») 

1270 1) 

1532 (.(• 0) 

1527 ( I- 1) 

M8(>(-2II) 

M33(-. 7) 

0*17 

15*75 

. 

. 


Equation (6) allows that using Wagnar’a value foi* Um ellijwndal coc-nioidnt .Iwia tint givo 
the best values, nor docs W'agnoi-’s value of tho constant term. W« iniiintvo tliu root iiiwjii wintiro 
residual by about O-d per cent, by using a correct slatisUcnl procedure. \Yo sco fu rlher «« a mull 
of the above table that tho Pearson-IIoadloy P<' gives a worso i-csult then Dr Wagner’s, -,nt least 
wheu we deal with the above six races. This is a misfortmm, for its Z„ 1), ami ID are «<> much 

* Bf for these Egyptiftna =116*82 mm. 
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Ofwior (►f t!mu Inith //y«ii(l and tlio complicated and theoretically very 

donbtful l/i. Ihit it in cIcmv that UHiiig tho iiitonml vertical hiwion lioight //*, ho cosy to dotcr- 
mine, dc>c« not provitln a formula ho gootl, judged l»y the Hfpiaro root mean nquaie rcnidual, as 
Dr Wagnev'H. Tlioro urn imiatH to he noted liowovor in the formula (c). It gives the Ingliost and 
lowest race eapncitiea excMillently, ftir botU^r than (a) or (/i); it fails i>ceuliar]y with the Maori 
capacity, hut Uqa'C it \uuHt be imU^l that Dr Waguev's mciw^uvo of capacity is much below that of 
Hcott, indriHl by alimmt bOriih^ I defer a eloner diHcussion of this point till wo turn to external 
dianictml product formubu^. Mwinwhilo 1 will try bi reacli a f«)rinula bettor tlian Dr Wngnoi’^s In 
which nil the q\iaiitiLies to Ixi iiieiujmcd can be tibkiiiusd in a fairly simple manner, and which 
avoids his i/^and //,, 

We have seen mo far that the vortical IrauMion height, while not bad for a component of an inter- 
racial formvik, is not an go<Kl iih Dr Wnguiu'^H /A. Lot u« «do what tlio vertical opiathion height 
will lead us to. 

The Uddo of ucedful inoaauremoiits is tlio following: 


Hnco 

'■i 


11," 

V," 

Piodictcd 

Vshio 

Poviaiion 
from ObBcrvcd 

Norwegian M ... 


LlPOfi 

ltli)'28 

20H,f>(iOIPU(M 

1470T) 

+ 20 

Lapps 

umiir* 

IKHlfi 

liiVdiO 

3(X), 31 17*300 

1485 

+ 12 

Maori 

17D1>I 

131*31 

12D2SI 

27D,-123(P212 

13H3 

-35 

AuHtraliaim ... 

in:i-77 

l‘23*3H 

ItlD'OH 

2W),«1H3*071 

1201 

+ 13 

h^kimoH 

mm 

)3(r7I) 

131 -31) 

303,3317*507 

UKK) 

-•20 

Egyptians H... 

17011 

13ii*l4 

iiiOdjn 

204,2 101*070 

1455 

+ 15 


Obtaining the formula by the metluHi of least K<|uaroH, we have: 

(viii). 

SiibHtiluting the prmlncts lY ie the forinnla, wo <ibtain the prcdictiona given in tlio sixth 
column of the above lahlo, wliioh provide tlio deviations from tho obsorvc^l values given in the 
sovonth column. These have a root moan square rc'aidual of 21‘7ricm.*, not a very aorious 
rauUing error wlion we think of tho amounls by which one sample of a race difibra from a second, 
hut worno than tho formula which usoh tho vertical basioii height, and very considerably worse 
than tho “boHl'* formula ii»ing WngnoFs l\. At first sight it would appear as if nothing hod been 
obtained hy investigating tlio rosulls of using llio vertical Imsion and vortical opisfchion internal 
heights. Hut a careful oxaininiition of tho two sots of doviatiouH shows t)mt if we use formula (c) 
in round numlM^m seven times and formula (viii) five times, i.o. weight tlmm with /j and re- 
spectively, the huge davialioim will all he reduced tn iimigiiMicant propurtions. Wo reach by this 
lirouedure the formula : 

<7«^( 0dn:j(H)31H77 /y/H- OOOSOKMSIO 70 li iJ<-30*503 (ix). 

Wo have then tiiu Aillowing rasiilts: 


lUCG 

PvGi\iet<Kl YftUio 

Doviatlon from ObHorvcil 

Nonvcgiaiis ... 
Lapps ... 

Mmiri 

Austmlians ... 
Eskimos 
Egyptians E... 

1401 

1400 

1421 

1231 

1510 

1442 

+ 5-) 

— 7 

, A Root Moan 

^ L ^ Squam Uoaiclual 

ZiO 

+ 
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Note on Srdion VI of Dr K. Wu(fm r\^ Mimoir 

For pniotical piirinw it in fuloquatc (n \\w* 

r * ll} ^ -.;v» vr>^^ 

KHHI 

^vhcro Hi ftu<\ l/|" aro. tUu uuuiu iuU'rnal vTilbU < fr**Jn r» + Hvi ly, 

ii iii Uio incflii of half (hr mnu of tin; Iwm iMaxiiioiMi in^^ rnal ^ >h“ jh ixmihiih 

iutonial iircadtlu 

Fonmilft will pvo^liot/or wa thr rratiial r \\^:wh\ with a nr mi -nlmil 

half that of m\ ulnmi of lUai »vf \\w ‘*U «l’ (•nuxwh av tnUhV* whi u 

WagnoFs oxprcHsirm for tho imHliict. Aro wi? (Iirii (o my fh^a wo li'uo »»P».oin* d a ^.ii^^UvU^ry 
tnfcrraotfli fornuiUf IVmuuiUy^ I hIiuuM nay ium.hi diK'idHlly iimI V**i» i -iioo<l f^j m a ,»»?»( r'^rM n»ry 
interracial formula on tho himn ofjtjx any tlmii an inirjirari.i! f. rjoohM'H 
GVQU if tUoy uro winuly (UtitrihiUril. Thrir in only onu l^nn hy^ i'plniho ( Ir* h> ni\ hiiiixl, 
and no proper ropreaentation of A4 |h, Kurojn?, Ainrriva or Afrir i. AnoHoT fn^up of imx npiiJo 
didbrent racca would pruhahly give an entirrlv ditlerml rqiiatiioi. 'Him nt n |'rd<h‘iM v\hi» h 
I would urge Ur Wagner lo Uirkle; he wtnild at leiH iinn^iM’ our dula f-a ndvnod wanial 
compariaonti, 

Poarnon and Iloadley ii*’mhuxtru(rtl for the hrM lime that (he iiin'riml dnuia O d pr*“'i>e i did 
give a higher eomilatiou with eiMiiial eapiu ity ilmii (he ext^ nod, and Ho’V ino Hho aneoini 

of the difl’oi‘eiute oji their hvvm of FgyplmirM, ’Ur Wagner Ima led work^^d out fln'^ d?rh'r<*ie»‘ f«ir 
any of hia riv6 aerian, Imt he Ima conlrihul“d U* onr nialfTial fru' inp rn d im* iMiren(»Md. 1 hij^t e* 
a vahmhlft atop in tlui rigid direetlon, hut till tli« daU are inmda^ji'^l U% nf^dd mm » «ni*«!dor 
ably longer Horicn tlian Himie lie low UKod, wo ought not to eetnUmt tMidiiiK*, *ddl h ik ‘-f, an 
interracial forinuK Indcwi, before oven thin in atterupUHl, thenMmght to le* f^omio ^nindardowfooi 
of inatnimonfc n«od for inlornal uieoauroiunult and further a wUndiihlij^aUtMi of hnnpMi in 
inooHuremont, eapccially that of tho eapaelty. f nni iuehiifnl i** tinnk, for exaiMjd**, that 
Pr Wagner ia getting on lii« eorhm lower ea|»aeilieM than other < r « ivoidd do tu i^ing 

apparently the Haino mrlhod, AVhal in more, I dii net Indtevo nmny sei^ pl 

hib procoHb of doduoiug tho iiiteriml ‘*eard)rcgina*’ lr*igh( //, by tiio?, frMio lb*' rxtenial 

^'uar-bregma” height, a quaniity be lerinn dm 'HbjchneK?it»f iheiwirndal U»ue;’ whi*h \w not 
meaauro at tlto bregma. Kven if bo dui measure it at the bn-gnm, it ilrn^^ M*»t lf*»lbfw that (be 
external “cardwegma'^ Uuo ouu tl\o orjUMul vault at tight anglr^^* \U\ jud U’^e of the. 
quantibyho lormn the glabellar thieknoHa of the fmnul Uuie, l»tit I ani ira liUHl totbiiik dial hi^ 
proGosa dooH not meanuvo UiIh tUUskn(*Ha» 1 hold, however, Umt ^Uiel^rdiMtiMU of m* <tKurvnwniU 
i» essential hofore move work is done, and Hint mont probably tbe />,, //, and //*\ /// (oil 
moasured by Dr Wugnor^ but tlie latter two not nwdj will l*n eaeier Ut a»,‘i‘nr.4b jy di b'rMine\Hiid 
give better roHults limn uaiiig /fy uud //< fw finally ndoplmt )»y bint. 

3. Lastly, 1 should like to my a few words on Ur Lh‘'h nnd my extermd dianio(r.d pr*Nbh t 
prcdiofcion formulae. They give m closely a« it ia poMiibln to give a pn db iinu ft»rtmdo widi die 
IjBII product /or the tace^ on which they urr hami TUm (it) give wad meun h^unm n'^tithird?! 
wSO’lOcnn® and 3002 cm A and (iii) 22*17 cm.* iind 3502 cm;'* rt'a|KHdtvely. 

Tho same formulae applied to Ur Wngurr’a (Ivn u\m give: 

(ii) 4102 cm,* and 33'OU cm,*, on againut U‘ii\ cm * and nf» hi cm,* i 

(iii) 4U70 cm.* aud 33*09 cm.* m agaiiiHt 22*17 cm,* and 33 ti2 cm.* 

* Tho six skulls havo an advantage over the six mcos. With caution their mca'iuremcut^ may Inf 
aconratoly made, and tho prediction Comudft (oilews by the wmvA ftUvlUdcnl ptoeeilutt?. Uni widi racial 
means a new factor enters into the problem, namely the siaio of tlie samplcH of each nice, and lids will 
affect the A and B constants of the prediction formulae, oven if the Individual cmiua of ifo^h race he 
measured with oxtroine aecuvacy, 
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Wljilo fonidlp nuau rosidiudn linvoRutiiHlly boon dciJi'oaHiid the niftlo root moan 

M[iian‘. m>idua^ rn wi* Mmuld Ijiivu ooimuit'iMlrly inoimsisd, \vlnsn wo apply the 

r<»niiniHo Oi'i ‘Intii for rari‘^ on whitdi (hoy wore iirtl, roiuputoil. Hut aupposiug our formiiko 
\vi‘ro t'onvctly ap]i)ii*d| wmilil a prodioHoii with a ruat moan aqiiavu rosidual of dloiii.^ ho 
vfihiolo^'a^ la i( w»»r(h our whilo rrally chiving at a r«Mit moan Mptaro ronulual ofO or oven 
I doiiht ill if twn nhMTVor^i tavnig (o ilillhrrtiro of trchitiqnoi to varying hwj t»f «anipIo, or to tho 
I'lfrot of loral i ivt^, may dillrr hy to in Utrir iljroct moaMUTH of oapuoity! 

Thna far \ Imvo avtuinrd Limt Ih* ^Vagiirr applied our foruiulao corrootly; hut lio low not 
dimoao. Hu has rqilarud nur (ho hhntkfitrtr.r VerMiiiidU/mig hy what ho torms tho 

“ oar-hn gnia’' dintanro. Ho (Imps irit Maiu how ho iiioasurCH thin or how ho found hia poriiu Bub 
aHsiiniiiig Hiomi to Im* dolvnuhiiHl hy tho hkull on tho (jmidophor, om* O/f in not liia ^^oar-lnognia^* 
height, HH ho aup|K*^i('H. U may in anruo i\m’M 1 m 5 as mnoh us Si-li nun. greater (o.g. in tho Muon 
ortho Tihrlan sknllA m* Ihoro may Ikj praotirally o<iualiiy us in tho ouhc of ihu typo Kngliah 
skull. !talldo[auidsmi tlioslopi'iiffliorratikl roof from apox tolm\gma. I*— 3 millitnetros may not 
iippoar ninth rogardoil in itself, hut it moiHlios most mmsihly P tho product. For ( 3 xamplo, taking 
tlio IpippH, if iho (>// oxrissi h} o-rp miiK tins rar-hrogma dintanco in nialoH, tlion formula (ii) would 
pmliet tho viilim IddhinMlradof I lllhaiul Ih* in error -7 iuHload of -hhwliilo if tho fonialo Oil 
oxeeodrtl hy O H mm. Lhu onr-hrrgma diHUimo, tho predirttid cupacily would liavo l)C(*n 1301 
Injilead t*f lilhl, showing no rrror insUmd of -7. 1 lay no strcHs on thoso ilhmlrationH; I only 
intvml to indiralu (hat Hiu urfual 0// rarinot ho immsurod hy tho '‘ciir*hrcgina'' height; tho 
diiroronro driHuids lui how Hio. api‘x»hrogiim atri’toii of tho crown ulopoH mid how near togothor tho 
a}H*x and hrognm aro Hituated, Wo cannot tlionhiro apply logitirnaUdy foruiulao (ii) and (iii), 
using tho 'h*ar-hn‘gnia" diafanm Wo can only wlmt an oxtornal dimuetral formula will 
aoliiov'o hy working one out for WagnoFs data. 1 have w'orked out tlio host male prod lotion 
fonnuhw for Hm aW>ve alx ruros, when wo lake as nur pnalnols of oxicrnul mciwuroiuttuhi 

and 

whom OW is nob our vortical height O/I, hut tho "rar-hregma” dinlanco, and W ia not out 
vortical hasimi hoiglit /A hut thu iHudon hregina diutaiioo. All thcHC oxtornal churacterfl aro 
pruviiiod hy ^^kgiior for his «orioa. 

We form tho follosving lahlo: 
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If 

NonsoginiiH i.« 

lH7’fO 



302,rt52ri-.iori 

132-Bl 

3rvl|5313-723 

haipps 

nil- 17 

m*m 
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2O(J,0l)S)0’7aO 

12ik05 

.m,7fil 0-103 

Mmiri 

IHII-Hl 

1 

IKkOO 

yi)H,i)30U-r»sj7 

130-03 

U01,0228'']7() 

AuHtvaiiuns ... 

IHAliO 

i:H)*77 


'.J7a,00iH)*r)r)3 

105*02 

32r>,H02l'r)0& 

Bskiiii‘*H 


137 

j \\ym 

313,2101-5 

130 ’Of) 

3nil,lWll)'f>71 

KgyidimiH K... 

iHr.-u:) 

130-1(1 

IH2M3 

200,2757*030 

133*51 

31‘l,70()B'fl’li) 


Now l>flfore going furilior wo imlu: 

(i) Thill Iho r.nii|» /V" tiiul /V' AH> til'"* ‘’'0 Norwegimis, Aucordingly, llio 

pmUiitol oapauity will imiviliibly Iju Usmi Air lli« I.<ippH Hinii for tho NorwugiaiiB} Iho observed 
caiiiieity f(>r the foniiiT is greater Ihaii for tho hitter. 

(ii) The Maori /’/" and iV' or® grontor than thoso for the Lapiia. Accordingly, the prodioted 
cupiicitiesfir the Maori will Ito groalor than for tho Lapiw i tho observed capacity for tho former 
is cou.sidorably \<m thar^ for tho latter. 

(iii) Tlio Egyjitian E /V" a'wi A*’ ore loss than those for tho Maori, but the olaorvod 
cajvaolty of tho latter in lose than for tho ligyptiana 
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ThofiG rcaultrt iudicato that tho prodietirm hmn\ m Pr win n*a vf^ry 

BaUftfactory in roptoducing tho cAiwiciltoa wild to Ui i^bncrvcKK I ohl^iinnl rojlMwinf* prt^lirliMn 

formnWuBvng: 

0//\ tho *‘car'ljrogina“ longli»i 


("( « •0(X)r)7022l 71 IT - 27S ri 1 1 

^*1; 

H\ Iho bdaton-bicgiiift Iciiylli, 


tV"^ 00(W5l15I303l* /',-3»»-2UI 



Wq Imvo the follovvitig ro«ulU for malort; 


HacQ 

Formula (x) 

Dcvinikin 

KerinnU Ixi} 


Nnrwegim ... 

1-171 

V15 

\m 


Lapps 

1437 

-:i(j 

1341 


Maori 

1450 


1157 


AvveUalkm ... 

\\m 

Vlt 

\m 

4 \i 

Fskimos 

1532 

4' « 

1321 

%» 

' ip‘ 

Fgypilaim K... 

um 

•-40 

hm j 
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Uoot Mean Sfiimro Hcsidual 

27'HH 

1 W.U tidf, 

•IsflHl 


From thi« table wo m\ draw two ponoluHhmrt: 

(1) li conftrmo T)r Wagnor'a alatomont Umt it ia iniUor \>ms a pmUt^ii»>u funned a on ihn 
aurioular height rathor than ou tho baaion height 

(ii) That the largo vaIucb oi)tainod by applying the lVarwni*l#oe fiinnnlai^ fr^in Um 

error of using for OP) avlHOS in largo f«irt (Voiii applying ihoin Ut a aet t»f onUndy diltorttnt 
races from those on which they are boaoih If w’C Uiko the IhjmI nidter'ml for oxtortml inei<**»nmnent 
available In tho data, navnoly, JS, ]J, and fflT\ we have a wean minare re»idnal o( H7 HK, 
a value <mj good aa those obtained by applying im (ii) and (iii) let the data ou wbinh ihry werti 
baaed, and fur bettor than applying our (ii) and (iii) to Waguer^a ilaU. In oihvr wonli^, it ia not 
legitimate to compare tho relailvo offlcuioy of two formnke by applying one Ui the maUrial m 
which it is Imacd and tho other to material totally difibnmt rn)ttt that on which it ia 

I am far from aoBertiiig that wo cannot get a iH^tter external formula than muo with a UK^l 
moan square residual of 20, and that wo ought to use my intercial prinluct formula with a 
of 6, or even Dr Wagner’s with a residual of iilxmfc 12. Thom are many indui^ Ui Ixj 
about tho data on which either ty\\o of formula m VtmA. We cannot make <5ou\j%rtn»tt04a on 
intmial mcaHuromonts, for they only oxiat at present fur «ix onrlcs, but we can do «a un exU^riml 
raoasuromonts. I have collootod some to place Ixwido Dr Wugnnr*« daU, 

The table (p. 140) appoara very instruolivo. Wo see that (lifTemut rec^^rtlera give diaUuetly 
diflbmnt values for approximately tho same raoiiil group* TIiuh, Uiko tlm K^kitnu ghnip; Kllr«t 
and Hausen are dealing with a series which has iiumn diiunoVers undouhiiylly anmlUir than 
Wagner's series. The relative P<'s would suggest a skull with 124 cm.* loss uniwmity than that 
of Wagtver’B scries, yet their mean capacity ia grmtorj it might l>e anUm]MkUMl Ui l>e 
much less. Again, consider Hrdli3ka’« series of Qroonland ICakimo; his isorloa, aUn^^t double 
that of Wagner's in number, suggests crania considerably smaller than those of Wagner, and the 
prediotiou formula suggests an average capacity 20 cm.® less than Woguor's, but HrdUcka 
found ft capacity 32 cm.® greatef. 

Next turn to the Maori. Scott's series, more than double that of Wagner, »uggc«Uj ft smaller 
capaoity by 20 cm,® than WagnoFs, yet his obsorvotl capacity is 68 cm.* tlian Wflgimr's ! 
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338 , 781 Dn 03 

1301 

... 

I'KIA 
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1370 
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ais.ofior.-Bfio 
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I 3 I )'77 

135*02 

323 , 882 ] •fiOfi 

1325 
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im 

IHf)*! 
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133*3 
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1314 
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342 , 8030'796 

1412 


1418 
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137'88 

130*03 

3 ril, 022 B ’479 

1457 

... 

M 70 

I 8 rr 5 

MO'l 

137*0 

357 , 8024-480 

1480 


\m 

100*44 i 

137 ' 5 () 

139*30 

305 , 1580*571 

1624 
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301 , 1508*525 
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340 , 0480*272 
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Oonsidorhig Iho AnKtralmiia, iMoraiit'a goiioral ««rio,s HiiggoslH hy ila diaitifttera a HoricH of crania 
Jargor than Wagtior'H, niul tlila in IjiiaiMi not on 13 imfc 14(i Hkull«, bub llio pbaorved 

w^mcitioH inily diffor Uy 17 cin.^. Tlio Qiiooiniland mid Wagiiei'n HorioH of about Uio narao sizo 
ttiiggoiit Hint tlio foniiur fnllw Hlinii of iho latter by 11 Imb Uio oliHorvod cftpaoibioa didbr in 
ilui iuvomo W4iy hy U! oiu A I'liia again Huggonta^ it d(uw not of court^o pvitvo, that Waguor^a value 
ia too HI nail, 

rjanlly, turning Ui Ihn liapji data, we noto tliab Hohroinor'a and Wnguni’a, nltliough dillbring 
much ill prtKliolod ami nbaervod valuca, give very olono diffcrcjicca of obHorved and of predicted 
vahioft, H oin.’> and 15oiii.^. TIiih in m it ahould l»o, If Wagnnr in n luoinbor of Soliroinor'fl hcIiooI. 
Hut if wo turn to UlillHtoidaiaaJwnreiiicntH, tlio lnttor*B crania are larger for alUliamotor«j and give 
ft predicted value excooiling Wogner’a by iJ(J cin,^, yet tlio aotnally observed valuoa nroauoli that 
IlnllHton’H oxcckkI Wagner’a by 4i)cnl,^ 

AfidUniing, m I Udnk we may, Hint the inoaHurod iliainetorn will nob tiidbr largely by 
cliOerencoa of |H.'rHoHnl ccjuatioa in lucaanioineiibs, the above loaultu do appear to indicate that 
Dr Wftgner'a loi:biiif[iio in dotor mining oaiwmity givea rwinlta fulling yliort of tlmb of other 
obflorvcrai pf»wibly, though I cannot prove it, tlmy pocked tigliter. Bub whut I do want to 
otnplnuimu Ik HiIb, that until wo huvofthiiuitmlimitionin luonBuroment of oapaoitioa, until we have 
ftucb largo Horioa that twm of randimi Hotnjding ore negligible, and until wo Imvo bucli careful 
flpociflcalion of the aoiircc of cmnial aorica that wo can (lofino lociil raooa, VAvioua oimorvera will 
give for the muiio ^^rauo” erjinlftl capacitiim diflbring by any uniouiib up to 30 cm.^. In view of thm, 
rofinod prodictitiii foriinilao whicli provide aOcin.^ root mcftii square roHkUiul aro ucarccly to be 
jutiferml to rougher furimdfto with 20 lu JK)ciri,^ mot mean wpuvro rcaidualfl, In other woide, 
till the Ihrco condithum luonUoiiod abovo ftromtifincx], I Ain btill of tlie opinion that wbilo internal 
meaaurcineiiU of tlio akull may load ua to interonlliig rcnnlU m to tho Bm churactora of tho 
brain, their value as loading to crAnial capacity prediction ia Imrdly worth tho incroABcd labour 

* Memoir In lids lasuo. 

t ^nr Osieologk dir happen, Bd, ii, B. C8. ;Sfamr«enb>iciid<iXtd(»r/orjftnfn(/, Oflb, 1981. 

t Htillston: Matfirlaux pour scrvlr ^ la oonimlesanoa (lea orAnes tics pouplea Finnois. Bidrag till 
Kftnnedoin a£ Finlanda l?atiit och Folk Veiendkapt-SoeicUlin* 

g BiomHrika, Vol, xit. pp. 421, 420. 

il BiomHrika, Vol. xi. p. 28. 

M Annalnof Kit^cnia, Vol. i. pp. 261, 268. 
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of thoir dotcrniiimlion. OvorlniiVmg fora im-nunl ih' Mf iliit* uuu nf 

may noto tlmt tlio sUiidanl em»r fnr<'ai»miJy *»f s\ '‘f u iil ► m »'f j *>mv i 

of IQ, 2Bom,^; of a ttoHoj*of IM, ; ofn hoHm * ivm^, ^ i^I« 

OTid further tUtevon ^/.j^rrivUn* i\m\ iu «.r f vaW Mt ‘ ur m \[\ in 

Wt, of t^mido,sof Hiy.m WimU 1 >i lii-v t-.t u 

0 cm 3 rOMidual error on tijo ohtyml winull w(un[»lo'i to pt u r-o iol rur.*o t 

our Bami»ljing doviatioiiB alono «ro of tlio almvo fird^rl 


Om (iwiUr point I would iiko to iiud Hioidhy fuiMid io i\u* 

case of 720 male Kgyptian emnU thn iiiieriml l('Hf;itli of tlio rii^lil flsfm tloit 

of tho loft liumiHiihoi’o. TIuh wiw no t’l tho Nfrth iooiiii tif ‘‘ irli* r 

notably Brocn, who bad anHorted that the !««*a|i>t/Uioii ujf MU tinn iiu|mr? »iii M'jdU'K fionid ni llio 
luft bouu«pbcYo Uh\ to or \rad u Uo* lb’ 

iiivoHtigatod tluMjHuat by direct in(ia.^un‘i(ioiiM mi tlo‘ feudal and |*.mo!>il wmh r *‘f 

rnCOs, IIi^*concln*iitOia for8H7 K^yptitUi nude riiUiifi Moovod larger ioi tbo 

right frouUd aiul parietal lumoH* Thin ovidnn'M IH* Waeio r (mt In ^ |». M*J,’ ^ ^ -no wjird 

lighfc'hcartfidly. Wo may add that Dr Wmi Iia.*< found in ilo' fbllowimj; Kjiijlidi 

(n) AunlraVuvu (10^^), (n\) Hm\t\irru OWuu-'^'^ <ivii Vunyda^ (V5 Km \\\v\ >vi\ 
j^ogrocs (ijU), and (vii) Nigeriuh Nr|»nirH (jri\ for ihv tliiv.* opbryMti to 

atopanion, {h) minimum arc bnigiim to aaieriou, M iMniiiuiim an ^jdirntou <h tutiKia h?i)i v.n imin 
dogl'cea ot diflhvcuco pratHUulerauce in the »d/.o of itu? front il and jurn m! )-.fno'» It m 
ticedlcHW to ronvirk that thoHtwmi Umdialiicta in >Ylimli ||ir m turri iitr<v<,jir .init^'d to K* h<i ,di'»‘'d 
on Ibft k/t vsuln and m Vo gWe illln pmVnnlnanve, ‘Vbin p^sVnudvanvoMf Dv W igu'T 

telk tte cotifirmctl by certain other invt'wtigatiniih whiidi lloadley ami IN uw^mdo m*t im utnui 
in thoir Hurvoy of tho litoraturo” Ho limn reforH iopaiHtsby llhlli'ka (imCMud Dt.joodly HlUtiJ/. 
Tluj forinci might havo boon refoi'ccal to had wu known of it» hut Imnlly iito Ixittor, our waa 
published three yours btiforo {Juiiriolly'H ! In imiilui* of thr^* jm|wi in the prin tsinre r\ o ily rnin. 
pMftrbk with tho inoaav\r6nmnt« Uvknn l^y lluinUny and IVaman Uv Wugisev, or \>r .iud Uv 
numbers Connolly’s Horios aro not ooinparaldo with thoMi of lloadh'y uml INcu^^itn. The » ^utra 
dictions are so great that ono ia ahriuHt uum|K‘ihMl idthim to Udiovo (lint inhIIv rm 

predomiuance of oitimr houUHphcvc, or to auwpt thu impawaiWo, mvnudy tluvt Muue invo^ligatorM, 
when ibo skulls aro in noma bmilts with tlm fronlnl, or it tnay Urn ««Yi)nlab on tin n* n^dib 
have wrongly designated tUciv moivanremeuhs, miaViiWng right for i»di or l o-- ivr 4 <il 

Finally with regard to the ineaBUtoumnU \m\is by Dr WagniT mi tho t ronial •'onUmm 
publklied in this Journal and discuwiod by him an pp« 1 Kl -4 Ul ai«uo, il y\ ♦tulv fair Dr Wtni 
to remark tlmt a similar investigation on tlm nam uuntinira wns nmdo two yiMr« nipi by Dr Wm 
himself and will bo found alimdy publialiod by tim .don/vwnb Simn*. l'on^»n/dly I nux ilnublful 
ns to this use of sueli eontourri, and certain that rnntniurt diagmphmaily drawn «.]i^mld mT In* 
included, for they do net ropimnl pninfo lying in mm nnd Uus idaul^ mA m * todm^ly tin* 
distances mcoaured lire wi uoce«Htmly hmuulogmm fongUm on Info imd right \mA Mm t>f a 
median line* 


» '^Evidence ot the Aftjmmeity ct the Human Hk\db IkrWtHl fmin Cfmnmr fn ip 

Yiiau P’ol AnnlvorHftry Volume (HuppL Yol, j. /hdlrfln of t!w hmitnif of nmt Vhfh^lntjif^ 

Ahifea, Peiping, lOSB), Dr WoOfitaUj# IhiH **wln:n^ Ibn diffrtenrrH un* rujd niid rutl rhunt*i* 
ones, li is always the right side which Is tho greater," mul iiiodu that '‘Uu? mnln iiunduidouh id \W 
proBont onquiry m in porfect accord with those or my earljcr slmly. MU bavinK j<Iiowri Itiat lln^ ttHrnml 
human akuU is not Byiumetrical siuco tho right wido in »liHbtly huger than ihe Udl ui wweral ot il« 
parte." 



SOME PROBLEMS IN THE ANALYSIS OF REGRESSION 
AMONG k. SAMPLES OF TWO VARIABLES 


By B. L. WELCH. B.A. 


I. Introduction. 


In a 8eri(i8 of jiajici'a J. Ncymnn and E. S. Pcaraon liavo developed a method 
based on a Hpecial application of the principlo of likelihood, the object of which is 
to determine the moat Hiiitablo loab criteria to employ in testing cort.ain statistical 
hypothescH, 

15. S. Peainon and S. S. Wilks have extended the method to two variables, 
k sampIeB, St, of two variables x and y being given, each sample was assumed 
to he drawn from a normal bivariate iwpulation iri specified by parameters 
Ui, k, (Tit, tf„i, and p, j i.o. the joint distribution of x and y for the population vi 
was assninetl to he of the form 




2wtt<r,,( Vi ~pj' 


— ^ 

■ap-fti) 


1 •'H* I 


Certain hypotheses about tho population parameters woro then considered*. 


In problomtt of regression rather than correlation this initial asaumption may 
nob however bo appropriate, and it is proposed in tho present note to consider the 
application of these methods of npproacli to tho case in which wo are primarily 
concerned with tho analysis of variation of y for a given value of x, In tho type of 
problem under review Ihc observations fall naturally into a number, say k, of groups, 
and witliiii the Uh group the deviations of y from tho regression straight line 
y»/3ja! + «i are supposed normally distributed with standard deviation a-f Ihus 
for tho Gh group tho probability distribution of y for a given x is assumed to bo of 
tho fonn 


p{y\x)> 


( 1 ). 


V2w(;ji 


In Fig. 1 a situation is shown whore there are three groups, tho sets of 
observations (x, y) for these being drawn for convenience so that they fall clear of 
one another, 


The value of y that appears with any particular x in group i is regarded as 
a random deviato from a normal distribution whoso mean is /Sias + aj and standard 
deviation ctj , whore <rt, /9t, and ai are ind^ndont of x and are thus characters of tho 
whole group t, Taking together all the values of a; that can po8.sibIy occur in the group 


* B. S. Poaraon nnd B, S. Wilks; Diometrlka, Vol. xxv. 1098, pp. 8«8-78, 
Bioinetrlka xxvit 



UfJ rrolihiulS in the Amdi/xin of Rrtnrmon 0,0011;} I' Sfnii}>hx 

R of mvxm aiv. ohl.iiiti'd nil lif tlf lim- I'* ftA' 1- (f,. 

Thtw! r<'H»Tssi»u ufv wlunvu in Ki^. 1 (f« :J). I( f-ltnuli] In- 

noted that i«)tlHii}{ liiis l)t!cn said nltoiit llio dnitrilntli-tn it| .i-, in > ri imt i-von 

bo contiiiuoiiH. Tlnm th'- nriay iniviiiH do n-t n. n RH-nik Vi.- o-mtinnon-iy fd-oi); iln- 
rogrcHsion lino. It WkwH that if, in n ivauenbir uroblon. Ho- .'wmuhjiM-.h of 
equation (1) cun lio inudo logitiiiiiitoly fnr corUiiii .rn in tlio Kn-np loil, not lor 
others, then wmcluaioiw drown from lli« «:ritoriii iduniiiod bolow will .-tdl lio vulid 
within the restricted arwi dorniod by tlio jH-nnissiblo .r.«. 

Our purpoHu ia to upply tins innthfMl of Noyiiiuti luid IVuraoii to di’leriniiK* Irmn 
the observed duWr critoriu approprinto to lost 11 variety of byfMtlbrw-a regariling (be 
group parainetoro <ri, j9i, and eci. Gnu Ruch KyjK-illiesiH may 1 h; illn«lrnled by con- 

DIAGRAM HEPRESENTING SAMPLES FOR CASE k>3. 
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sWoring tho following oxamplo. An inveatigation i»\to thu lioighla of w'honl- 
children in Glasgow indicated that within corlniti limilH of ago, tbn rogromiori of 
height {»/) on ago ((e) both for boys and for girh could bo rugardod iw Jiiu-ur, and 
that for n given age the diatvibution of height conld i»r oucli en«e In* taken a« 
normal with standard deviation tho smno for each ago cinisicb-rcd. (,!b‘nrty hero tho 
distribution of* need nob concern us. All that wo need to know is tlm range of ago 
within whicli tho assumption of linoarlty can bo made. AHSumiiig that Huch 
velatiens held fev a nunvbev ef dilfovont groups of obUdron (they imy bulong to 
different schools or social classes or races) wo might sak whether the same 
regression line can be used bo predict height from age for nil groups, ami also 
whether the variance about this regression line can bo regarded ns being tho same 
throughout. This is in effect asking whether ai, and 0( are tho same for all t. 
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A»olili«i’ fiittmUoii whioh i»Ry bt; tcnlod i« fihown in Fig. 1 where /3i = /3a = /Jb, but 
«, 18 not coUHtiinl. 'I'he rogrcHoion linoH liorc are panillol hut not coincident. 

TIus niclhod oiniiluyed below leads for each hypothesis considered to a different 
test criterion )i. The simipling distriliuliou to which this criterion is referred is 
that wliioh it would follow (weri! the hyiHitlumis tested true) if in repented sampling 
tile vidiics of a! were kept lixisl, so that the only variation is that of i/. It will be 
Himii, however, that this sanipiing dislriiiubion of X is independcut of the x'n. Thus, 
provided tins hypothesis tested concerim only I'olations between <ti, &i, and aj which 
do not contain .r, the condition of fixed .^•’8 can bo removed and the test of signifi- 
cance can be regnrxled ns being made for any set of w’a subject only to equation (1) 
being satisfied. 


II. TiikMetuoii. 


The observations in each group may bo described ns forming a sample 
Xt(fial, 2,..,h) of (ar, jr). As stated above, this sample will bo regarded rather 
ns a sample of y, in which each ij corresponds to a given x. It will then be 
found convenient to speak of a population 7r< from which Sj luis boon drawn, moan- 
ing by this that for each x in "Hi the corresponding y is distributed normally about 
+ witli standard deviation <rj. tt, is then specified by the parnmotera 
at, fit, ami 

The pmbability function for the joint occurrcnco of the le samples Si is obtained 
by inulliplying togetlier expressions of the typo given in equation (1). If (wu, yu) 
is the ith individual of the sample Xi, iit the number of iadividuals in that sample 

* , . 

and (Jif), then this function may bo written 

1 




(2). 

C.i 

(3). 


It will 1)0 convoniont to denote by A, B, 0, D tho following conditions : 
A that included in equation (I), namely that 


B 

0 

D 


, , , 1 "aril IV "PI 

that a-t is the same for each group, i.o, 

that <ri =» <r (i =t 1, 2, . . . A), 

that fit — fi (< «= 1, 2, . , . A), 
that ai =« {^“It 2,. ..A). 


In addition it will bo necessary to express algebmically the condition that the 
population means of tho gi'oupg are collincar. If c3t and i/i aro the means for the 

10—2 
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Hi otservabiona in the tUi groui) nnt! the syinlml denoU* (‘xiKJeli-d (tr 

population value, then 

l?/il “ ^^<’*** ■*■ (t*®" 1, 2, .<•/?), 

and the coiulition that the {wint (5f,, [y,]) lie m tl»« line 

y iffl + m 

is that ^iXf¥ai>^Ur,f\'i)i (I® 1, 2,,..fe). 

This will be eallod condition E, 

Neyman and Poaraon'a tnelho<l afforda a simple rule f«tr obtaining nppnjprinte 
test criteria once two (Kite of condiltona havo W.n defmwl. Thew. an* ; (a) the 
conditions which can be twsiuned to be Balisficcl, and (h) the condilioris which delinc 
the hypothesis to be tested, For inntanco, nupime that ih adilition to lln' nanuinp- 
tion implied in equation (1) we can aasunio that or, in the same f<ir mmli group and 
wo wish to test whether in addition nil th« fUn are etiiml. Then, ((sing ihe notation 
given above, tho sot of conditions (a) coimiste of A and B taken togeilmr and the 
sot (6) of A, B, and 0. The conditions («) define a class D of mlinifwible wds of 
populations vi, and the conditions (6) define a sub-class w, of H, to winch the w't tt, 
must belong if the hypothesis tested he true. 

Tho mftnimum valwe of p (equation (2)), when tho population iMirnnmlors vary 
' so that the set tti belongs to fl.is called pfH mux.). The nmxininm value when the 
sot vt is restricted to <a is called p (» max.). The likelihood of the hyjHjlhesis has 
then boon defined to bo 

,, p (« max.) 

\ a ■■ ■ 

p (jQ max.) 

The greater tho value of X the more Ukoly ie it judged that, thu »el Vi is 
restricted to w, i.o. that tho hypothesis tested is trnc. 'I'hc Bade of X on which 
judgment is hosed is obtained by referring X to ite sampling distribution when the 
hypothesis is true. 

Much of the value of this method of approach lies in the fact that an (wintial 
first step in obtoining X is tho definition of the classes fl and w, this roiiuircinont 
encouraging clear thinking in tho process of amilysis. 

III. TVPUS OP HmTHESlSS CONWDKUEl) AND NOTATION UhKO. 

The hypotheses that will be tested^ regarding tho rcgreseion <if y iiptn may 
bo divided iute three elasaes analogous to thoso which Neyman and I'oarson 
denoted by H, Hu and fl,*. Firstly there is tho hypothesis //. that v, is the same 
for overy group, i.o. that tho variance of y about the regression lines is tho same 
throughout the whole range of data. This is the hypothesis that comliLion il above 
is true. Then there are several hypotheses of tho Ht typo concerning tho values of 
«t and /3t (conditions 0, D or E), in testing which Ht ie accepted as true. For each 

» J, Neyman and E. S. Peitson, "On the Problem ol k flemplee," Bulltlin dt I'AeadimU Pohiutiti 
dM Seieneea et dts LeMree, Birle A, 1981. 
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of thcHO it Ih fnim<l that the present method leads to one of R. A. Fisher’s tests in 
the analysis of variance. Finally there are liypotlieses of the // type where nothing 
more is iiHsniiied limn tlm condilioi) A above ainl tim hypothesis tested coricoras 
both condition H and one or more of the couditions 0, D, and E, The likelihood 
(iritoria for Lhi.s type of hypollicais and for the IIi hyjjothesia introduces into the 
aniily.HiH the geometric mean of sums of H(|aaim 


In dovjdoping the temts the following notation will bo used. So a«d yo are the 
means for the whole « E {«,) observations, % indicates summation for all 

i i 

o\)servations (a;,{, y,i) within the tth group, ^ indicates summation for all groups, 
and iS' « E. 




t _ ~ (y p — yt) 


.S’ (T, ~ £'e) (y, - j?,) , S {iCti - 3 ) (y,i - i/oj 

8 (a, - .f,)*' ' S(wu- W~ ■ 



Fig. 2. 
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Thus bi is the ri-fjr<!iifiioii coi’lliriont in tin' ah JC"'*”!*. «»"• /'« »•> «v(Tax<! vnlin? 
obtained ihmi within grodjw nit tho /wsiimjition IbaJ tbo k m)iii'niff hf ii>t nnl difTe-r 
significanlly. (»„ is tlie tiiH'llknout. Dbunmnl fvnnt th*'. w»Mg!j(v(l nivaii nf Ibo gvevijvr,. 
awl 6# ia obtaiiiud from jKwling Utgelliur tlm wluik* R tibw^rvalirma. itiity ait+o In- 
roganled «« a weighted averagu of b„ onil /»»,. 

TlnM’orr<'Hi»oiidiiig rogrcaHion litioH are rojin'wnt:<'d dia^ivjiniuiilieftlly in Fig. '2, 
which allows also tlic j>art.s into which t/^ --i/n may lut iirokcii, a« foliows: 

fi « (yit “■ yi) ~ bi (i»ii — aCf), K w (f'fl ~ />«) (yn "* >• I 

fj *f> (Xji - «|) (ill - b„), ^i" » (bn - /A)) (.»4, •“ .ro). I (''5) 

Tho iKUts ^ 1 , fa, fj, fi (= fa' ■!• fa"), iiml fa can Im midily shown to ho ortho- 
gonnl, tho product of uiiy pair Hinniiicd over Ihfi whole if ohwrvntioiw viuiiHliing. 
Hence, for oxiimplo, 

«(fi + fa + fa + fa)* « .‘''(ft*) d- .‘{(f,*) + .S’(f,*) 4- .N'(f«n (0). 


IV. Tub TT-ht bor //. 

Aa an example of a hypotheala of the II tyjK*, take the iucUmive liyiwllumiH 
that the populations ir/ have ct’^er, /Sf »A »*nd »a (/» l,2,.,.k), i.o, fimt Ihiw 
is no difTorentintion whatever between tho form of regrosHiiui in the ditlVieiit g'roiipH, 
Suppose we wish to test this liypothcum assuming only the form of Ihe probuliility 
functions. 


XI ia defined by tho condition A niul ji (XI mnx.) iKxnm when 

« hi ; «i « yt - hiSi; iii<r,* « X {(»/« - pi) - i, (iCii - .i,)j*. 

The conditions defining « are A, B, 0, and 1). Tims to find ;j (« max.) wo write 
/3i « « a, and wj = a in (2) and maximise with rosiiecl hKr,/j, and «. Thi« gi vch 


^ ho : a = po ~ ho5?i) ; *= .S' |(y,i - po) “ K (•'« " -fo)}* 


On substituting wo find \=p(6)ii)ax,)/^j{Xl irnix ), o)- iming the more ronvenienl- 
eritorion 




L ^ l(.V« ~ yO “* bi (Xu - vtii )]* 

III j 


{(y« ~ yo) ~ (A’li - 7«)1* 


\ 1 ). 


i.o. the ratio of the weighted gmnetric mean of the variimue uhont iho regrewion 
lines 6j to the total variance about a line fitted to the whole, iluta. 


It will be seen from (5) and (d) tlmt L may be written 





«(fl‘) + .S(f2l-f,+ f4)*’ 
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If iho liypittlicsm 11 is tnu!, it is kiutwii* t.liul 

''’'(fi t" 1^3 I' iliHlrilmIcd us wil.li N — 2 tlcigi’cuH of fruodoin, 

us with iii — 2 of Irocdoin, 

I 

mill .S'lfa I ?a i- i” <Ustrilmk'il us with 2/i!-' 2 ilo^frous of fwedom. 

It liillows diitt L iiiav liv ttfittcn ill the form 


i U/ X(x®) + x</®' 

when; tlut 1 vtiiliicH of nre distribuledf. 

Following ihn liiu’s of Noymun iind Poarnou's proof for the case of u single 
variable it oan 1>e aliowii that the ;)lh nioiuent coofticient of X about mo is 

p/'-^“2\ („/ «<- 2 jwA\ 

■ U («)• 

If the nuuihor of obHorvations In each group is the same, i.e, thou 




As ill tliii case of a siiiglo vuriuhlo, ifc ia iirobable that tho eampling distribution 
of L can hitre again bn represented approximately by tho Typo I dietributioii 




" ' rfwj)r («!,)'' 

the cunstaiiUs being calculated as foikiwH by the method outlined by tho above two 
wrilam.] ; 

... nn\ 

^ ^ .Aiu;, 

p.% /la -/xi ^ 

wlnn’O fjLi and fx% am givnn by (8). 

The pnd>ability that L in Wm than sonic Hpocifietl value Xo thon be found 


* A th«or(?w from ivhi(?}i it /«I)ow« ilmt the«osu)a9 of nro inflopcniloatly 

in x*i i« proved by U, A. FiBher in Yol, v, 1925. A proof following domowliat difforont Unci? h 

given by W. O, Oocliraii in Vroc. Ctimh» PhiL Vol. xxx< Fart ir, 1934, 

i In the present ciiBc Xfp i^avo rcHpcclivcly ji,- 2 ^ nnd degrees of freedom : 

in Noyinau und PoavBon’ti case the dogrcen of freedom wore 1 and A - 1 reapeoUvely. Tbelr proof will 
bo found in pp. 40S--471, Pulktln tie Falonafsa dcs Schneei el des LeltreSy y(5vio A, 1931. 

t r.oc, ciL and also m //iuiiic(riA\i, VoK xxiv, p. 416, 
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from the Incoinplclf ll-ftiiiclloii Tiibk'K*. If only llic 5 7, and r/„ [vdiits of Lmh 
wanted, tliuy nmy lie obmiiied by iiitcijHilHtiug into II. A. FinlnT'« « tablen with 

/i« 2 (hi. /»w 2 nii, 

and then it.Mitig the, IronHCii'niatiiiii L wb«’re the lelU>r« jy riiel /% are 

used to rietiote degret-.s of freedom in place of Fisbera H| and 

\^ Tuk Tbst roll ifj. 

The cliiHS fi w now defined by condition A. and u by coiidiiioim A and ll, i.e the 
lost is wlicllier a, is coimtiml for nil groups, p (A max..) occuin when 

byic, «|tf I* ® 'i |(yi,- - yt) - bt (.r„- - 

i 

p (co max*) occua whi'U 

On aubsliluting and writing wo Imve 



i.e. the ratio of the weighted geometric mean of the variance about the regrewiioii 
linea by to the weighted nrithuiotic menu of the unme. Our only concern in now 
with the parts (Fig. 2), and when Ih is true Aj can be wriltmi in ihu form 



where each xi* distributed in the known form with »i — 2 degreeH of freedom 
(t»l, 2,.., A). 

The monioiilfi of Ly can be found in the saine way a.s ihoat; of Moyinan and 
Pearson’s single variate In, which is of the same form but with iir- I dugreus nf 
freedom foi xi”- T’hc pth momont of f.y about zero i« tlm« 



• mUi of iht hicmnvUlc Fumion, eiliVed by Karl Vcnrwn, Dwrmri Jw Ofttco.UiiiveniUy CoUpRe. 

London* 
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Ah before, ii Type I distribution is used as uii iipproxiinatioti and and m% are 
calenlaled by mibHtituting from (12) into (10). The Incomplete I3-finiction Tables 
call then bo used to give p (Li < Lq), 

In tbu cast! of a ainglo variate tables have been given for certain points of the 
diHU’ibution of when the number of individuals in each samplo is the saroo*. 
These tables may be used in the present lest if they are entered with « ~ 1 instead 
of n. 


VI, The Tt:sr» eoh Ih, 


The essential [ireliininary condition for te.stiug hypotheses of the type is that 
<r, should bt! the same for each group. If this is satisfied, $ of equation (3) can bo 
written cqiud to where 


Then 




i 

“2ff» 


Let f/) (Q min.) be tho value of <ft obtained by mitiimiBing ^ for variation of the 
parameters such that the set of jwpiilations tt; bolongs to fl, and lot min.) be 
similarly defined for w. Thou for p(il max.) we must have 

min.). 


and also 


i.c. 


Thus 


(Similarly 


whence 



. If ^ 

^ 1 

flcb 

N 1 






min.). 







j) (0 max.) 


N ' 
(ji (Cl mind, 






N N 

p (aj iimxe) ’ 

/ 1 j 


N ) 

2 3 

"WaV 1 

miiKjij 

0 

J/a 5218 

r }>(m max.) 

^ (U mm.) 
^ (o) min.) 


or is the ratio of twi> minimum sums of mpuireH, 

To take a particular instance, supposo that tfjis tho saino for each group and it 
is proposed to test whether fit, the slope of tho regression line, is the same within 
ooch group. Tho class fl la defined by conditions A and B, and w by conditions A, 
B, and C, For 0, may bo split up as follows : 

(Ci ) » S l(i/ti - yi) ~ bi (aw - afdj* + 5 {(&« “• A) (»« “ «<)!* + 5 “ A - «!i*. 


* P. 0. MftlmUnobia, .S'owWipS, The Indian JbunwJ o/ Slathiiei, Yol. i. pp. 114 and 132, Additional 
rallior fuller tnbloa liave boon prepared for publiontlon In the Department of Applied Stallutioii, University 
CoHej^o, LonOon. 
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tlie Hums of miimros liavinf,' 7 V -2*. k, and k tU'j'i.joH t»f rrooilnin rosiuctivoly. 

SiiniUu'ly 

(/>{w) — >S' ((i/ii — ,'/<) ~ ^ i(f'i “• k‘i) {'Oi "• •''/)!* 

*t- .S' [(/»« - S) C'v. - .'v)!* -I- -S' l;y. ‘ 
tlicsc HIUUS of m[Uar<;H Imviiig N - 2A-, t - 1, I, and k dogr.-OH of fi'.aidMin. 

MiniiniHiijg <f) in oacli ciusn with rcsiK-at to tluj |Biraiiu‘lcia at t.nr disjH.^al, is 
seen to be oqiiivalunt to nmking the toriiiH containing ihoNo paianiftni-a vaniHh. 
'I'lnis 

T 

* ^ {<0 ni ill-) .S' {(y»; ~ !/ij " bj ({£■<{ ~ j-y)}* 't <S j(ii| — 6,1 i (>f(i “ 1 * 

When fii ia tho watnu for ciich group, /,j followH exiictlj- tho diHlrihutioii fd 
cijuation(fi) withnii 2A!)/2 and in* (A’ - l)/2, and the Iiicompb-te B-fauction 

Tables can bo nscfl to obtain the exact aignilicaiiw! level. If we are inten-sled only 
in tho 6 % anti 1 % levels we can tisk if .S' (^j)» « .S' [(<»£ ~ h„) - .-‘i))* is siKiiilicantly 

large compared with .9 {(y« — J?i) *■ /»« (a'(, - av)}* These two Htinis itf tojiiares 

arc independent and ihcX* test in tiuis etinivalent to one ttf U. A, Fisher’H testn in 
tho analysin of variance. Wc imiy proctaal in fact by cidcidating 

whero iti « (fa*), I’a » .S' 

/i-raA:— I, and yasaiV — 2 A'. 

Tho aignificanco of js may then bo toated by uning it. A. Fisher's tables. 

In tho hypothesis tested, which may bo denoted by //j^i , we have been et»nc(!ni(id 
only with the slope of tho regression lines within tho diffisront gnuips, i.e, in timting 
whether ft is constant. Wc may, however, bo interested in testing a variety <if 
other hypotheses regarding a* and ft w'hich are all of tho Ilg typt!, i.e. for all of 
which conditioiiaAand 13 of p, 147 arc assumed «iti»lied. In mch (.'ajascorUin fniiJ)('r 
conditions are assumed and others define tho hypothesis lo be tested. Tlie resulting 
criteria of tho likelihood methoil are precisely those which flow from the nppliww 
tion of tho analysis of covariance tcclniiijne, but a hrief indication in Hunmmi'iHwl 
form of tho solution in tho ease of four further hyiiotliesus may bn of interest. 

Ha, 3 . Finding after applying the test no reason to doubt we may assunio 
that ft is constant and test tho further liypothesiH that tlie regressten lines for all 
groups are coincident, This is 

//a ,8 and . Ififa,aiH not satisfied wo may still tost the hypotfie,siH that 
tho population moan y’s for each group lie on a straight lino when plotteil against 
the mean x'a. Two cases arise; 

(ft) 7 / 3 , 3 ; when it is notnssmiiod that ft is constant, i.e. when //a j is not Lnio. 

(b) kfiy, when it is assumed that 77*^1 is tvuo. 

* Tha inaaning of Ilia comparison is brauglU out bj ];'ig. a. , Wc ore nsking if tin! piotn f, me of 
flignifioanoe having regard to tho nmgnitmlp of tlie iHUla (, , 



H. L. Wkiajii 


ir>6 

Ihfi. 'I'lu! liytH»tht‘.si 8 Ihiil till! r**gniHHioii liiiea for all groups arc coincitknl 
uuvy u!h() Im! n-iichfil ufu>r l.t;sliiig first and then Lo. starting from tho 
usmiiiiplinn that 7/34 is (nlr. 

Ki'fi'ronci! hlumld hi! iimdo to Ifig. fi, whioh shows (littgrainiiinlioally thisarrangc- 
inoiit of till! group n grcRsion linos wlum the various iiyiwthcHes aro true. For 7/a.a 
and lli i tin; l•('gll•sHi^>l( linos slionhl liavo been drawn lo coincide but they have boon 
side-stepped a lill.b; in older that the groniw might bo distinguished. The conditions 
determining iho ebt-Hses ii and to for each i/a tost are sist out formally in the second 
and third eolnnius of Tabb* I. 



For each set of conditions the .sum of squares </) = iS' iyij- 
.split up ill a dillercnt way. For instance, when condition 15 holds, ^ can in the 
first place be analysed into 

(f> = S {{y/( “ i/i) - l>e (xti - ®<))* 4- S |(6j - fit) (xii - ict)j* + 8 {yt~ fit - Wi}®. 

Tlie condition then permits the Inst sum of squares to be written 




160 ProhhmH in the Amdym of Regremou among k Samples 

and this breaks down further into 

S \y, - Ixt - mi» » « 1(7/, - .v») ~ - (To))* 

+ S [((»„ “ () (.r, -- Xo)|* H {,vn ™ ir^ ~ in j* 

Tho algebra of tho tiiiiUyfliH of tfi in olhor ensofl nooil not b« wtl out liorr. Thu Aj 
crileria for the different 1/j ItypolhtiHeH have been ahnwii to fw given fty 

. ift (O min.) 

tm 

and it is scon that Lt in each casts can be wrilletv in Uu; form -l- I'j), whervs v, 
and v» are independent auins of mpiarea Tlie appropriate e, and vt uiul their 
reapeefcivo degrees of freedom /, anti /« arc given in Table I *. 

The exact significance hsvel of Lt can be found Isy nsitig tins Iiicoinplutc 
B-function Tables with and (»r ultornativcly, if wo resjuiris only 6% 

and 1 % levels of significance, wo can use wlusro 



Something further should bo added about the hypotheses //«,* nnd //* , whuro 
the linearity of the means of the groups is considered. They diflbr from the others 
in that the relation being tested concerns not only the constants <ti, fit, and o, but 
brings in also the mean (o'e, We are asking wliother condition E c<in b« true, 
i.e, whether /3(®( + a,»fa( + )» (/ = 1,2, ... A). In the event of n jwsitive answer 
being received to tide question, it is not permissible to sivy thnt no matter what 
values <5, had been obtained the corresponding exjMxited moan y’s svould bo linear. 
Indeed if this were so, then it is obvious that wo must have and a, 7/i, and 
thus have a common regression liuo for the whole data. It is however permissible 
to draw conclusions about the linearity of the means for any other sots of «’« which 
lead to the same values provided only thnt they satisfy the initial condition A. 
For we sow that tho relation /9,®, +«, e*f2, + 7n enabled us to l)rcak down <j!> in 
such 0 way that it was possible to say that {(y, — go) - ?(,))* was 

distributed 08 ^* 0 * with/iw»/{— 2, and this lakes no tweovmt of the way in whkdr 
id, is made up. It follows that tho distribution of Lt, when condition E is Halisliefl, is 
independent of tho partitioning of ®,. Just as when testing ndatioiiH which «>nciirn 
only <r,, and a,, it is possible to start by considering n fixed sob of a's nml then 
to remove this restriction, so in the present case owing to tho imluro of the 
distribution of the criterion wo are able to extend our conclusions to miy set of ofV, 
subject only to the condition that «!,{(*» 1, 2, ... k) docs not change, and that condi- 
tion A remains satisfied. 

* That V, and v, in each onao are dlBltibuUd as lollows Irom tUo thcorcni ivlroady reforrod to. It 
■will be found helpful to compare tho sums of asunres required for the diffotonl Ionia with iho parUi (, , 
etc. ahown in Fig. 2. A convenient form In wbloh to oaloulato tho suniK of Bqiiarca was act out by 
B. S. Fearaon, in Appendix I to B. H, Wiladon’a paper, Supplmenl to J'ounint of Jioyal •9(uli«f icoi Socitly, 
Vol. i, p. 180. The notation there need is tiro aamo as that ol tbia paiwr. 



TABLB I- Condi^cms defimng O and co and sums of squares entering into tests Jor hypotheses 




(^££ “ (jfii — yr) {Jief — 
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If th<* (lui’sliuu (il iVsnn is wlu'tlu‘r llui iii* iiiiK >f, Hn' liii' nr Itul .*<iiin»ly 
whether they (liliiT Hignifk'uiitly, th"H iuHti iul of enuililiim K ivi' hIm!! lo U sl, 
whether -I- ««“ »««==» 1,2, ... t). The wiiiti of Mui.iien N(.7, ■ M o ■- «i)® will 

hecoiiM! 

,S' {}/, - mf ^ S (»/( " • Ifaf 1 (//fl - »« )® 


and the Lt critorin will he inoililleil uecoi'dinKly, - t/o)® wi»h /i 
used Instead of .S'(yt - y«) - hm (•*'» " -Oi))* with/i >« k - 2. The n Mrieh 
is the aame aa before. 


»V‘l rn'in^ 
ittii <»ti the ,c'm 


VII, Thk llYl’OTinWKs II . . 


Only one te«t<if the II variety waa trefttwl in § IV. Withniit Koitig into inueh 
detail, it ia of iiilerual to note llmfc other hy|K.ilhf.*W'H of thia lypii euu he con- 
sidered in much the saiiic fashion as were the hytmlheses //j. The critrTion L 
each time tnkoa the sanic hinn : 


I, 


iVv^ 


■■n 

t V1{/ 


i 




Xt is the only part that changes, and na it does the moinenta of e<|(iittioii (8) 
will be modified. In fact, if /is the number of dcgrcjcs of frewlotn of then the 
moments of L about zero, whore there aro n elwervatieiiH in (meh group, will h« 



ki'V 


r 


2 ' k) 

r 

(I 

2 ' 

[n 

r") 

1 


m 


The complete hypothesis considered above was a pnrliciiiur case whorti / was 
2k As ono further instance of an II test, suppose that no oilier nssuinplion 
than condition A is made and wo wish to test whether eondilimm It and 0 hold, 
i.e. whether o-{ = <r and This differs from the //»,i test in that constancy 

of (Tt is not now assumed, but is one of the olcmenls to lt« lestofl. 'Phe L criterion 
is seen to be 

, ^ 

^ ^ ((j/u *“ Vt) “ (*(( •“ ®<)j* 

Putting L into the form (13), wo have 

which has fc - 1 degrees of freedom. The momenta of L follow by putting /=fc - 1 
in (14), and then the 6 % and 1 % levels may be obtained by the method outlined 
on p. 162. 
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VIII. Ilu'.htkativk Kxami’M'!, 

TIu* (iitl.'i wliifli will 1 h! till il|iiNt.rHlt! fcho tcftts doflcribud iibovo. wah coI- 
l(!<!ti»d (it LIk! Building Bri^rfucli Stfifciuii. Fruiu tlic point of view of tins //a teolH, 
it litiH (di(;ndy brcii diwiisHod by Mr H. 11. \VjtKdoii. Tli« problom coiicoms liui 
relatiojiHiiiji bc.twiwii n iinliiiig Htnoigtli of ooncroto nml iiiortiir, and tho particular 
data OiiiiHidcrcd liuro anj tiuw) on wliidi Ida Table I (c)* ia baaed. Correaponding 
testa were perfortned on dry mortar (j)) and normal concroto {y) made from eight 
dilfcreiit crenu'ula (ri=r-.H, »*• 1, H), nntl tho re.sidl« fall into four groups (A = 4i, 
... 4-) correHiwnding to four (lifTeront ages of mortar and concrete. The 
relevant infuriualion is mmniiarifind in Table II. 

Firab it mrry )«J imked whether llic rogrossion of concrete strength upon mortar 
slismgth ciui bn nipro.Kunted by the same regression lino for all four ages, and also 
at the Bam(^ tinm whetluT the variance al)(>ut that regression lino is tlie same for 
each age. This is testing t))o complete Jiypothesis 7/. To oaloulata L, insert into 
(7) the. valne.M from Uni. (f)) of Table H.i.o. for IC {(y«~ j)t) - k^xu-xi)]* (tral, 2, 3, 4), 

I 

33, 644, 1606 and 1772 respectively, and for <S'{(y<f~yo)“io('«?rt“»o)}*i 126.’17. It 
is found that L ™ ‘‘iOOH, 

From (3) tho moments of L are 

Mean « ■7033874, '0128115, i,e. «■ «‘11S2. 

Follmvlng tho method given for approximating to the 6% and 1% levels of £, 
we have from (10) 

«U » 9'9670!)2, hi,s=4'19297, /4*19‘0342, /i»8'3869, 

wlioiicc interpolating in E. A, Fisher’s ir-tablos, 

j i.g(( = '4435, «.oi - ’6302, 

1 5.0, » '4947, i.o, «'4026. 

/. is clearly signillcantly small alid tho composite hypothesis must bo rojoclcd. 

We may now iiivcHtigate more closoly whore the hotorogencity lies. To test only 
whether the variances are eipial, i.e. tho hypobhosis Hi, the appropriate criterion 
is that of oiiutuion (11). Suhslibuting tho values from Table II, wo have /yj?* •0168, 

The lower 6 ')(, and 1 ^ levisls of 5, may bo obtained from tho tables already 
referred to, or obherwiso directly fnmi (12) wo have 

Mean « -8798590, ga •0078003, i.o. <r » 08832, 
giving t;*! =« 1T0437, I'SOSO, 

* Loc, cU, p. 181 . Tho flguros given in Ibo present paper are not exactly tho same as those In 
Mr Wilsdon's tabic owing to the foot that (ho original figiiros as (hoy wore given (omo woro later aiterod, 
Tlio (lisoropanoios do not inatoriaily afToet Iho conoluslons roaohod. 
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Instead of proceeding by calciilntitig f and /» and iiitcrjwinling into the 
stables, the exact fiigiiiliwuico level of fn may bo f<iuiid by eviduati)ig 

lUrninmi 16080). 


Wo obtain the chance that In < 1)108 to he ‘01X6, It in IhuH nnliktdy that tr, ia 
constant for all ages. 


Since the variancea may differ therri ia doubtful juttUfiaition in p«K'.eeduig 
to test the hypotheaca Hi, but tho rOHulla aro given in Table III for the aakc 

of illustration*, s in each caae is J loge , where t'l and oj are givrni in Table I 

and may be calculated from tho figures of Table II. 


TADLlCm. Summurt/ufUttais, 


IlypothotlB 

% 

... 

B 

h 



Hignifimneo iii s 

tki 

Nogntivo 

3 

21 

•fibOM 

•7797 

Kilt nij^ttilit'aiil 


l*38(«l 

;i 

27 

•9127 

'711.11 

Hii^nilumiit 



2 

27 

mil 

•8913 

Ibmbirul 

Uu 

l‘76Hr; 

1 

■ 

•7lftfi 

1'0131J 



These tests would allow ns to accept tho equality of tho regreoflinn coofliciontH 
for each group and perhaps the linearity of the means. Tho CHpmlity of tho within 
groups regression coefficient 1/5) and tho regression coefficient <if llio iiuiaiis (1), 
i.e. the hypothesis of a common regression line for the whole data, would have to 
be rejected. 

In conclusion I should like to express my thanks to Dr E. ,S. reurson for 
suggesting this problem to mo and for tho help ho has given me at every stage 
of the work. 

* Tho rowlor itwy bo roforriKl to s nampliiiR oxporinienlciirrictl mil by K. H, IVAroin Iti llio <m ol 
R Blnglo votlivblo, whloh iiuRgesUd llmt ilio umi wb# iiol Rllflclod oven Ity (|ult« nbimaoit In tr, (nnu 
group to group, Boo jy/o»ic«Wftfl, Yol. xxi. p. 8W, 1929. 












ON AN IMPOKTANT(JLASS OF STATISTICAL HYPOTHESES. 


Ik vSTANr.SLAW KOEODZIEJCZYK. 

(From tlio BitniKiLric Libonitory, Noiicki Inatitutc, Soc. .Sci. Lit. VarsoviensiB, 

Waimw.) 


1. iKTRODUCTOny. 

Du J, Nkyman fiUggc'Bteil to me aa a tojiic for my thesis for a doctor's degree 
a problem wliich may bo slaKMl as follows. 

A.ssmno that it in known that each of the n independent variates 

( 1 ) 

folio W8 the (lauHsiun law of frequency, 


1 




Jj(.T,)= -* 0 

(rVzTr 


■W, 


with a cominori Htamlanl deviation, <r. The mean values, W{, of the variates (1) are 
connected with « unknown parameters 

ftj, flj, rt,.,«,. 4 X, ... f<i (^ < n) (3) 

by means of the forimilee 

Wj=iCHa]H.caja8 + ... +c,<«, (t ** 1, 2, ... «) ...(4i), 


whore the coelbciontfl Cjt arc known and form a non-singular matrix 



}•«• * 


(5). 


The problem to bo solved consists in tc.sting the statistical hypothesis, H, that 
r kpown linear and indeponcicnt fnnclitms of the pnrarneicrs (8) have some definite 
given values, fur instance that 

H" d' 1 1 • 'I* ^w’O***’ for t “ 1, 2, ... r ....... .,...(6), 


whoro the coefficienlB b and tho constant terms il® are known numbora, 


It will bo convenient to call a statistical hypothesis of tho above typo a linear 
hypothesis. 

Different aspecla of tho problem coneddered have been already treated by many 
authors, as by A. A. Markofffi), "Student”{2), K. A. Fisher (8,4), J. Neyman and 
E. S. Pearson (6, S) and by J. Neyman (7). Tho points of view of these authors were 
different. 1 shall tmat the problem in its general form following the lines indicated 
by Neyman and Pearaon (8, 0 and lO], It will be seen that some of the calculations 
I shall have to perform and some of the results I shall obtain are identical with 
those already published by tho authors quoted above. 

BlomelrilcB xxni 
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On an Important Olasu of Htatislkal HypoOmm 


2. ExAMri.fx 

Before I proceed to llio Kolulion of the problem it will perhapH bo iiHofnl to 
illustnUe its generality. 

Example 1. Seppose lliwt 1, «ml that tbe eipifitioijH (‘f) redueo ti> llio foDorviiig; 

... w) (7). 

In this enso the hypothesis,//, roiluce.s itself to ihul of "Sludoiit," iiumely that 

(«)■ 

In fact the vsiriaUis (1) may be coiiHiclered as foriniiig a samplo for one unknown 
univariate normal ptpnlalion, vr, and the hyjwlhe.sis to teat is that tin; mean of 
the population ir is e<jiml to aP, 

Example 2. .Suppose that a = 2, while the ispialioiis (<t) an; 


for i » 1,2, ... >• (!)), 

and wj = for y ' f 4- 1 , ?• -b 2, . . . H ( 1 d}- 

The hypothcsi.s, //, that 

( 11 ) 

(corresponding to the equaiions ((!)) may now be lin'inulated us follows, Tim variate.s 
(1) may be considered us forming two samples, 

.•ri,irj, ... (f, (12) 

and a?..).!. av+3t, ....(l.l), 


from two normal univariate populations tti and vra, with common unknown vuriaueo 
<t\ and the hypothesis tested consists in the nssumplion that the means of tiu! 
populations tti and vra aro equal. This is what wo may call the general ised hyimthesis 
of ‘'Student." 

Example 3. Assume s > 2, 

?las ni-b lla + ... +?1, (>lj> 1) ..,{1‘1), 

and suppose that the equations (4) are 

= for t = 1, 2, ...ifi, 


flij - Ua for j » «i + 1, 7ii + 2, , . . Jti + jjj, 


genoiully for 2 7i. < t < S 

where A7»l,2, 

, Consider the hypothesis, //, which may bo expressed by moans of » ~ 1 ctpialions 
of the form (G): 

a*- a«=s/i*® = 0 for 1, 2, ...s~l (16), 


It will be easily Been that the variates (1) may now be considered ns forming s 
samples from s normal univariate populations wi, ire, ... tt,, with a common standard 
deviation <r. Tlio hypothesis to lest is, that the means of all the populations aro 
equal. This is the case considered by Neyman and Peareon (hypothesis //» in their 
notation) and also by R, A. Fisher in his analysis of variance. However it will be 
seen that the statement of the problem and the point of view of the solution will 
be different from those of Fisher. 
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Exampla 4. Put a « 2 and uastiinc the c()untiona (4) to be of tho form 


7«(<=-- + (t = l, 2,... n) 

where tho nninbem y,- are known. 

Wo may now consider three iiniwrtanfc, hypothoae.H: 

//i, nssunihiff that (18), 

//i, (uwmming that Ot «»® (19), 

//a, assiiiiiing that «i -h tij F = A' (20), 

where «i®, X and Y are given iiuinbci's. 


The hypotheses //i, //j and //* arc connected with certain problems of correlation 
theory. Consider a population tt of individuals with elmracters w and i/ and suppose 
that for each value of y tho character x is normally (lifllribiited about its mean, say, 

in„<^af\(hy ( 21 ), 

with tho Hlandanl deviation <r. independent of the value of y. The population vr 
may be considered oa a set of populations, say Wj,, each of them being deOerminotl 
by the vidiie of the character y, coininou to all i(B elements. The variates (1) may 
now be consijtered as a satiipto drawn from the population tt. If besides the values 
of(l) wo know also the corrcs[iunding values ef the churacter y, 

yi.y»....y„ (22), 

where amne of the i/a may be equal, but at least two of them should be different, 
then we may consider each value of a as belonging to an individual, drawn at 
random from the partial ixipulation 

The hypothesis Ifi assumes that the constant term in tho regression equation 
(17) has a certain definite value. T'his hypothesis, in its application to some problems 
of agricultural experimentation, has boon considered by J. Neyman{ii). 

Tho hypothesis 11$ concerns the value of tho regression coefficient of x on y. 
Its test is to bo found in tho book by II. A, Fisher (12). 

Finally tho hypothesis 11$ has been dealt with by H. Sohultz(i8) and — in a 
more general way — by Mias K. Iwaszkiewicz and concerns the error of tho ordinate 
of a fitted regression lino. Tho result obtained by K. Iwaszkiewicz is published— 
with a suitable) rcforcncc — in a paper by J, Neymanf?) showing its importance to 
8011)0 agricultural problems*. 

Tlio hyiwthosoa coiisidorctl in Example 4 may bo easily genoraliscd for tho oases 
when tho regression of a on y is not linear. This hypothesis in its gonoral form is 


treated in Fisher's book (t8), 

Example 6. I’ut a » 2r and assume 

n=ni+nj + ... +«!■ (<’>1) ••<•••• (23)* 

Tho equations (4) will be written 

m< « Oai-i + 0 ^; y< for ^2 «* < i 2 n* (j = 1, 2, . . . ?’) (24). 

^ Xho motbod ol tosilng \)xo bypoUiesis la gWen in J Sz 
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On an Important Olam of Statinliral Ilnpolhcse.fi 


In applicationa wo have sometimes to consider the 
means of r - 1 cf|Ufttion8 


hypothesis /A cxpresstKl by 


and also the hypothesis //», that 


««-i ~ Osr-l “ 

«« - «8r == “ h 


(A«l,‘2,...r™l) ...(26). 


These hypotheses vnay ho expressed in statistical terms as follows, (.'on.sidor v 
populations ti, -Wa, ...tt, of individuals haviiiK .some cliaracUn-s x and y. Sup|K)se 
that the regression of « on y in each population tt,- is known to he liiiitar. Suppose 
further that, whatever the population and whatever the apeciiled value of ;/, the 
variance of x in the correapontling y-array is known to have the Htune (though 
unknown) value cr\ The hypothesis /A consists in the assmnption that the 
coefficients of regression of to on y in all r popnlution.s have etpial values. The 
hypothesis Ifa is more stringent and nssumcH that not inily the cocilieioiits of 
regression but also the constant terms in the rogrc.«8ion eriuationa lmv(! a cominoii 
value in all poimlabions tti, wj, ... Vr, thus that the regression line.s of ® on y are 
in all populations identical, 

As far as I know these hypotheses wore first considered by Mias K. Iwoszkio- 
wicz(l4), who showed their importance in ogricuUural experinumtation and in some 
industrial research problems. 


Further examples could bo easily given, but I think that those which have been 
described above, together with those given in ^ 5 and 8, are suflicient to show 
the generality of the problem. 

It is here assumed that, before applying the results of this paper to any group 
of experimental data, a test has been applied to show that the twsumplien of tlio 
standard deviation of the x’s being constant is actually satisfied *. 


3, SlMPUPlCATION OP THE Plloni.EM. 

Before I proceed to the solution of the problem, I shall reduce it to a simpler 
form. 

It may be shown that tho problem of testing the hypothesis }{, oxpr<iH«e.d by r 
independent linear equations with regard to the parameters a with known 
coefficients, can be reduced to that of testing tho hypothesis, say /Ai ascribing to r 
of the parameters a some dcfmito values. In fact, ibo equations (6) being independent, 
we may solve them with regard to some r parameter a. As tho oixiev in which 
the parameters are numbered is of no importance, wo may assume that tho solution 
gives 

at = at (BA BA . BA a,+i , a,+a, . . . o,) (A = 1, 2, ... r) . . .(27). 

This musli either hiwe been ureviouBly asoertained or else it niuet bo done on tho data lUoinsclvos. 
In the case of blvnrinte populations (his certainlj. would require tbst there should ba enough observations 
of the os’s with the same y to determine with roasonivblo acoumo; tho army variance. 
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Sub.sLitiitiiig IIh! Iilujvc vnliios nf {^’ = 1, 2, ... }•) into the equations (4), wo 
get siuiilur linear equatiuim, say, 

»h ru //i" 4- Csi'/Zi® -h . . . + c,/ <(„ (2H), 

with known ctielHeientH c'. Now it may bo assuniotl that tho tnoans «i,- aro linear 
fuiictiiiiiH of llui form (2S) <(f s jmramoters 

If 1 1 //ji . . . Hf , Or-Hi rtriSi •••<*# (26) 

and that the byj>otli(*sis Jl dc.lcrmineH ibn values of r of these parameters, namely, 

Thus if we aro abb; to teat any Ijyjjodiesis JIi, wc shall bo able to test also the 
hypolhcKis of the typo //. 

4, iSdi.irrtoN uaskd on the Piuncipee op Iakeeihood. 

I shall now give u sol n lion of the problem of testing the hypothesis Hi, following 
the lines indicaled by J. Noynian and K. .S. Pearson <8), tliat is to siiy tho soUilion 
biased on the priueiple of likolilioml (in the sense of tho word used by Ncyiniiii 
and Pearson — not by 11. A. l''iHber). 'I'liis is os follows. Tho first stage consists in 
staling 0, or lliu set ol'tuliiiissiblu siinplt! hypotheses. 

Wo Mliall inebniu in the set O any liypcilheHis, ascribing to the unknown 
parauiotem a, «i, vt , any rteliniio valuo.s, with the only restriction lliat a >0. 

The second stage eoimmlH in deniuiig the set o) of simple hypotheses belonging 
to the eoinposito liypoLhesiH, Hi, to be tested. 

The set ui will contain any hyiHithcsm wliich may bo dcacrlbod by 

****'( ••• ^*rHi Ar|j( ••• ^1, ff .....(SO), 

when! the «(“’s are specified by the hypothesis tested, Hi, while a^+ii 
a > 0 are arbitrary. 

Further procowliiigs are as follows. We suppose that tho observations provide 
us witii values of ibe variat(»i;ri,ir8 , ... (c„. We have to calculate the simultaneous 
frcquoiiey function of tlie.ms vuriale.H, determined by n simple hypothesis contained in 
Q. Let it lie p (.n . a-* . . . . «•„). Obviously p (.iii , ir*. . ..«;„) will depend upon tho values 
of iiaminelerH «,• nml <r. Wo keep the /s coiiHtatit.and chooso out of tho sob 12 the 
simplo liyiiothesis for which p{tti, ... a?„) is inuximu.in, This absolute maximum 
ofp{.ri. .r,,.,. a;,,) will be denoted by pn- Next wo keep againai'H consliuit.and choose 
out of the by pothcKCH included into the one for which p(a’i, a'j, is maximum. 
This will ho a relalivo nmximum and will bo denoted by pu- 

According to tho principle mentioned, the test of tho hypothesis Hi should bo 
based on the values of the likelihood (in the sense of Neyrnan and Pearson), namely, 

(31). 

Pn 

If for any set of obaorvational data A. is small, this moans that tho set of 
admissible hypotheses contains some of them, from the point of view of which the 
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facte obsorveO arc imich iiKtre probable Ilian from the [Kiint of view of tin*. Irypo- 
fchesia testeil. In tbnse circiitiwlannca wu nro intuitively inclined to reject tho 
teuted hypotbesw. In order to judge whether the value of X in "HtimH" or "largo," 
we consider tho probability P of rejecting unjimlly the hypolheHia tested, that ia 
to say tho probability of rejecting //i, when it is true. In most practical eases wo 
may agree upon tho value of P which may bo eonsidered ns "small.’* For iiistunce, 
we may accept the view that it will do no great hnrn\ if wo reject the hypotlumis 
unjustly not oflonor in the long run than say onco in a liunilred times. This 
arbitrarily chosen value of tho probability of an error in rejecting tins hypothe.Hi.s Hi 
has been termed by Neyman tho confidence coefliciont e, The choice of e deter- 
mines the limit between " small” and " largo ” values of X. Denote by 

F{(X^X*)|//i) 

tho probability, dotorrnined by the hypothesis Hu that tho observations will give 
us the value of X^Xo, where Xo is any niunbor between zero and unity. Choose 
now Xo, so that wo havo 

P({X«;Xo)l//il = c (,‘}2), 

and consider it as a limit between the values of X"smair' and "large.” Obviously, 
if we agree to roject the hyiwthesia tested when X^Xo, tho probability of rejeeting 
Hi unjustly will be 

P » (//,)P ((X^X,)1 //ij ^ P ((X ^ Xo) I III] « e (.TJ), 

where donotea tho unicnowu probability a jmon of tho hyiiothesis Hi. 

Thus the test of tho hypothesis Hi reqniros the knowledge of tho probability 

P((X«Xo)li/i), 

or of the frequency distribution of X, determined by tho hypothesis bested. Hi, 
Having thus described tho problem, wo shall proceed to its solution. 

The simultaneous frequency function of tho variates (1) will be 

£ (ji, - mO’ 

/ 1 \n 

p {ail, ffla, ... «„) = « (IH). 


The process of maximising (34) with regawl to the oj andir is simpler, if we try 
to maximise ,..<r„) instead of (34), Taking into account tho equations 

(4) connecting tho «t’s with the parameters a, wo may write 

9 log p n Y* - 

(=«). 

3 logp 1 V / 

■ («7f - Cuax - Oaffia - . , , - a,) Cjf 0 (30 ), 

n n 

where Y*= S («£-«<)**•= X (av- c«aa“ (37). 


Obviously the equations (38) are those which we should get if wo wanted to 
minimise The possibility of their solution ia guaranteed by tho condition con- 
cerning the matrix (6). 
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l)(!i) 0 t« by tlicj tniiiiiiuun value of x* (37). This will bo obtained by solving 
(36) with regard to the a'.s. Denote by 

«!.«». ... a, (38) 

the flolulionH of (3(1). It in ('iwily Mi;en that each a ia a linear function of the (c’s. 
jiiSV i« obtaintal fr<»m (37) by aiibHlitutinga'H iiiatead of the ci’a. The equation (35) 
>yill now reduce to the following: 

(39). 

It in cnay to prove that by anbatituting the a'a instead of tlio a’a, and Sa instead 
of <T in (3*1), wo actually got the maximum value of this function. It will bo 

n 
"2 




kk)'' 


.(40). 


Tlic process of finding is (piite similar and wo got, say, 

" 

wbero n{Sa^‘l' sluiids for the miniiimm value of tho sum of squares %*iii (37), 
calculated under conditiotiK that 

«i M 111®. Oa => rta”, . , . Or « ff/ (42 ), 

while other pnrainelcrH remain luhiirary. 

The likelihoiKl is now easily found : 


Wi-v) L UJ 


(43). 


Wo flee that the value of X doponda upon tho value of, say, 






.(44). 


Thus insUMui of considering X os the appropriate tost and rejecting tho hypo- 
thesis when X«sXo, wo may n«o Z or and reject the hypothesis ifi whenever 
Z'^Za, where Zn must bo so chosen that 


P{{Z^Zo)\ni]»e (46). 

To got tho expression of Ibo left-hand side of (4.5) wo have to start from (34), 
where inslead of tlm »i’h wo have to put their cxprcsaionB in terms of the a’s 


iippix>priato to iho hypotheiiis JIi, 

Siinpio calculalionH show that there exists tho identity 

w S («,. — nifY » 'W(Sa* + n6o* 

where mSo® =* S [cjj («{ - ni®) + cy (oj - c<®) -i- . . . -4 c„ (a, -- a,®)]® (47), 

iiibX 

while nS „* « S (av - Cii«i - CifOa - . . . ~ (^3). 

foil 


This formula Hhowa Uml llio condition etaUKl in (8) on p. 161, that the numhar J of pai’amotorg 
should ho amalior than tho number n of variabloa, is oBSontial, In fact, if it wore then Sf^ would 
1)0 xoro and so would A. Thun any roauU of tho observation would lead to tho rojection of tho hypothesis 
if tho test wore uiKwi the prinolploof likelihood. 
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It is to be noticed that is entirely iiulependenb of (/f+i, ana. ••• a,. Tims 


we may write 

^ .sV-i-V 

p(a-i>a:a, ^ e (H))- 

Now introduce new variates, say, 

Eli E%^ .a* En yiH-at Vn (.50), 

connected with the aj*8 by means of the formulae 

cci = Cii El + 'fi’a - . . + lit yn*! "h . . . + • . ♦ • « .(5 1 ), 


where cj^ for Jfc ^5 are the given coefficients of the formulae (4) and for k > s are fio 


chosen that 

^ CfciCj,- = 0 if A; ^ j and j>8 (52), 

4’wl 

and forj>» (68). 


It is easily seen that it is always possible to find coeflicieiit.a Cm.,f satisfying the 
above conditions, provided the matrix (6) is not singular. 

In order to obtain the aimultixnooua frequency function of the now variables 
(30), we have to substitute (51) into (49) and to multiply the result into tho 
Jacobian of the transformation. This Jacobian, say fr, is corlainly not zero. In 
fact it is easily.scen that owing to tho special choice of satisfying (62) and 
(63), tho square 0* is equal to tho square of tho matrix {!>) and thus is po.sitivo, 
not zero, 

Owing to (4) the equation (61) may bo written in tho form 

=* Cii (Hi + tti®) + Cii {Ei + flj®) + . . . 4- Cri {E, + «,*) + c,+i, i y,+i + . . . + c„iy„ 

(H> 

Multiplying each of these equations into c;((y = l, 2, ... «) and siunniing, wo 
see that tho terms in y’s are cancelling, owing to (52), and further that the sums 
are satisfying tho same linear equations in terms of the aj’s ns the a’s, 


namely tho equations (36). We thus have tho identities 

J?, « «* - ttfc® for /t = 1, 2, . . . r (65), 

and ^ for A » r + 1, r + 2, . . . s (6(J), 

Using this we have 

A'j — Cijrfi — Ca(((j — ... " c»+i,(y»+i d* ... + ...,.....(57). 

Squaring (57) and summing we get, owing to (48), (62) and (53), 

S (68), 

TiSo^ S (cii El + G2 ( + . * . + ♦ , * .(69)» 
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If W(t HulKititnlt; (fll ) iiiltt (;M) iiiul iiinUiply the roBult by 0, wo got 

„ - v+v 

p ( h't, A'a, . . . f'„ >/,i 1 , f/i ft, . . . y„) a const, x o ( 00 ), 

und it is fntsily H'on tliiit, owing to tiie fuel that »S'„* is deponclunt only upon y and 
iS'o* only n|M>ii /i's. llif variulos y,- are inile{Hm(ieiit of the /?'«, and besides aro 
inde[ieti<li iil unning ibeinwivcs. 'I'ho e.xpression hiS'„* being a sum of n — s in- 
dejiciideiil noi iiiiil variafos, it is known that the distribution ofiSo follows the law 

p (.S'„) = const. X fl (01). 

It fttllow.s (bat lln! .sininltaneous distribution of >%, /4\, Aj, ... E, is given by 

pi>\, 7ii, /fj, ... A’,) =• const. (02). 

Fnrtlior on wo shall use this rcsull. 


Our iirolilein bidng to find the distribution of Et,jSa, wo have now to consider 
llif! process of culciiluling A'j,. 

t have already poinUtd out that inV is entirely independent of the u’h. Thus 
when calcnlallng the niitiininin valua of the sum in (46) with regard to the 
arhitiiuy parameters ... rt,, we arc really trying to ininiinise the sum 

of sijinnes jnS'#® in (47 ), wlicue the a's and lho»Ji®’H aro to bo considcrod constant 
and the Uh*'h are atbilrury, 'rims At® will bo the tniniumin of iS'o*. It will be a 
positive delinito (pnidnitic form in r variato.s A’l, A’j, ... As those have been 
finiiid to be iiidt'iHmdtfnt of the y’s and thus of iS^. is also independent of So, 
and, lus is ctusily seen, follows the distribution 

J'M. 

(iS't) => const. X A/"® c .(66). 

Therefore the sitnultimeouH distribution of Ao and St is given by the product 

i> (<v„ , >%) ® coJist, X S*"-'-® 6V"® e 2 r’ ,(64). 


Introdueing iiislea^l of jS't iho now variate 

A't«.SVif (66), 

„n^ i li.™ 

wo got p(iS„, M eimst. X .(66). 

Now on intograting with regard to >% within the limits 0 and oo , we got 

p (^)»« const. x^^-‘(l + i;»)"' 2 ■ (67). 

and the problem may bo consitlcred as solved. The tests obtained are those in- 
vented and applied in many coses by R. A. Fisher. 

The expressions 

are considered by him as independent estimates of the common variance. 
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The method of testing is reduced to the calculation of 




and to rofniTing to tlio table? of valuoa of z coiTosponding to iho “confnlonco 
cocllicicnb e=*05 and €<=^*01, given by R, A, Fisher, where nj and corroHpon<l 
to iny r and n - s respectively. 

Anoblier method of couree would bo to subslituto in (07), say, 




and in obtaining p («) = 


and in testing whether 
whore Uo ib such as to have 


/» — 6? r\ 

r2 " “’ V 


(l-uf 


(1 + ^ uo 


p{n)dH — e (7lf). 


The value of «o may bo found from tlio Incomplete Betii-Funotion Tables*. 

Of course if »•=: 1, then the distribution ofJ? reduces it-self to that of ‘'Student’s" t, 

It is interesting that the tests of R. A. Fisher are consctpmneus of the principle 
of likelihood, stated above, 

I think it will bo useful to finish this section by sununarisiiig the mecluviiical 
process of testing any hypothesis of the typo II and in illustrating it by one 
example. 

The steps in testing a hypothesis H aro as follows : 

1. State the set of admissible hypotheses II and test whether each of thorn is 
describing the distribution of any variate (i = 1, 2, ...n) by moans of the formula 


cr V^TT 


w 


where a is independent of i, and mi may be rejiresonlcd by a rmoar function of 
certain s<n unknown parameters o. 

2. Express the hypothesis II tested by moans of independent linear equations 
(lot r be their number) with regard to the paramotors a. If this is possible, then : 

3, Oaloulato the minimum value of 

(«<-?«<)* (75) 

which it may have for any sot of values of the parameters a, corresponding to 
admissible hypotheses contained in Q, This minimum value will be nSa^. Divide 
the minimum obtained by the number of degrees of freedom, equal to n, the 


* K. Pearson, TailM of ih Incomplete Beta Mnetion, Bhmelrika OITloe, 10B4. 
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total number of olwerviilioiis, miiiua .s, the miinbor of piirainotcrs ti. 
will be 

H “ 


The ratio 
....( 70 ). 


4. Oalrubilo (1 h« mifttmum valm* (lutl »»ay have for valiiea of the para- 
iiieltU'H < 1 , wUiefyiitj' the r linear e(|iiati(iiiK, oxprti.HHitig lln! bypothcaia to be 
l(««twl, The miniiiHim will )m « ('SV + '‘‘a*). iSuhtmct «!?>«* obtiiined proviotisiy, 
and tlivitli! by the nimtbi-r of tlogrecH of freialom, Cfiual to j*, the number of 
imlejM'ridi nl e-^pialioiiH exprenaiiig /f. Tlui reaiilb will bo 



i'l. CalcnluU! uoeordiiig to (00), and refer to Finher’a tablea. 


5. Kxami'Lk: Tub I'hohlkm I'ltomsKW nv K, Iwa.szkiewi(;z. 

Oliviiumly tin* nli<»v»! live alepa mnat be divided into two part-s. Everything 
up to mill iiK’liniiiig tin* detorininnlion of forimilae giving Ha* and iSV rimy be 
regarded na llieon-tieal work. 'I'In? pmetiVal leal will llien eormist of minierical 
cidciilatioiiH leading to e, for whieh dilferont furnuilae ainiplifying the arithmetic 
may Im given. 

The exampb; I Hindi cmiHirler it) that of the problem proposed by Miss K, 
Iwieizkiewiez, to lent iho hyiHtthesiH II whether tho regreasion coedKcients of® on y 
ill k ilifl'ereiit iHiindatiuim, front which w« have namploH, aro equal. Suppose that 
tho fiumph.*, lii, from tint flh {Kipulalion, in, consists of nt individuals, for which tho 
values of a! and y are resjieclively 



ya, 

W(! coniiiiler each (Kipulation irj as being subdivided into partial popula- 
tions, sfiy 7r,„, accoitling to the values of y, appropriate to the individuals of w,„. 
Each iniJividiiM) of tint smnplo 2C,- may be considered ns being randomly drawn from 
aBopnraln jiijpulntion 7r,„. 

Wu coiiHidw ns given llmt tho regression of » on y in each population tt,- is 
linear. TImh is oipiivnUmt to tho assumption that the moan, ?«,„> ^ho population 
TTfj, is equal to 

wt/y w ft/I + (iity ........(79), 

where tt/i and fl,s nro somo unknown parameters, tho number of which is s » 2*. 

If thoro is evidence that tho variances of the a’s within single partial popula- 
tions TTfy have equal values <r*, wo may proceed further. 

The hypothesis to ho tested may bo expressed in 

r«A-l ( 80 ) 

independent linear equations in terms of the parameters a,, namely, 

( 81 ). 



1^2 On an hnporlant Ckm of Slatistical Ilypotlicm 

Wc consider tlio Hiim of sqimrcs, wliich may be written 

k 111 

X S {Xif - Uii - (litijijf (H2). 

iuiy >1 

The process of miiiiiiiiHhig this sinn is easy, and w(i find 

H.V= («»). 

i«l 

where cr,, and ?•{ mean respectively the standard deviation of x'h and the coellicient 
of correlation between « and y in the sample S,-. 

Now we shall have to assume that the parametenr a satisfy the eriualions by 
which the hypothesis // is expressed. Denote by «a the common viiliio of u,i. 
Obviously jnSV + will be the miniuuun of the sum, say, 

V X (xtf~a,i- Uil/ijf (H4), 

with regard to all possible values of the parameters «a and ua, for i" l, 

After easy algebra >s'c have ^ ^ 

* «iriOx,<Ty,) 

n (iV + AV) » X m, 

*“* S 

where means the standard deviation of in 8oino further Ofxsy al/^ebra 
gives us the result 

A "" I A 

X i# (ui "" 8f)* 

( 86 ), 

iwl 

where «( = r{--* (87) 

CTy, 

means the regression coefficient of a; on y in the sample 2;. The above formula is 
certainly not the most convenient one for calculation, but it shows tho coimection 
of the test with tho dinforences in tho regressions within single samples, Tho 
formulae which are tho most convenient for calculation are, ns nsiial, the less 
elegant ones, and may be easily deduced directly from tho process of miniiniHing 
(82) and (84). 


6. Tue Method of Testing the HypoTiiESis H, iiased on the Best 
Ckiticat, Regions. 

We shall now treat the same problem from tho point of view of tho theory of 
Best Critical Regions*. If we consider the data of tho observations 

(Cu iCa, ...a'n (88) 

as co-ordinates of a point S (the "sample point") in tho «-dimonsioncd space (tho 
sample space W), then any method of testing the hypothesis H oonaists in a rule 

* Neyniftn and Poai'son, "On tho Problom ol tho most emoiont Tests ol Slatistical nyiwlhosos.'’ 
(Seo roforence 9,) 
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of //, 'v)n‘iM;vt'r iho .«)Uiij)}o piotib lies wilhia a codain region, «ay w, in the 

Htiiiipli' Tlu! rogiitii w will he calli'd tin* critieal nigien; Uic supplomcnlury 
region ir-" ?ot htf region of aeeepUiiiec, If llie hypotheeio H \h ii cuniposito one 
to he ti.’sted, iIiiih leaving one. or more jKiraineferH <leteriniiuiig the Biinultancous 
diMlrihiilioii of ilie .c'b uiiHiHiciluHl, then the ajjprojiriate critical region w ehouUl bo 
"fliniilar" to the Hamjile hpnce with regard to them) iuisi|)ccilictl parainotore. I shall 
now explain thin eoncept having in view the particular hyjrolhesia II, considered 
in previona Keclloim. 

The liypothcsiN // does not specify the parainclers 

0-. Mrrt.«r.rJ. (80). 

W'e slndl wiy that a ri'gion »u is similar to ir with regard to these parameters 
nad that it has the (atwer c, if the probability, say determined by 

any simple liypolhemH belonging to il, that the sample point ^ will fall within w is 
c(|iial t't t', ifi/iutem- ha (ha vutuen of (ha jtarameiers (80), unspcci/iccl by II. 

In order to dedine the liesl critical region, we have to consider an altcrnabivo 
simiih! liyjiothesis, say /ij. We sliall wiy that u>t is the best critical region with 
regar<l to hi, liaving the janver c, it 

(1) M'o is similar to IK with regard In (80) and has the j)owor e, ami 

(2) if the probability determimid by the nltoriiativc hypothesis ht that the 
satnple. point IS will bo t!o»luine<! in Wo i« larger than ((»r at least equal to) the same 
pntbability corie.sjHimling Ui any other region, w, satisfying (1). 

We see that the process of finding the best critical regions must bo preceded 
by finding llio regnnm similar te 11^. 

Ni-yinan and Ih arson gave, the method of determining the most general regions 
similar to the sample space, the application of which is possible under the following 
conditions ; 

(a) The simnltanemis probability function p|(a’i, <rs, ... !r„)| /f] should possess 
the derivatives of all ortlers with regard to all parameters imspcoifieil by II for every 
set of values ofa'i, j-|, ... x„. 


(h) If a is a parameter unspecifuid by the hypothesis, then denoting 

d lof(p 

' "ir 




.( 90 ), 


wo siuiuid have, say, 

A + (91), 

^yhero A nnd B arc inclcpondenl of llio 

(c) The hypothesis // does not specify the values of + l parameters, 
Assume that these parameters are Avritten in any order and form a series, eay, 

a}j - ( 92 ). 


* The nolntlon u8(k 1 in tliis formula, Xew, mesans : tbo point ^ is dh olcmenfc oi It is gonorally 
UBod in tho theory of boUj. The loiter e eUmVing here for »‘olom 0 nt” ehould not be confused with e 
denoting the power of the region 


174 On an Important Clans of Statistical Hypotheses 


Denote by tlio function defined as in (90), 



(03). 


and consider tlio liyiiersiirfaces 

w C) = const, (y “ 1, 2, , , , s — r + 1 ) . . ,{04). 

Fix the values of the jwrametors a and 0 and consider tho intoi-scction of the 
f - 1 hypersurfaces (91) corresponding to j “ 1, 2 , i ~ 1. Tin’s intersection will 
bo denoted by S{ai\ Ci, C?j, ... Oi_i). Keep the v(iluc.s of «'h constant and change 
the O'b in an arbitrary way. Doing so wo shall obtain a family of inturseclions 
iS(a<; This family will bo denoted by Tho condition (c) 

requires that it sliould bo possible to find such an order of ])arametor8 unspecified 
by the hypothesis tested, that each family F («<). for t = 2, 3, . . . s - r + 1 . shovdd 
be independent of aj. This condition means that given any two dilTcrent valuo.s 
of «(, say «(' and al\ any surface >5(0/; Ct, ... Oi_i) included in tho family F (a/) 
should be inoluded also in F’ {«/'), corrc.sp»nding prliaixs to some values of tho (/’’s 
different from those to which it corresponded in F* («,'). 

If the above conditions (a), (6) and (c) arc satisfied, then the method of finding 
tho similar regions may bo applied and tho best critical region is constructed in the 
following way. 


Consider the intersection of s — ?• + ! surfaces (94) corresponding to fixed 
values of parameters (compatible with the hypothesis tested H) and to some fixed 
values of tho constants 0. This will bo denoted by TK (CV. Ca, ... C,_h.i). Denote 
by ^(Ci, (7a, ... (7,_,+i) the part of tho hyporaurfaco IF (Ci, C'a, ... (/Vr+i) defined 
by the inequality 

p {(ici, (Vj, , ,, it'n) [ /jj| ^ p (((Ci , fl’a, ■ iVn) I ^ (Cj, 6a, , Cj..r+i) • < .(fio), 

where /(!(Ci, (7a, ... (7,_r+i) must be found for any system of tho Cs so as to satisfy 
the condition 



to n I 


(OG). 


The best critical region «/o w then built up of regions «;o(Ci, i) 
corresponding to all possible values of constants G'l, (7a, ... (7,_r.u. 

We have now to consider whether tho probability function p{(A'i, ... a’H)| //) 
satisfies the conditions (a), (6) and (o). 

Ad (a). The condition (a) is obviously satisfied. 


Ad (6). Turning to our previous notation concerning tho parameters, wo shall 
have 




= — ftlog V27r — n log cr 


(a!( — Cli®l — .I, — Ctidr “ Cr+1,< C6+1 — C»{fl,)* 

__ 

TO 
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. Ji 1 ii , 

+ (98). 

‘in :< , 

(99)- 

Thu« ftiitiHlicH lhi5 ('(juatioii (01). Comidcr now, say, 

(a-, - c«rt,) cji (100). 

ObvioiiHly </,„/ «. £ e/ (101), 

and waiHficH (01 ) as it in indoixMideiit of tho .v», aixl H may bs tt.s.suined to be zero. 


Ad (c). Tilt* liypolhoBiH (c) ia also aalisficd. To show this wo write the para- 
meUMH, which aro not simcificd by Urn liypothcsiH II, in the following order: 

Ol^’drili ” ttrili • • ■ *“ W|J ~ O', ..(102). 

Fur every tlic hyperaurfaco i)'(«f; f'l, Oj, ... (?(-i) ia the intcr- 

Hcction of tin* hypcrplanim, llic etpmlionn of which are obtained by equating (100) 
to arbitrary cuimtanlH, Ihtm ct|uivalunl to the following equatiuna: 


H 

i bV 


(j « >• -I- 1, r -f- 2, .. . J* + ( - 1). . .(103). 


These ctpmtioiiH being indc(>etulcnt of «{=>rt,+ii so is the family F(ai), Now 
put t»S“r+l. The hyperaurfaco .S‘(o»-r.n; (i'l. On,... f'.-r) is now the inter- 
fioctimi of hyirerplaiiCH (103) for y »» r + 1, r + 2, ... s, which aro indopendent of 
= «r* This mean# that i'’(®«-rn) i# independent of <’’• 

Thus all conditiona which are auflicient for the applicability of the Noyman- 
Poaraon mothoil aro satiafied and wo may proceed to the construction of the best 
critical region iiff. 

Consider then hyporeurfacos }T((7i,...G»_r+i), formed by the intersection of 
hyporplauea (103) for y » 1, 2, ... s — r and of tho hyporaphoro 

0, « (7,.r+i (104). 

According to tho general llicovy tho best critical region with regard to the 
alternative hypothesifl Aj conaiatfi of parts w(Ci, ... (7,_r,).i) of the hyporauriacea 
W (C'l, ... (?,.r+i) determined by the inequality 

p{(a.*i, .r», ...««) I /u) >p{(®ii ®«. ••■®n)|-fjf)A((a> ('•-r+i) ...(lOb)i 

whore k{Oi, 0%,,,, (7<-r+i) must bo chosen so os to satisfy tho equation 


J)l(A‘l,...®n)l£fj d«>((?l.--*C'»-r+l) 

p{(®i,...a:„)|ir)dir(a,....c.-r+i) 






.(106) 
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on every hypersurface Tf(Ci, corresponding to every possible system of 

values of the constants Gu ••• 

The solution is somewhat simpler if wo intiwluco new variables instead of (88). 


Denote by 

«1® ftj®, Or”, OrO. ••• «». O' (107) 

the values of parameters corre8|)onding to the hypothesis U, and by 

tti', tfj'. ... «/, «Mi. ... «*. O' (108) 


these corresponding to the alternative /ii. The best critical region aiul tlic integral 
over this region from p ((a'l, 1 // 1 being independent of the values of the last 

s - r + 1 parameters (107), wo nmy o-ssinne that their values arc the .sanio as 
in (108). 

Now instead of the ic’s wo introduce now variates 

El, Ei , ... ... Vn ...(109), 

connected with the as’s by means of the formulae (54). Instead of considering the 
probability function p((«i, ... <rn)Uj(| shall have to consider the function (fiO), 
namely, 

p{{Eu Ei , ... JS,, y„.i, y,+j, ... y„)|//) « const, e ...(00 bis), 


where niS(i“=» 2 (58 6w), 

and fliSo® = X (cn Ei +CtiEi+ ... c,,- &’,)’ (50 bis). 

i-i 


Having regard to (66) and (66) we conclude that the transformation used will 
lead to the following formula: 

p{{Eu Ei,,„E„ ...( 110 ), 

where Sa^ is the same as in (60 fa's) but where, instead of <So* given by (59 bis), wo 
shall have Si* determined by the formula 

iifSi* (cnJ?i^ + + ... + OrtEf + (V+i + ■ ■ ■ + o„(E,)^,.,{ 111), 


if Hk'^^Ek-e,, (fc«l,2,...r) (112) 

and e* «. (fc « 1, 2, ... r) (113). 


We shall make another linear transformation, introducing instead of Er+t, 
Er^i,,„ E, new variables, say which will transform MIS's® into 

i RijEtB,+ i 1^/ 

The same tranaformation. will give us 


(114). 
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It will 1 m‘ HiK'ii tliut till! (jiiiulmtic form 

i;,;/4\/!^«n.SV (110) 

iH poHitivH mwl ilolinilt* null ropvcHuuVa U\n iniuimnm viiliic of witli rc/jard to 
all iKwaihlu ayati'tiiK of valuoH of «r)ii«r+ 9 ( •••«,. 

The coofticiohlH Hij may he ohluiiied frotri tho cocnicionti! Cjj as follows*, 
Denole by 

(117) 

uiid coiisitlor tho ileleriiiinant, aiy, 




!fn !ha 

f/ti On 


Ou 

.7j« 


On On 0>» 


(118). 


].)(!iiol(! fiirtlu'i’ by f/,/ tlia ruinor of fr, ennesponding to (fij, and lot 


n,> 


a 


.( 110 ). 


* T)i)n <» nil n|i|i1ii'Alii>ii of tho fiillowiiis Koiinml lli(<iiri'iii iiiiu«ci iiiii(; Ihc liixinr ImiiHturiimtionii, which 
WG nliiill tmvii to iiHii ii|{iilii ln'low, 

'‘f (^1 

ifr I 

1« ft (unu the 

(/■ = !. 2, ... I-O) (2) 

«ro hulriM Tuli'iU, tiuin it iHiUwft,v« to find anotlifir ft * r IlncAV fniu:lioii, imy, 

■f'lfit,'*', (>/“-'••) !• '• I- 2, ... *) (3), 

RHt?)i Ihftt Uif^cUu*r wilh (3) ihoy form ivn iiidoiwouliml »y«U?in, Moioovor, if ibo of (H]\iAtionH (S) 

nnil (3) k hoIvhI wiUi h to Iho x'h mid Ihc HohitioiiH arA subHlituled into (1) then we get 




Ij 5 «| fi-rll 


(d)- 


Tli« coodlcipntw Tff in (‘I) niuy ho cftleuhilcd fnnii tlic coclUcionU in (1) luid in (*2). 
the detcnninmit 


iht 

bn 


Vu 

bis 


Goiisidor 

(0)i 


' iUi - fUs I 

ftnd (loriotc liy Off Die tilcmenUt of lU reclpiociid, wvy, // That \h to nnyt will bo oqiml lo the minor 
of (} coiT(MiiK>ndin^ Ui dlvhlotl inU) f/. CohhUIov further tho dotormlrmnt, Bivy, 


^■1 

b« 


'll 

(„ ., 



(d), 



where 

Now will bo iho elomont of tho rlotorminant reoiprooal lo T* In other words ^’jxy k equal 

lo the minor of corresponding to divided into 7\ 

IJiomolrihft xxvn 
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Consider finally the dotorminant, say, 

(hi (in ••• Gn (120). 

Gil (in • • • Gtr 

On Gri ... G,r 

and lot Mi} he it.s minor corresponding to Cry. Then wo simll have 

( 121 ). 

The probability functions of the new variables 

Si, Si, ... ''|rrn» ... ■'/''»> J/»+li y«+ai 3/n (122), 

determined by the two hypothe.so8 H and /ij will have the previous forms ((10 his) 
and (110) respectively, with the exception that the expressions of hiSq® and ?(iSV 
will now be (114) and (116). 

Wo shall now transform to now variables the ccinnlions (103) and (104). It is 
easily seen that the equations (lOH) are equivalent to the following («H'8 : 

^-^?*^ = con8t. (i«r-|. l,J' + 2,...s)...(12:i); 

where nSo* should havo the form (59 [ns), and where 

(j= ],2.....v) (124), 

But we may also use the form (114). The relationships between the i^’h and 
the j^’s may be written 

2 A’t (j=n ?•+ 1 , r + 2, ... 6') .,.(125). 

If we substitute these formulae into (114), we shall got identically (69 bis), 

nSo ^ » i Ey A’( a + i f i b}i JiX (126). 

The equations (103) transformed to tho now variables may now bo obtained by 
differentiating (126) with regard to rtj(y = r + 1,?* + 2, ..,«), and kooping in view 
(124) and (126). Wo have 

^ = -2 2 '^ib{j for y «?• + ], r-l- 2, ...# (127). 

Thus tho new form of the equations (103) will bo 

2 6y'v/r(= Gf ?’ 4-1,?* 4- 2, a) (128), 

i=:r+l 

Gj being an arbitrary constant. The equations (128) depend only upon They 
may be solved with regard to the ^|r's and thus replaced by an equivalent system 

= i^r+a» **• .(129), 

where the i)‘s are again arbitrary eonatants* 
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'rum now tKt (KM). 'I’hiH iw iH|uival(!ub lo 


n (<SV + tS'o*) w conat ( 130 ). 

tu (i] 4 ) it nmy Ik* roplamt by 

n (*SV \- 1%®) «« ( 131 ), 

Jh bi‘ing an arhitmry nniiHUuit- 


Tlu» problem of finding tho html ftriticiil rcgum h now reduced to that of 
determining the hyfHn^J^urfacis my w (/)o. Dn u -- i>i), which ia a part of the 
interHOction of (120) and (131) on which 

P K^^vi Af I \|r*, j/n-v, 

^ P J t ^rH* * ■ ' y#+li *•* yn)|-^f) A (i)oj ^H-1 » • * » Di) * • •• * *(132), 

k bidng KubjecL to Lhn rondiLitm of mtMyiuff (lOO), Taking tho logarithms of both 
aides of (1M2) we nludl get 


^ Q a I Rij hi hj + S "f Aj 1 • *(1 83)> 

. L fw'r+l j 

and after Honie rrdcicttori 

iRoWj-^Ki^Ii/)^k<r^^kt (Bay) (134). 

Owing U) the ndaliou AY <136), 

wo have K{IC^ »-* 7?/ JCf ^ €{ h) hi ^ *(186). 

Tliua (134) n»ay bo wriUon in an equivalent form: 

2 t i Rij^iej^kx (137), 

or f 1 *« iiy €i hj > ki (my) (138). 


The rcgiiU) w{l)o, A+ii ••• <8 the jwrbof iho intersection of (129) and (131), 

rt«y W (Da, tletei'ininc’d by the inequality (138), where d^a should be 

HtJ (ihoHcn tlinb the iiitcigml of the probability funebion corresponding to II over 
w(dlo, /Ifiii ••• l\) Hlumld bo equal to e multiplied into the integral of tho same funo- 
tiuJi over }F (Do, Dr^^, It will bo aeon that tho problem of determining 

w(Do,Dr,i , ... D,) i« tlint of finding sucli a value da, that the relative probability 
(determined by II) of (13B), given (1211) and (131), may bo equal to e: 

P {(fi 5 da)((//). « A), ('f'.+i » A^t ), . . . (t. = A)! - e .. . . . .(180). 

Tljifl last problem would bo easily solved If wo could dotormino tho simultaneous 
frequency function, say, p(fi,'/rp,i|r,.+i,... -f,) of vnriatea i'r+i) ••• ’f'l* 


As all these variates depend only upon 

A, A, A.... A (14.0), 

wo may start with the respective frequency funebion given by the formula (62), 

p (A. A, A.... A)«con8t. X ^ (14.1), 
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where n.V has the form (59 his). Introducing fr+t,frn, ...f, ns new variablea, 
by meana of the formulae (125) we get p (6#, i-i, ... AV. ••• ^i). baviiig the 
same form as (141) oxco])t tlint vuSV boa now the expression (114), 

.,„.V+5Vi-‘V 

A’l, ... A’,., if'rn, ... f,) >= const, x ...(142), 


where 


S tt" 




Our next stop will coi^sisb in changing the syatom of variables, 

into the new one, 

by means of the formulae 


CK Xliij/H} for i«l,2,...r 

= for i or i' = r + l,r + 2, 
fo = «'SV + JaV 
It is easily seen that 


.(14.5). 


X (140). 

The Jacobian of the transformation being 

d(Sii, Jii, ,,, I* 9(V r,, ... ‘>1^1, ’^o) *s=r2«,S‘ /A-l 

ti^~ t - a _ ^u-ni.sy 

we find j)(‘>|ro,'<|ri, ... •»/r,) = const, x (ilro- 716V) 6 (148). 

The last stop in this series of transformatioim will consist in introducing fi, a 
new variable, and also in representing 771SV in (140) as a sum of squares. This will 
be done by applying again the theorem of algebra I have given in the footnote on 
p. 177. 

It will be seen that substituting (145) in (138) wo got 


X e(fi 




.(UO). 


Applying the theorem just mentioned wo may add to this equation another 
?• - 1 of them, 


(t«2,3,...r) 




.(ISO), 


such that they will form a system of independent equations, and if used to transform 
(146) to the new variables ... f,. this will give, say, 




.2ru~*=2iiy6(e; 

ycrl 


where 


(161), 

,(162). 
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*1Ih! Jftciobiuii of tho tnuiHroriiintion of ••• into the now nyslom 

fli ••• fn V^rHi ••• 

Ijeitig obviously cunsLiinl niul (lilTciont from zero, we get 

n - « - 2 _ ^0+ 

ifJlift. ••• (r, ^0i V'‘r;li ••• ^i) « COimt. X f,* - ^ 6 

(163). 

The rajuired probability function of ft, ... is now easily found by 

iiiLogmting for f,- (t-s* 2, 8, . . . r) within the extreme limits of these variates, compatible 
with the fixed values of tho others. The extromo limits for will be, say, 

..(154), 

if (166). 

» /./a 

Ihittiiig //,«. we shall get 
ftU 

d^r = const. 

J •'« 

X ('/^d - .. 2 " «" £|(1 - a*)“ \h (IDO), 

where the inUjgral with regard to u may be itiebulcd in tlio constant factor. 
Obviously the process of integration tnay bo repeated till we arc left with 

... '/^i)“Con8t. X (ilfo-i^u*?!*) ^ 0 ...(167). 

Denoting tho Icft.haiid side of (180) for short by P(h)> we shall now get 


fX, 

— 


where — // anti H* /< are the extreme limits of variation of compatible with the 
fixed value of \f^ 0 , namely, 

(I®). 

«ii 

rii|uati)ig (lf»H) Ui a ami {Xirforiiiing tho easy nlgobra, we get 


n^H Vr B J, 

f ' (f 0 - ^i») dfi«er'(to-Vfi*) ^ df....(100}. 

tp' A'l J •^J* 

Putting (^61), 

V being a new variable^ wo reduce equation (160) tu the following: 


jj - R H r - fl 

I '"^....OGO}. 


r .. j| 


f(l-vD “ 

JtSt 
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From this equation % may bo found, and it appears to bo an absoluto constant, 
depending only upon e. Taking into account (101), (li)9), (162) and the last of 
formulae (145) we get 

S ii(iei6/V«i5)a* + n^>V (103). 

The inequality (138) determining the region w{})o, Dr^i , ... J),) may bo written 
in the form 

(Id-i)- 

>•«/ 


^/nS„^ + nt% 




As this inequality is independent of the valvies Do, DrUi ... D,, we see feUnb it 
determines the best critical region Wo, provided va is found to satisfy (102). 


7. Is TIlEnE A SlNQEE BEST OllITIOAE BEOION WITH REOAIU) TO THE WlIOI-E 
C1.A.SS OF Altebhative Hypotheses ? 

Having thus found the general solution of the problem of the best critical 
region of the hypothesis H with regard to a chosen alternative hy, wo have now 
to consider whether this region is changed if instead of the hypothesis At wo take 
into consideration some other alternative simple hypothesis, say Aj. This question 
is very important for the following reasons, It has been shown by Neyman and 
Pearson that the tests based upon the best critical regions could not bo bettered 
even if the A priori probability law of all unknown parameters were known. Thoro- 
fore, in cases where for every admissible alternative hypothesis A the best critical 
region is the same, the problem of testing the hypothesis H may be considered ns 
entirely solved : no better test can be found. If, however, the best critical regions 
with regard to different alternative hypotheses are different, then there is no 
“beat” test of the hypothesis H, Whatever be the teat, it could bo bettered if the 
ft pjt’on probability law were known. There are intuitive reasons for believing 
that in these cases a “good” test is provided by the principle of likelihood. 

The best critical region with regard to tho simplo alternative hypotliesis hi 
being defined by tho inequality (164), wo have to consider if and under what 
conditions this inequality is independent of hi. 

It will be perhaps useful to recall the significance of all tho symbols in (164) : 


nAV + «St* (166) 

denotes the minimum of the sum of squares 

X («{- mj)* = I (®J- s ««fti)* (166), 

1=1 j=l 


calculated under the assumptions (1) that the a’s are constant, (2) that the para- 
meters 

(167) 


a, = a,'> (j = l,2,...r) 
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liftve tho y/vliK's H 2 )e(!ific(J by Uio hyijofcliosis tested, and (3} that the remaining 
Itariunotiirfl «j for j » r + 1, r -t- 2, . .. » arc arbitrary. It is seen that (165) does not 

doiwnil upn tint atteraalivo hyjwtho.sia. Symbols Rij for t,j“l, 2, ,..r are also 

indopoudont of tint hyimthesis hi. According to formula (IIG), 

S UijIStEj (168), 

and the i{'« arc the coefTicionts in tlic expression of in terms of the E’b and 
may bo calculated in terms of tho given coefficienta o^j, The meaning of the E’a is 
given by the formula (56), i.e, 

(A = l,2,,..r) (169), 

where at. is a linear function of the at'a giving tho minimum value of the sum (166) 
if subatituted for «*, for A! = l, 2, s. Obviously for A = l, 2, ... s does noo 
depend upon the alternative hyijothesia hi. The only symbols depending upon hi 
in (1(14) arc tho ek In faot according to (113), 

€i «=«/“«(“ (i=l, 2, ...r) (170), 

where is the value of the parameter <«,• specified by //, and a/ that specified 
by tho alternative hypotlieais hi. 

Wo see llu!r(!roro that the question whether the boat critical region may be 
indopondent of Ai re<luoo8 to tho question whether by some transformation tho ratio 

i ItijeiEj 

(171) 

.y / X liife/tj 

may bo made indepondoiit of the e’s. This appears to be possible only if j’= 1. In 
fact tho numerator of (171) being a linear function of the e’s, we may hope to be 
able to cancel them only if tho denominator were a rabiotml polynomial in e's. 
Now comparing tho expression under tho square root in (171) with (168), we sec 
that it is n special value of the positive definite quadratic form nSi,^ corresponding to 

ei i = 1, 2, ... V (l*f 2), 

and thus may bo roprosentod by a sum of at least r squares. Therefore the de- 
nominator in (I7l) is rational only if »■*« 1. Wo have thus tho following intoroating 
gciioral result ! 

Jf the hypothesis H considered in this paper is either, 

(1) specif yiny the vcdties of more than one of the parameters Cj (i» 1, 2, ... s), or 

(2) specif ying the values of more Uian one linear function of the same parameter's, 
then thei'e is no cowmott best critical region with regard to all alternatives hi, 

Ib will be seen that there will bo no common best critical region for instance 
when we teat tho following hypotheses ; 

(1) that the means of ^ > 2 sampled populations are equal ; 

(2) that the regression coefficients in A) > 2 sampled populations are equal ; 
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(3) fchnfc the n^gros 9 ion lines in two (or nn>ro) smnpled populations arc identical. 
In fact, oven if wo compare only two regression lines, the hypothesis that they are 
identical can only bo expressed by n(|uafcion8. 

In all those cases the best tost available seems to be that proviilod by the 
prinelplo of likoUhood, discussed in ^ 4. 

Let us now turn to the case and consider whether there is a comnion 
host critical region with regard to all alternative hypotheses. In this case the 
ratio (IVI) roducea to 

(178). 

VW,1 |€il 

and the inequality defining the best critical region (U54), to 




«i 


>iio or 


i'Elllh 51 .. ^ ^0 __ 

V/f-iSrt hil Vi-dq* 


074). 


It will btt 8con that in the most general ca«o, there will ho no cornnion best 
critical region even in this ctiae. In fact, if 

c-oi'-ai® (175) 

may be for some ndrnissiblc hypothcaca poaitive, and for aomo othera negative, 
then in the firat case the best critical region will bo defined by the inequality 


V lii 


>V(i 


(170). 


and in the second case by the inequality 


v/eti-gt 


(177). 


In many cases, however, wc may assume that the class of alternative hypotlieses 
consists only of such hypotheses which ascribe a definite sign to tlie expression 
(176). In such cases there is a common best critical region, determined cither by 
(176) or by (177). 

As the left-hand side of the inequalities (173) and (174) may be written in the 
form 



we see that the test may be based on the value of the ratio 

S. 


ri 06 


.(179), 


which, aa waa mentioned in § 4, follows “Student's” probability law. In this case 
the best critical region is determined by the inequality 
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wlu'H! ?# Hhiniltl hi* f<mtnl Inini (h<5 tulih; nl’ "KtniUiiit'H" integml to witisify the 
ceiidiliun 

« - ^ » I . ^ 4 n - jf I 1 

« (Iz^^e (iHi). 


/ v! (is/i (i i. «*)■ 

^ a* ! } m 


Wc iimj’ ibiw wilh Uiif rr.Hullfi of Markoff, who pmv<vl llmfc tho exproHsion, 

Hay, ^ ^ 

tr i : "’V .K ([.S2), 

* 1\--8Ru 

is iho ealiirmlo of llio HtajuJaol <»rr<ir .Sfjriural of tiro wtrintoai* Taking* intn acconiH 
(100), wo may ilonne the hcnl crilioul rogiiiu by meaius of tho inoqualily 


(183). 

'I'lio above rchiiil. iniiy hi' n.sid in two ways. Rouictiiues we may know the 
exproiiflion lor o,,. 'riten- ihe hoKt erilienl region may he found directly from 
(183), III otiier eiWH wo do not know the value of <r,, ami it may bo de.sirablo to 
calculate it for some |»iir|«m(f. TIh!Ii wu may ilo ho by calculating n»V or the 
iiiiiiiinum of tlii< Hunt of Kqimn'.H 

^(A~viiY (184), 

eoliHideriiig all b imranu'lei'H it as variahle. Next wo miiiimi.so the Hiinu) «iim with 
regard only to b "• 1 |mnnm,*U‘rK, whilst one of thoni, «( »ai®, is kept constant, Tlio 
romilt is n (iSV •!• 6V). HnhaiitiiUng, we obtain 

mV«/fu(«i-V)' (185). 


As «! must have been jireviously found in tho proocas of getting wo may 
now calculate Itn mid KiiliHlilute it into (182) which will give lus This process 
will be illuMtrated below, 


8. FOUTUEU liXAMl’LES, 

In this section 1 will give two further examples of linear hypotheses. In the 
first of them there I'xists a common boat critical region with regard to all altorimlivo 
hypotheses ainl in tho other there does not, 

Jixample 1. Denote by iv ami y tho possible yields por aero given by some two 
varieties (d‘ cereals A and U, These yields dupciid largely upon the conditions of 
growth. If lltu two vnrictios arc sown imclor similar eonditions on adjacent plots, 
then both of them are similnrly inlliioncod and tho yields thus obtained must be 
{iorrelaled. I shall «ijp[K)Ht! that ex|>orinionta carried out in (liffcrent experimental 


Hlnliona and imssibly in different ycara gave the rcsulto 

* 1 . a',, . . . a’,i. Mean « .iJ, .s.n. = ff* (i 8G), 

2h.y*,-..2/«. Menn='//, s.D. « o-„ (187). 


I shall further assume as known that tho regression of y on x is linonr*. The 

* 'XlUft hiuj boon (omul fn many oases atudiod by M, Goreki and K, Iwnssiklewicz. rSoe JRoci:nikt 
Uolniczych i Leinycht 1. xxvin. pp. $111 H seq, and t. xxxi* pp, 277 st seq. Soo uIbo W. Stanis^ikis, 
“JErgobnUso drcijlvhHgPr (1927—20) vevglolobcnder Yei-SMobo mit Leinsorten,” Boswmlczcn 

Polowycht Ko. 0, Warsaw, 198i 
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hypotliesiH, II, to bo LohIchI conaiblH in the iismimption thiiL in comlitioiitt wlioro the 
variety A ia able to givu a apoeifiod yiold of X tons per aert?, the, averiigo yield of 
the variety li do(fs not oxccumI the value F, which is also specifunl. Usually it will 
probably bo assumed that V—X. 

If after having applied the test wo reject tho hypothesis //, this will bo equi- 
valent to the assumption that tho cxporiinental data give ns suflicicut evidence 
that in conditions when tho yield of A is X, the variety D is bettor. 

Let us now present tho hypothesis II under the form of a linear hypothesis. 
We start by noticing that tho assumption about tho linearity of regreasion of y on 
(c means that if we fix any value of x and consider the population, say tt*. of all 
possible y% then tho tnean of this population, say 7 h,, will bo connected with the 
fixed value of by means of the formula 

= (188), 

where (ti and ua are independent of a*. This equation, which must hold for any 
value of X, and therefore for any value of this variable given in tho sample, is 
equivalent to my equation (4), 

The rflle of the variates (1) is now played by tho yields of the variety H, denoted 
by y. Tho hypothesis to tost is expressed by tlio equation 


WX ** (tl d" Uj “S F I a >>. • a a a(180), 

while the alternative hypotheses are 

mx' = iii + (i»X>Y (100). 


The equation (189) corresponds to the equation (0) of tho theory. If there is 
evidence that tho standard deviation in each array of y is indopendont of x, then 
it is easily seen that tho hypothesis considered here is a linear hypothesis. The 
number of unknown parameters 8 = 2. These are the coefficients «i and oj of tho 
regression equation (188), The hypothesis itself is oxpro8S(!d by moans of ojdy one 
equation (189). Therefore r = 1. As the alternatives satisfy the inequality (190), 
we conclude that there is a common best critical region with regard to all altor- 
natives, It may bo defined by tho inequality (183), In our cose Ui® inottiiK tho 
hypothetical value F of the ordinate itix of tho regression lino. «j ia its vuliui os 
obtained by method of least squares, 

(191), 

whore r means the correlation coefficiont between (18U) and (187). fit will be tlio 
difference between tho value of tho ordinate mx os specified by the alternative 
hypotheses and that specified by the hypothesis tested. Thus ) 6i 1 = ei > 0. The 
value of may be calculated by the formula of Miss K. Iwaszkiewicz (soo 
Neyman (7)) or again it may be directly calculated following the method described 
in the last paragraphs of the preceding section. For tho sake of illustration we 
shall follow this latter method. 



HtaNISLAW K()1AH)XIKJCZYK 


187 


We miHuler llie siuii »»f «<(iirtrt'H 

(192) 

luitl find i'l« niiitiiiiHiu with roj^nnl cti anil ut, Tliw )» known to bo 

H-V- '"»•*) (198), 

Next wo awautu! ihtH «i and «* fiillil ihu equality (18!)), aiibatitiito in (192) 

«j » y~~UfX (194), 

and ininiiiiw;, my, tix^ S [y, - F- «, (j-,- ~ A’’)!* (l9f>) 

with rcgrtirJ to Jiiwy nlgobm givoa tllo roaiitt: 


..(,5.’+ .V) - » j<r,Mi - f*) + (.5 + >■ » (A- - S) - r)‘) 


(198). 

Coiniwrhig (llMi) with (11)8), (185), and (191), w« lind 

(■''>>■ 

Nto (1(12) Kii'OT 

and finally the boat critical region is dutennined by ilio inc(|Uftlity 

(A' ^ jj) _ f ^ r 2 (199), 


where «o saliafioa Iho condition (181). 


Example 2. The hypoihesk aboul the linearity of regression. Suppose that the 
observations gave im « pairs of values of two vaviablps x and y. These pairs are 
groupcc} accurtfing to difTcrenfc vafuca of*, which arc 

•'T), *»• ... X, ,..,(200). 

The valuea of y which corroaixuui to the comiuon vaiue of x, say ,iii, will be de- 
noted by ^ 

,m> y(t> *'• y{»i> ^ (2oj). 

I shall «up(H)86 that it is known that the standard deviation of tho population 
of all y'fl corroBianiding to a fixed value of ® is indopondont of the vaiue of « and 
that tho distribution of y'e in tho armys is normal. The hypothesis, //, to test is 
that the regrossha oFy ana in linear. 

Wo shall start by showing that // is what I cal! a linear hypothesis. Denote 
by 7% the population moan of y's corresponding to a fixed value of *. That is to 
aay, will bo tho mean of an army of y’s in the population sampled. The hypo- 
thesis H to bo tested is expressed by tho equation 

m:,^A + Bx (202), 

where A and £ are some constant numbers and x has any value. This equation 
may be considered as corresponding to the equations (6) in the theory. In order 
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to vvvito the oquatioiiH corni.spoiiding lt> (+) we hIkiH deiiote by viij tlie pfqnilatioii 
mean of iho varinte j/.j. Aa this eomispomla In the value a',- of x, we aluill sum up 
our knowledge cniicontiiig my by writing 

(20;i) 


for any 1.2, ...in ami ...a. Thtia wo Hee llmt the pitpnliition nuuuis 

of ai! variables y are. linearly o.xpresseil in terms of s unkiutwn j)arninetorrt wi,-. 
Here wo see that a lest of the hypothesis // is pjossible only if llmre is at least 
one array in which we have at least two obaoi vations. In fact, if for any t wt,* had 
nj = l, then we should have s-u, contrary to the assumption of thi; tlieory that 
the number of ]iarameters is less than the number of oUservatioim. 


Now, as the rAlo of the unknown parameters is played by the wt* Rhall 
have to transform the equation (2112) in (trdcM' to bring it into corrospomlenccj 
with the equations (d), which are linear with regav<l to parameters and then contain 
only known mimbcrs /> and li, iSnbstitnting in (202) = xsaxg ami .'t: = av 

for 4, ... s, we get 

vii ~ A~ Uxi =■ 0 ] 


wii— A ~ 

Wig — /I — J.ix% *= 0 


,(2()4), 


a system of linear equation which allows the eliminatioti of ./I and /I. 'L'he result 
is given by 

|«0, fori«:i,4, (205), 


mi, 

i, 

av 

mi, 

1. 


viz. 

1. 



or mj (Xa - xi) + wi (x,- - Xa) + nia (xi ~ x.) =*0, for i «« 3, 4, . . . « . . .(200). 

Now we SCO anothw condition which the observations must satisfy to allow the 
teat of the hypothc-sis li. The number of the arrays, or s, must be at least equal 
to 3. Otherwise the equations (200), which express the hyimthesiH 11, could not 
have been written. If s>3, then the number, r, of the equations expi'essing the 
hypothesis 7/ is ?■ = s - 2. 

It is easily aeon that in the ciiso considorwi there is no coiunion best entieal 
region with regard to all altornativos. In fact, even if « » 3 and thna r « 1, the 
class of alternativo hypotheses would cei’tainly include those winch irscribu a vuhie 
of 0(3 such that 

«)3 (xa - .xi) > - (av - .'Cj) - «ia {.xi - x.) (207 ), 

and also those for which 

Ws (X8" .Xj) < - VHj (xi - Xa) - Wj (»i - «;) ...(208). 

Therefore the test to bo applied is that following fiom the principle of likelihood, 
defined by (72) or by 



1209 ), 



S'l’AiNKliAW ICOLODHIEJC'ZVK 


where i<o uiiiBl be foiuid Ironi Ihe Tiibics ot' the Inconiplote Betii Fiiuction bo ao lo 
saliHfy t/lio coiulilion 

5 ) 

Now fia fttul iSV fi'i’o found fw follows. We ooiiaider the sum of squaros 

S(yf,-jn,f (211), 

I»1 jnl 

and iniinrni.se it, with regard to all »i,- for t - 1, 2, . This gives us 


«iV= i S 

1-1 Jss 1 


.(212). 


Next wo aasmno that the hypothesis tested is true and minimise (211) with 
regard to what is not specified by the hypothesis, For this purpose we could use 
the equations (2U0) am! co«.sidor vii and wia ns being not speci/ied by II, But 
obviously wo may use instead the exftrossion 

mi-A-^Jki for j ' = 1 , 2, . , . 5 (213), 

and consider A and B as mHnhors which arc not specified by H. The minimum of 
(211) calculated under the conditions (213) is then, as it is well known, 

N0V + iS?) = «V(l-^-*) (2l4)i 

whore Vy means tlie standard deviation of all /s in blie sample, and r the corre- 
lation between x and y in the sample. Thus 




and bho critical region i» determined by the inequality, say, 

» ni 


ua-y?(l~v^) 


9. SuM,MA«y 01'’ BiajuX/TS, 

1 . The problem considered in the present paper consists in testing a composite 
hypothesis //, which may be described as a " linear hypothesis concerning the 
means of « normal variates with common standai’d deviation," It is supposed that 
the mean, nq, of each of tho n normal variates, «(, having the same unknown 
standard deviation <r, are linear fiinctions with known coefficients of s parameters 
«j (i » 1, 2, , . . s). Tho values of paramotovs aw not known and tho hypothesis H to 
bo tested consists in the assumption, either (1) that somor of theso parameters 
have some specified values, say aj®, ftg®, ...(tf®, tho roraaining parameters being 
unspecified, or (2) that some r<s independent linear functions, 0i, of these para- 
meters with known coefficients Jiave some definite values, say ^i®, d»®, ... 0r\ 

2, It was possible to give a general solution of the above problem, based upon 
the principle of likelihood, proposed by J. Neyman and E. S. Pearson, 
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3i A general exprusaion has boon given for the bust critical region for the 
hypothesis 11 with regard to any simple nitenialivc hyj^jolliL'sia h\. 

4. It htvs bn(!u shown that in coses where the nnmber r of the paraiiietm-a a< 
(or of their linear functions) which are specifieil by the hypothesis II (sxceods 
one, then there is no beat critical region connnnn to all possible alternalivo hypo- 
theses. In tliosc owes therefore the n\etho<l of testing the hypotlvisis I[ must bo 
baaed upon the principle of likelihood— unless some other “good” test is invented. 

6. If r =a 1 and if the class of adinissihte hypotheses is limited to those fiscribing 
to the parameter, say cti.or to the linear function, say 9i (which are spccilied by H) 
values which are larger (or smaller) than the values specified by H, then there 
exists a best critical region, common to the whole chess of the altornalivcs, In these 
cases the solution obtained of the problem of testing H could not ho beiU.'ied oven 
if the probability law d pn'ori of all unknown parameters were kmtwn. 
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EIN BEITllAG ZU UNTERSUGH UNGEN UEBER ZWEl- 
DIMENSIONALE VERTEILUNGEN VON MASSENPUNICTEN 
BEI ZUFALLSARTIG BEDINGTEN BEWEGUNGEN*. 

Von henry MAHLMANN (Hatnl)urg), ■ 

Einleitunq. 

In (lum Grundproblcin dor vorlicgendon Arbeit handelt es sich urn dio 
Bealinitnimg ciuer Vortollungsdichto, wenn von oinem Flachonolemonb mib dem 
innorcn Punkb Q—iIcm Quellpunkt—ausgehend JY Masaenpunkte sich liber eino 
Ebone i» Iblgoiidct’ Wei«o vcrbeilen: Dureb Q mdgen n verschiedene Qeraden 
C?i, Oj, Otj (?,» gehen, die m Bewcgungsriohtungen repriisentieren. Auf jeder 
diesor Qciudon goUe ein WahvschoinUclikeibsgosetz Vr («!•)■ das isb die Wahi'schein- 
lichkeitsdlchto fUr dio Lilngo oiner Bowcgung auf G, odor parallel dazu. Vf (Sf) dsy 
iat also dio Wahrsclieitilichkeifc, um auf einer Parallclen m Or von einem als 
AnfangBpunkt gonoinmonen Punkb bis zu oinem Punkt Py zu kommen, dor 
(von iVi ausgoinesseii) zwischcii mid 8,.+ds, liegb, dabei iab s, irgendein 
Parameter, dor einoindoubig den Punkten der Qeraden Or zugcordnet isb. Ein 
Mnssunpmikt M{ bewoge sich nun zunachst von Q misgehend liings Qi gomilss der 
dorbigen Vortoilungsfnnklion uj (s^) bis zu oinem Pi, darauf von Pi ausgehend 
parallel bis zu einom Punkt A gemilss U 3 (sj) usw. Allgomoin bewego sich Jlf( 
von Pf^i ausgohond parallel <?r bis zu einom Punkt P, gemilss der auf Q^geltcndon 
Wahrachoinlichkeitsdichto v,(Sr). Nach m solchon Schritton, deron Roihefolge 
boliebig isb, da es sich urn einfuche Vekboraddifciou handolb, bofindeb sich Mi an 
oinem Punkt Pm’^P, Dor analoge Vorgang ftndc fiir allc JY Masaenpunkte statt. 
Qefragb isb dann nach der Dichbc d.h. nach der Anzahl der Massenpunkto 
pro I’lftchonoinhoit an oinem Punkt P der Ebone und zwar bci gi'oasem m und iY. 

Es sind dabei alio m Richtiingon als gloich walirschcinlich angenommen; isb 
das jedoch niehfc dor Fall, so liisat sich dioser auf don obigen zurllckfllhron, indom 
man die Vr (S/) onbsjirochond ilndort, Soi z,B, im oxbrotnon Fall die Bowegung 
parallel einer bestiinmton Qoraden Or unmbglich, so kann man das ausdrllcken, 
indem man sotzb ; 

lim Vr (Sp) dSr =" 1 fttr don Punkt Q (odor den ontsproohonden Punkt Pr-i)» 

Vr (sr) = 0 flit alio andoren Punkto. 

Aus dor Vortoilung ih(P) ergibt sich nun cine weitere, indem von alien 
Flacheneleraenten df rait einem inneren Punkt Q Massenpunkto in 

* Diggertalion zur Erltmgung der Poktorwiirdo der MatbemntlBOh-N&turwigsonBoliaftliohen FgkuUdt 
der HftmbnrgiBoheDi XlnlverBUat. 
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(lers(!U)on W»;is« iwsigehon wic vorlioc die N Mossonpunkte voii Q jtuH. Die 
Vertcilungsdichto der <I>i{0)f//Mti38oni)unktc urn Q iet also 

daboi ist ^Pi(QP) gloicli <Pi(P) bezogoii aiif Q Htati. <3 als Anliingr«punkt. Die 
Ucbcrlagentng allei; dioacc Vcrteilungen crgibfc danti 

Allgcmcin orhiilt tnan die n-to Verteiking durch die Reknreionsformel 

wobei die Intogmie beideinal liber die gaiizc Ebonc zu orslreckcti siiicl 

Mach Ldsung dieaoa OrundprobleinB soli daim die Vei’teihmg borcchuob wordon, 
^Yenn eich von alien Punkteii einor bogroiizten Flilclio tnit der DichtiJ die 
Maasenpunklc iu dor obigou Weise uber die Ebeno auabi’oifcon, wobei init Kilck- 
sicht auf die Anwendungon einigo Spozinifalle in bezng auf die Arfc der Ilogronzung 
nahor aiisgefdhrt werdon sollen. 

Uebor die biologisclie Bodoutung dor folgondon AnsfUhrungon mbchbe ich an 
dieser Sfcelle noch einigo ISrlauborimgon geben. Es Imndelt aich in biologiachor 
Hinsichfc bo> dor vorliogendon Arboit im woscntliohen um folgenilo zwei hauptsiich- 
lioh intovessierende Fragen; 

1. Wie viele Moskitos bofindon sich durchschnifclUch pro B'lachonoinlveili in 
versohiedenon Entfernungen von cinetn' stark Moskito-vcraeuchten Qobiet, wenn 
nur in diesem einc Vermohrungsmdglicitkoib fUr jono vorhanden iat? Daboi mbgo 
die Ausbreilung der Insekten nur durch zufiilliges Hin* und llorilingon zustando 
kommon. Von irgend welohon grbsseren bowussben odor absichtlicheii "ZiclflUgen ” 
und von auaseven Hemraniason aei also zuuaohab abgoschen. Hior angonommenc 
Verhaltnisae liegen z.B. annahernd in doin Stoppengelando des Wolgagebiotos 
vor. Dort gronzen an die Sumpfniederungon dor Wolga, die stark mit Moakitos 
bevblkerb aind, verbal tniamliasig grosao Steppongebioto, die den Moakitos oigentlich 
nur in dor Naho nionachlichor Siedlungon, durch dio dort vorhaiirlonon 'I'iortrilnken 
odor Wusaorlaohon, oinc Brutmdgliohkcib bieten. Worden dicao mm deaindzioib 
{z.B. durch Bestrouon mit Araonstaub), so kann oino Iff^alaria-Uebortragung nur 
duroh dio aua don Wolganiodorungon oingeatreoton Moakitos zuatando kommon. 
FUr die Bokampfung der Malaria iat es in einom aolchen Fall dahor auaaorordont- 
lich nlitzlich zu wiaaon. wie weit cine beti’achtlicho Anzahl dicaor Moakitos in das 
Steppcngelando eindringt. Ein boliobig woitea Eindringon ist doa allinaKlichon 
Absterbena wegen nichb mbglich, da aiiaacrhalb doa FlussgUrtela wohl Qologenhoit 
zur Eiablage, nichb aber, oder in versohwindend geringem Maaae, Mdglichkoitcn zur 
Vollendung der Enbwicklung vorhanden aind, AuF die Wichtigkeib diescr Frage 
fUr dio Malariabokampfung wurde bereits von Sir Ronald Ross hingewiesen, dor 
auch schon cine Verteilungsfunktion zu berechnen versuchlc, wornuf spater noch 
zuriickzukommen aein wird. 
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In diesem Zusaininerihang nidchte icM darauf hinwGisen,dass dio Ausfuhnmgen 
dieaor Arbeit sich incht auf Bolcho Tiorarfccn beziehon, die bci ihren ^^Flilgen" 
infolge irgendeinefi Instinktg’absichfclicb — wio 7,3, die liionon boi ihrori tiigliclicii 
FItigon ziir Honigaucho— an den Auagangspunkt zuriickkohren.aondern cin Zuriiok- 
kommen an dcu Ursprtmg aei roinor ZufalL In obigem Fall ist z,B. wegen dor 
MOglichkeit dor Eiablage in dor Sbeppo oin rcgeltniisalgea ZurlickfliegGri der 
Moskitoa an dio Brubpllltze dea Fhissgebictes aclbsfc danii nicihb wahrscheinlich 
wenn ftir jeiie ein sogonannter ‘^Heimabainn ” anzimeh men ware, wobei als Heimab 
im Fall dor Moskitos Gegondon mib BnibnibgUchkeitjen anzusebon waron, Dio 
Mb’glichkoib dcs Vorhaiidenseina einea Heimabairms ** isb im iibrigen bci den 
meiaten Moakitoarton iioch durchaiia nngoklart* 

2, Wio wircl sich die Ausbreitung (Infilbrabion) einor Tiovarb in ein zuniichsb 
unboaicdoltea Qebiet, das an ein besiedeltos greiizb, abspielon? Dabei iab wioclor 
(lie wiclibigsbo Vorausaotzung, class dio Anabroitung nur durch zufailigcs Hin- iind 
Herd logon orfolgt, Woibor aoi angenoininen, dass alle Pimkbo dor ISbeno als 
”Plabze inik Vermchningsmugliclikcnten^^ odor ala *^habibals” (in doin Sinne der 
nooh zii bcBproehondon Arbeit von Horrn Prof, K, Poaraon) nuiglich sind oder 
zuiiiiadoafc, clans die Enbformingon dor cinzelncn ‘‘ habibats*’ sohr kloin aind gogon- 
(ibor der durchHohnitblichon Liingo einea Flugos. Dicsca Problem iab natiirlich nur 
ala oin dynamischos zu bebrachten, donn dor Htationare linclzuBtnnd wire! in dom hier 
angcnominonen oinfachston Pall der orlsunabbangigon Vormohrungsmoglichkoib; 
drtlich konatant sein, lils kann aicli also nur darum hancloln, don zoiblichen Vorlauf 
oiner oben boachriobarien Bosicdlung eiuos zunilchsb looron Qobiobes clarzustellen, 
and zwar, wie gesagb, oinos Gobiotos, das an fast alien Punkbcii SiGdlungsindglich” 
koiteu biotet. Anf don Fall, doss solcho SiodlungamdglichkoiLon nur an veroin- 
zolbon Stellon, deren Enbfornungen in die Grbsaenordnung ©iner Plugltinge oder 
inehr kommen, vorhandon sind, sind also dio folgendcn Ergebnisso nichb odor 
hdclisfcons als ersto grobe Anntiherung anwendbar. 

1. Voimissetziingen icnd Krgeb^ime der dltewi Arheiton, {Ronald llosSt Lord 
liityleigh^ Karl Pearsoji.) 

In (liosen Arboiten handolb (»8 sich urn ein ahnliohes ^vio doa in dor Einleitung 
diskubiortci Problem. Dh^ wosenblichon biologisclien VorauBscbzimgon, wio sio in 
dor Arboib von Itorni l^rofessor Pearson angogeben wurdon (s. Lib,-Vorz. Nr, (3), S. 3 
luid 4), Beion im folgendcn kurz dargestellb. 

Ueber eino gontigund grossc FUicho seien gleichfdrmig sogon. "luxbitats' — 
d.h. fitr MUckon : Pliitzo mib Brut- und Lebensmdglichkeiten — verboilfc, Dio 
diirchschnittlicho Fliigliinge I cincr Miickenarb von oinom '‘habitat" zu einom 
ncuon mogo als "flight'* bezeichneb worden, Diosc "flighbs" sind zii nnterachoiden 
von den "flitters, ” die ein blosscs Hin- und Hcrfliegen in der Nachbarsohafb der 
"habitats" zweeks Nahrungssuche etc. bedeuben. 

Dio Frage dcs Gnmdproblems lautet dann: Wio gross isb die Anzahl der 
MUckon pro Plachencinheib — also dio Dichte an einem Punkb P in der 

Biotnotrika xxvn IS 
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Enbfernung r voii Q, weim von Q anagohcnd jV^Milckcn n " flights” dor liLngo I 
{» durchschnittliciier Abaland bonachbartor "habitats”) ausfUhron? Daboi soil es 
sioh lun aogon, "Random Migration” hnndoln, d.h. dio Vorloilung soli durch 
zuftilligcs Ilin- tnul Hordicgon outatchen. Dio oinzclnon Flugstrcckon (von cinom 
"habitat” Kum andercn) acion jodoch gradlinig ziirUckgelogt nnd wio boiin orstoii 
Flag seien von oinem Auagangapunkt aua tillo Uichtungen glcich wahrscboinlicb. 
Beini eratcn Flngo verteilen aich alao P Mitukcm in orator Nitberung gloichmiusaig 
um Q aiif einon achnmlon Kroiaring mit. clem Radina i, Heim sweitcn FIng 
wiederholfc sicb das von jedem Fliichcnelcmont doa orsleii Kroiaringea, nnd dio 
Verteilungen auf don nun enlstohenden Kroiaringoii (iberlagcrn aich und orgebon 
die Vorteilung nnch dem zwoitcn Flug. In analogcr W(5iso erliiilt man alio woitoren 
Yortoilungen. 

Sir Ronald Ross fubrt dio Frage auf cin lincnros I’roblom zuriick. Er inachfc 
anschoinond die Annahino(daa iat in aoincr Arbeit jodoch niohl genau augegobon), 
(lass nach einem IHuge von <3 ana — Iwi Projektion dor einzclncn FlUgo auf dio 
X-Achso — der Mlleken in Q gobliobcn sind, wiihrend jo jiY sich iin Abstand 
I links bzw. rcchts von Q boflnden. Von dicson droi riinkten wioderholt sich jot/,t 
diesor Vorgang, niir dnss staU A jotzt ;|iY bzw, ^ P Mllokoti sich vcjrtuilun, so doss 
iiaoh dem zweiton Fluge in Q- mul rcchts und links von Q, iin Abstand 
1/. jo und im Abstand 2i jc MUcken sich bcfindoii. Dos giht dann nnch 
« Flbgen dio bekannto Ycrtoihmg dor Binoinialkooflizicnlon von 2*" inultipliziort 
mit Es bofindon sich also nach n FUigen iin Abstand kl von Q insgosammb 




fUr /fc > 0 
fUr k-Q 


(I). 


Wie auB der Wahrscheinlichkoitsrechnung bekannb gilt nun ftlr grosso n 
und n>k 


2n X 2iY W 




\ ZiV 

1 — » 
\,n--k) 2*" VnTT 


.(II). 


Das muss also, da in Wirklichkoib cine kontinuiorlicho Vorteilung bostohb, dio 
Anzahl Mlickoii soin, dio sich nnch dem n-ton Flugo auf oinem Kroisring der 
Breito I, der don Kreis mit dom Radius kl umgibt, bofindon. Bodoutob also dJ„(r) 
dio Diohte im Abstand r von Q, so muss soin : 


2iV -^1 
n = 

ynir 


2tr fiMl 


‘ Ztt ( 


<*+»-!)» 

f(M»H 


<J>n{r)rdrd^ wobei 0 ^ S ^ 1 






= 2ir^, 


'„([fc+e]J)|^ 


(*+«)» 


rdr wobei S - 1 < e ^ 5 


'=■ (Aj + S - i) ([ft + e] ?) (Ill), 
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also muss dio Dichte ftlr cin r, dass zwischen {k — X)l und (A?4- 1) i! liegb, sein 

‘I>« i[k + e] 1) = ,, - -f (IV). 

(* (» + 8 - 4) TT V 7r» 


Diese Reduktion dos xweidimonsionalcn Problenia auf ein einditnensionales iat 
jedoch wohl roiclilich willktirlich, tind wieso dieaes Rcaulfcat mit den spateren von 
Lord Rayloigh (V) und K. Pearson (VI) fiir grosse n tlboreinstimmt, wie Ronald 
Boas behauptet, isb wohl kaum oinzusehen, denn jenc erhalteu fUr grosae w: 


N 




also 


AT {h + e) ^p 

<I\([A+e]() = ^e~ «(» . 


Da nun sowohl S wie e nur zwischon — 1 und + 1 variieren konnen, gehb dieser 
letzte Ansdruok inib n-^co otwa wio l:7i gogen 0, wilhrend (IV) nur wie 1 :</«■ 
gegen 0 gohb. Dor absolubo Untersohied zwischon dioacn beidan Resultaten iab 
allordings fUr grosse 7i nur klein, da ja beide gegen 0 gelion ; relabiv unterscheiden 

sio eicb jodoch der QriJssenorduung nach etwa um don Fakbor 

wachsondotn n also boliobig gross wordon kann, und nur bei k - ist oine 


ziomliche Uoboreinsbiminung zu erwarben. 

Bbwas niiher kointnb dor gesbollben Aufgabe das von K. Pearson zitiorte Reaultab 
einiger Arbeiben von Lord llivyleigh Ubor akusbiseho Problerao (s. Lit,-Verz. Nr. (2)). 
Hiorbei siad zwei Richtungon («- und y-Aohso) fUr den von eiaom Punkt aus- 
gohendon gradlinigen Flug I ale gloloh wahrscheinlich angenotnmen. Bbenfalla 
sollen dio 'WahrsohcinUchkeiten fur cinen Flug nach dor positiven und negabiven 
Seite dor x- bzw. y-Aohso hin gloich scin. FUr grosse JV sind also folgende Vortail- 
ungen zu orwarben : 



18—2 
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Nuch dcm erstoii Flug bi.'liiitli'ii sicK iii doii 4 rnuklcn (x), Hiuhc- S. l!)o : 

*== 0 , y==±i; ij-’O, 

jc iV;'!! und in alUm uudova I'uuktKU dur Ebum? 0 x if Mii(;kcn. 

Von (litwon vior Pnnklon vcrtcilon wnli nun din /y:4 win vnrlior dio N Jliickon 
von Q alls, so dnas imcb diiin zwoiten Flngo sick in dim PuiikUm (x) : 

!E = 0 , .v = 0 jV-.'E 

.<•■>=0, a’ — .y~9 ... Jo jY: Id, 

.f = i i, ±l jn N ; .S 

Miicken luiliiidon, win man loioliL an.s obigor iSkizKo ontninuiit. Aimlug oiliiill niiiii 
alle wuitoren Vorteilungon. Wonn n-*co golit iind gloioiiznitig I gogon 0, .so ikuss 
n<* cndlich bloibL, crgibfc sicli cino V«i-bcilung tnifc dor Diohlo 

N 


<K(r) 


wj • — ^0 III- 

vut^ 


m 


dit! jodoch mu' fi'ir grosso n und >'®< ni* angotiiiliorl gill, 

jJio exakto Ldsiing diosos nllgoinoimm 1,’iobloiiis- also die dor Vorloiliiiig boi 
Annalnnc einer Iconslunteii Flugliiugo mil (.ll(jichwnl)r.soli(>inliolikoil I'iir alli'. Hiolit- 
nngcn—lmb dann I’rofossor JCarl Vcivi’Hon 1906 gogoboii (s. Lil.-Vi-rz. Nr. (S)). 
Yoi'bor hafcto I. G. IQuyver eincn allgomoinen AnsiiU mil Jlill'o llossotsclior 
Fiinktionon aiifgestollfc, dor nicht xum Eioln fllhrti', joilocli dio Jxj.Hnng oinigor 
speniollcr Probiemo und don lloweis fUr dio lUclitigkoit dor Ibiyloigh’sclion T,(iHiing 
fttv gi '0880 n ovbvnchto (a. L\fc.-Vov'/,. Nr. (“V)). K. Ponrsmi orbitdl nls Ltisuug obonfidls 
oin Integral tlbcr oin Produkt Bessolschor Ftmktionon (inihoros iibor BoasolKcho 
Funkfcionon s. Lit.-Verz. Nr. (B), (8)), n&nilich ; 



‘l>n C^’) «'^o («!•) j/o («01“dK 

(VI), 

was sich durch gooigneto Umformung in folgendc llciho (mtwiokclu 

l(i-s,sfc : 


(r) - N{voOq -1- i/a6Ja 4 

(VTl). 

wobci 

^ \/S / 

(VIII), 

mil 



on 

und 

\* V\) 1 cl>^^ g>l{i 

= h ^ 

Jo 

(X). 


Dio bestimniten Intogrnic in diesoin Ausdruck losscn sich answorloti, man orhillt 
z,B, flir 

vo«l. ., = 0 , = = 

, _ 6n - 11 .50u - 57 

''B 12 , i» ' *'‘*"” 18005 ? 
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Die Konvergeui^ der lleihe dor w-Funktionen isl nun ftir n< 7 scliv schlecht. 
FUr cli(3acn Full habaii K. Feaivsou und .L Blakemaii die Verteilungafunktion auf 
gmphischeni Wego gcfunden. Fur grosse n geht 

(Va), 

gegon A^coo, tins iab die Kayleigh’acho Ldsung, 

Den bishor boHprochonen Mcthoden lag, wic geaagfc, die Annahme einer Icon- 
sianlm Fhiglungo zugniude. Viclfach wird in der Nafcur diese Annahme nichi 
bei’eclitigfc «oin, soridern Iiaufig werdcii sich sclion iiach der erafccn Verleiliing von 
eincm Zenirnm am in alien Eutfernungcn die entsprechonden Lebowesen vorfinden, 
vorausgesotzfc dasa koin Punkfc dnrcli besonders gUnstige odor ungUnstige Lcbens- 
bedingungon ausgezeichncb isk In dicsein Fall ist es nun diirchaus iiichb evident, 
dans nncli n Fltigeni dioaelbo Verlcilung rcsulfcierb, wcnn man nacli einein Fluge 
von einem Zontruni aiis anniinmfc: (1) Alle Mllcken bofiudeu sich auf eincm 
schnialcn Kreisring inib dem lludius I, odor (2) wenn niann anrimnib, irgendeino 
Vei’loilinig mil dersolbea (lurch schnittlichen Fluglange I evstreckb sich Uber die 
ganzo uiuliogende Flacho. Wiihvond bcim erstcn Fall die Yerloilungen niir von 
Flachencloincnton dea Kreisviuges ausgehon, die sich dann uberlagern, findet 
dioscr Vorgang in Wirklichkoit violloichb von alien Fliichonelemcnten einer 
ganzcn Unigebung dcH Zenbrums stall, und es ist nicht gcsagb, dass die Vertoil- 
ungen auBgohoud von Fliiehcnelementon auBsorhalb bzw, innerhalb des Kroises 
mit d(un lladius I sich dcrnvt anperpouiorcn, als ob sie alle von den Flaehen- 
elomcnbcn des Kroisringos mit dom Radius der durchschnittlichen Flugliinge I 
aiisgingdn. 

2, Die Gi'undverteilung nach dem ersten Fluge um ein gegehenes Zentrmi hei 
variablcr Flugliinge. 

In dioser Arbeit soil mit moglichsb wcnigen und plausiblen Vomussetzimgen 
die Vortoilungafunktion bci variabler Flugliinge gofunden vverden. loh gehe daboi 
gemiiss der in dor Finloitung aiiHgefiihrten Probloinstellung von folgenden Voraus- 
Hcbzungoii aus, um die Verteilung luicli dem ersten Flugo zix orhalten : 

1. Ea soion m vorHchiedeno Uichbungon (woboi nachdom w-^oo) rrii)glich, in 
die cine Mllekc IlicgL Die Ri(ihbungen seien dargesbellt durch m Qovaclon (lurch 
den Ursprnng, 

2. Dio Flugliingen einer bestimmbeii KichUing Or unterlicgen eiiiom Wahr- 
scheinlichkeibHgesebz Vr (Sr) 

3. Wahrend des FJugos wechselb die MUcko m-mal ihro Eichbung und cluvch- 
flicgt in der jeweiligen Richtung cine gemoss ^,,(5^) zii erwarbende Sbrecke. 

4. Dio Wahrscheinlichkeitsdichtan v, .(«,,) auf den Qeradcn Or sind aussevlialb 
cines Kroises mib dem Radius K um den Ursprung Null 


r (Hy) branch t im oinzolnoii nicht bokannt zn sein. 
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6. Die i;r(Sr) luSgcn fiir al!e r ciner Lipschitebedingung gcnUgcn, d.h. die zu 
den oinzclnon Wr(Sr) gohbrigcn Znhlcn Mf bcsitzen einc obcro Schranko M ; oh gilt 
also fllr bclicbigo Punkto dor Gerodcn Or : 

I < m, < M. 

Dio letzfcen beidon Yornnasutziiiigon erwftkno ich mu', da eio bcini Bewcis 
bonutzfc werdon, wiibreiul sic fiir die eigontliohc Ib'obioinstelUiiig unsvoHOiitlich 
Sind und nur die Art dor sonsb bcliobigen Funktionou Dr(«r) etwan oinBobrilnken, 

Unser Problem isk dnnn idcnkiscli mit dor Frago nach dor Wahracheinlichkcits- 
diohte ii)m(QP) oinoa Punkkes P (dea Endpunktes dea von Q aua abgctragenen 

Voktors QP), den ich orhalto, wenn ich blldo : 

§Pt4 5Pa+QP»+ ...4 <Tp,„ = QP, 

wobei die Puukke P auf den Goraden Or gfunilss Vr(«r) vnriioren. 

Fast dasselbo Problem isk nun fUr dou I'-tliinonHionnlon liaiim von II. Pollnczok- 
Oeiringer (a. Lit.-Verz. Nr,(7)) bohandclk worden, nur variioren dork dio Punkto Pr 
auf gesohloBSonon ICurvcn Gf Btafct wio boi uns auf don Gorfulcn Or. Fdr don 
Baweis iab davon aber nur von Bodoufcnng, dnas man diirch dio Annalunc geschloa- 
sener Kurven in eihom cndlichon Qobiot bloibk, woe in unaerm Fall durch die 
zusatzlicho Feataefczung 4 (S. 197) auHserhalb dea KroiscB K (d,h. nichba 

andores ala dass es ftlr dio Langon boi gradlinigoin Flug oino oboro Schranko K 
gibt) gewahrleistet iat. Auaaordem kiinufco man sicli dio Qeraden Or ausaorhatb 
dea Kreiaea K in goachloaaono Kurven Hborgehend denkeii, ohno an dcin Problem 
etwoa zu klndern. 

Ich mbchke mioh doahalb bier auf den prinzipiollon Gang dor Horleitung 
beachranken. Einzelhoiton kdnnen aua der zitiorton Arboit entnommon worden. 
Qefragb iab zunachab nach der Wahraohcinlichkoib, daaa dio Vekborsummo 

Vi («i) + y» («*)+••• + ym («m) 

zwiscKen y und y + dy liogb, wonn dev Endpunkb von i;r(«r) auf Dr goroiiaa dor 


Wahraoheinlichkeitsdichto Vr{Sr) variiorfc. 

Wenn y»'Vmu + 6«, (1), 

iab die Wahracheinlichkoib dafilr, doea gilt 

Vwitt + bm<^tyr {Sf) Via (tt + du) + (2) 

■gegeben duroh 

Y,n («) == ...Jvi(si) Vi (si) ...%(«„) dsida* ... (3), 


das wi-fache Integral ersbreckt liber den Teil einea w-dimensionalon Wtlrfela in 
dera (2) gilt. 
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Man setzfc nun _ 

(*i) + 2 /a (*«) + •••+ 2 /m (*»»)= + ; W> 

wodiirch die nouo Voriindcrlicho u nuf bm (Mibtelwcrt) als Koordinatonursprung 
bezogcn isb und dor Massstab wie 1 : Vw vorkleinerb isb. Das besagt dasselbe, wie 
wcnti ioh itn niton Mnssstnb nnnohme, dass atatt aines Fluges bestehend nus m 
Elemcntni'flttgon cinoi' bestiininton Richtung mit dor resultierenden Vorteilung 
Vr (sr), in dioae Riclitung niir einer diosor ElomentarflUge ausgeftilirt wlrd, fllr den 
die Streunngakomponenton sind s[’'^ : m und desson Mitbelwerb isb : A/m tnih den 
Komponenton und rtra : -/wi (s- (b) und (9)). Die duroh (4) definierten 

zwai Gloichungen lassen sich nach s„,_i und wenn die entsprechende Funk- 
tionnldcterniinante isb, auflbsen. Dio Werle fllr s„i_i und Sm kann ich in (8) 
oinsetzen und orlialto : 


m 0^) ■“ J ... j Vj (Si) V,„—g (S)*— a) (^m—l f Wj) V/,t (Sm fwj) 

St ...dsm-gduidug* 


.(U) 


orabreckt ilbor das m-dimonsionalo der Transformation entsprechende Integrations- 
gebiot. Dabci isb die Integration nach dui und dita gorado liber das Intervall 
d«id«a erstrcckt. Wenn 

{ic-{'dti)»/m + bm in u>/m + bm 

llborgohb, koramon wir von dor Wahi-scheinlichkoit («) zur Wahrscheinlichkoits- 
diohbo w,n indom wir bildon : 


lim 




= 1 . . . I Vi (Si) . . . («m-2) V«-l (W M) «'i» (*m [«]) 


Ns 


Dieses («i — 2)-faclie Integral multiplizierb mit N geht nun ftlr grosse m in unser 
gesuchtes 4>i liber. Es isb also lim (u) 7,u untersuchen, 


f^l^co 


Ea Boi nun nooh zu don v, (»,) oin Mittclwort deftnierb als : 


ar< 


‘lyrVr(Sr)dSrf 


in 

X Clr-b, 

r««l 


(6). 

(n 


und os 8ci : 

und als "Sbreuung" die zweiroihigo aymmotrisohe Matrix 

w'-ds I) <*»■ 


* und 8n hangon natiirlloh auoh nooh von 9^ bis ab, 
t hoH ini ioigendon hoisson; 


/"/::■ /.=/:• I'-ii- 
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woboi J «v(j/Ar - «*r) iy^r ~ O^r) iW (0), 

undoasei: |«c|<«i 1*^1 <» .‘-(lO). 

V (11). 

r~i 

also '"“I lj"i (12)- 


Die Boion endlich, sie bihlen dio positive definite Matrix dor icduziorton 
Streuungon, Die Suinino dor Streinuigskomponenton dor Vr («/) wncliao iiIho wie 
ni ina UnciidUchc, d.h. die Strouuugakoiniiouoiiteu dor veraehledoiuni lliebtiingen 


soion fast alle von dor glcicheii Orossonordming. 

Zu Vf sei cine komifiexe Adjnnkto 

y; (u.) » I e‘ "f' Vr f'l-Ofi II^(/,)(U* (1 !1) 

dofiniort, Bodass /kIk,)®*! (H), 

©. ■“ 



Analog soi die komplexo Adjnnkto von w,ni 

Pm(u)=- \\e*^'‘w„^{^)^lzldz^ (17). 


FUhre ich nun statt dio alten Variablen ein, iiiiinlich 


1 


i (^Ar “■ (W) I X.'® 1, 2 


.(18), 


80 wird unter Berllcksichtigung von (6), 

j I w m \ 

/\ f fr,l Xi P ^ ^ M , V / , 

J>m(«)==j ' Vi(«i)... %,(#„,) rZ.Vt.., 


1 ' 






Vi 


(.vi)dsi...|( 


i 


■ /„■) 'I lilm ■" f'lii) 


(i"’’ 

d,h, die Icomplexe Adjunkbe von (oin Integralprodukt) i«fc auf oin gcwdhn- 


* ab bedeuteb skalfttea Produkt dot* bolden Voktoron a und h. Also woboi ^5, 

bj, bjdie KomponBnten von a bzw, b alnd, In obigom Produkt ontsprioht: ft (Jem Vektor und 

bderaVekfcoryr(0‘-o^). 
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liches Produkb der koinplexen Adjiiuki-euder cinKclneii Voiieiluiigcn + 

zurUckgofllhrt. Nacli oinoin .Snfcz ijl)(:i' gcwolmlioho Produkto von v* Mises (s. Lil.- 
Vcrz. Nr. (8)) gilt nnn untor gcwiHHUii VoriuiHHCtziingcri, die liier zntrelTen, wuiin 
fill' die Funkbioncn /, (14) bin (10) gill: 

/. +;;^)/.(«. + i) («. .i.i) 

= lim 2h,t{fi) 


m *►00 




berochnofc sicli huh dctl iiuch (11), (12); aiiHHordein gilt: 

•»ir» ffy;«i(M) V^(«)di(id«2“ f(c (21). 

Mil Ililfe doH Fouritsr'.selion IntegraltlieoreinB liiHst .sich iiiiu iimgokehrfc aii« dor 
Adjunkk! oincr Vorloilnng die-se HelbHt wiedorgcwinnen uud mir isl: 

10, „ (u) (z) dzidzi (22), 

wobci j),rt die Adjuukto von w,,, ini. 

AIko boi Ponutziing der vurigen b’ormel (21) mil i|/'(it) = c"'^" wird: 

lim w,„(«)= lim (;M [ fr'*";),,, (5) (Aa 


“ (i)** 11®“’'“''’ ^'*^***'‘ 


Das Doppclinlegml liinst sich iiUH\vovt<in ilurcli ^^weirnalige Anwoiulung dor Formel 

2! 

(2'1), 

woboi ich orlmlto : 

J ■“ 1f| lEjj 4' /iji 

lim w/m(R)«w(«)"’o ■-.■y-'-;- - ^0 (20). 

W H^N W \ /ijj Ifi^ /I 


Da« wllre alflo die Wnlir,sclicinlichkoil«du:bl<) I’iir deii Punkl P, don Etulpunkt 
dca Vektor.a u^/m -1-6, don man diircli die angegobene Voktoraddition evbalb. Oder 
boi dor oben aiif fioite i!l8 gentaohten Annaliinc!, die ja ini wcacntlichon iiichta 
anderes besugb, als rlius-s die Lilngo einer gimllinigun FlugRtrecko uingekohrt pro- 
portional ist dor Anzahl dor (Iberluuipt amsgonUirten gradlinigen Fingatreckeu, iat 

Aw(K)-d>i(M) (26). 

Das ist die Dichbe der Milcken— -also Anzahl pro I’laclicneinbeit~nuch doin eraten 
Flug an oinetn Punkt P doin Endpunktdea von Q abgebragenen Vekborait. (Daboi 
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ist iim -^ = 61=5 0 angonoinmcn, aiidoriifallH isb die gesaminte Vorteilung um den 
Vektor 6 zu vorschioben.) 

Ala LSaung doa Ornndprobioma crhaltcn wir alao oiao Qaufls'aclio Vertcilung 

AT „ .'N+'iii “?* 

(bi («)=" ■, (27). 

27r vljiiAaa — rti8* 

Durch geeignoto Walil doa Kiinrdinaben.syatem, Drohuiig uin den Winkol 

I 1 t 

mittols orthogonalor Ti'ansformation dur ICoordinnlon, itidoni niati Bolssb : 

= « coa </i - y ain (ft, '«4 « a; aimji + y coa tp, 
liiaab aich (27) noch vcrohtfachcn, und man erliillfc: 


daboi inb 


und 






2 {liiihit ~ Aia*) 


.(28). 


/lu '!• Iiti f- ViAja* + ()i38“'7'u)* 

2(/tii/iaa “ his^) 


All H" Aja — + (Aaa ■' An)* 

Sind nun keino Teile dev Ebono, liber die sieh die Vertoiliiiig oratreckb, irgondwie 
ausgezeichneb, wns ich bier der Binfnchheit lialbor anneinnun nilichbo, ao inuaa aua 
Symmetrieg'rtinden sj* = Sa® eein, und es winl : 


(bi(r). 


■s?" “ 

N 

= —56 
TTff* 


(r* =!«!* + ^*) 


.(29). 


2s* = <r‘ kann man als “Streaung" des Abatandoa 1 ' vom Uraprung bczeichnon, 
wenn man als Definition dor Strouung anaioht: 

odor bei gooinotriachor Vortoilung: 

U liir 1 Iff 

0 » 5:^,3 |J(®* + y‘) titfdy 

«fi* + B* = 2«« = <r*> 


(80), 
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da allgcmoin gilt (s, Fonuel (24)) ; 


1 

V27r^ 






1. 


Analog isb dor mitfclorc odor duvchBchnifcblichc Absfcatid von Q: 

I “ ^ >'‘>>1 O’) r dr dip = ^trjrh ~ i»Hr = .( 31 ). 

Das ware wohl die Qrosse, dio in don frtlhercn Arboiton als durchachnitfcliclie 
Fluglange I bozoiclinot wird, obgloicli e.s gonaiier lioiaHOn inllBSto: durchschnitb- 
liohcr Absland imeh einctn Fingc von oinom Punkt auB, denn dio im DurobBchnitb 
tatsilchliflh durchflogeno Slrccke isb zwoifollos grosser. 


3. Bis von et'nem Punkt anstfchende Vortcilunff nach dm n-len Fluge. 

Niich <lem eralen Flng Jnifinilen sich iiuf cinem Fliichenoloinonb dafdi/ mit 
“ iV * 

doin innoron runkb Q*- «> — ,e dxfdF Mucken, Boiin nilclisten Flug vorteilen 

sich nun diese von Q uus wio vorlier dio (bmaintzahl N von Q aue. Dor ont8procli« 
oiidc Vorgang fmdeb von siiiutlicben FlHclicnelciuenbcn der J'ibono etatb, Alio dieso 
Verteitungen tlborlagorn sicli und orgoben dio Oesnmtvcrloilung nach dem zwoiten 
Flug. EntsproohoncI crbdlt man alio woitoron Vortciliingen. Es Hoi nun 

(82), 

dann ergibt sich riaoh dor Mebhodo dor vollsWiiuligen Indukbion, da (82) fiir n « 2 
richtig isb, namlich 

(r ) « 0 (29), 


(r-r? 


JO- r* .f nr'* •• !i (rt - 1) 

W r*,/ 8(«~l)*/.|.ii»'» , a(«~l)y|f' + ny'* ^ 

” ^ fi ^ ^7 . " • d.^/} 


nach zweimaligor Anwendung dor Formol (24) orhiilb man : 


_ ^ / TT (n - 1) /i rin- 1)? - I 

“,r‘(n-"i)<r«‘' V n " V n ® 


'(n-1) 

N - 4 - ^ - 


r*ir 


5 e n<f* 

WTTff* 


UP 


e~i;iP»d)„(r). 


.(38). 
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Dio Rayloii'li-I’tmsini’selio Liisung war fjir 71 -^oo 






m 


Sie woicht alno fiir gtusHu n luir in geringem Mivsiifn voii dor hi(?r in'liidtenen ah 
and wiirde mil dir.ser zusatiunenfiilUm, wimn mil die “»Slnnniu^” mioh duiii 
era ton Flag gomeinl wiivo. 

In eincm Krcin um Q mil dein ItadiuH cr holinderi aioh nach n Fliignn : 


'cr (in AT ■ , ^ 

lf„ (or) a= j C <>0‘‘ I'drdif) - N 

juJn nira^ 


.. ’!> 
3 I 


(04). 


Das stiuiml, iji crslor Nilhcriing niit. iluni RoHiiltat v<iii Kluyvur {t.o. H. !{ 44 ) bzw. 
Puai'8011 iiboroin, woim wi(! obon init (bn* iiiitlloroti l'’hig!iing(! I tins <r gonu-itil inU 
Sic crhicllcii: 

C W . if + 1 ) - J, - ) (:a «). 

Die Vortoilung nuch 7)1 Flugpoj'iorlioi, doroii jedo ana n FlUgeii be-slolit, orgibL 
sich obna weiterea cue ( 20 ), indem man ceUl : 

7 icr^ sUvlb ff* Hivd m sfcatl n, 

Es wird dann nach (30) 

«dl>„(r) = d)„„.(r) (.35). 

Also rcsidticrfc die gleicho Vortoilung, ob ? 7 i-niid Flugperiodoii uu« jo n FlUgen 
atabtflnden oder ob eiiie Flugperiodo aim mn FlUgoii sfcattfmdot. 

lab nun von oiner Mlickenarb Mi daa ffi bokonnt, ao lasab aieh daraua ftlr cine 
andere bereclincn, wenn man auch fUr die.so nach dein aogeimrinben Prinzip 
von “Trial and Error” in der bier auagofubvtcn Wciac die Vcvteilmig, durcb 
“alltngliche FlUgo" (a. Lit.'Vor 2 . Nr. {vi), S. 237) enlsfcobcnd, ainiohinon kivnn, 
daas also nach dor in dor Biologio Ublichcn Aiisdruckswoiao " Handom Migrivbton " 
vorliegt. Zuniichab soi die Dixucr oinea Flugea von ho gro,Ha wio die vnii Mi. 

Dann kann man die Vortoilung von nach oinor Plugpcriodo aufliiaatm ula die 
Vortoilung von Mi nach i Phigpcriodon. Odor inun nimmb an, dtuta bid /-fachor 
Flugdauor atabl einca ElemenUirHugoa o'mer bcatiininLon llicblung (?,. I Eloinonlar* 
flUgo dieaer Art auagofUhrt wordon, woduveh dio Strouungakoinponoiibon mil I 
ZK\ ttudbiplkiecon Bind und daber aucb, wvc man ans Formel (ft) bk (12), (2ft) and 


(30) aioht; 

= (.36). 

Also aowohl nach (29) in Vorbindung mit (33) wio nach (35) orhiilf man: 

'*'4>„(r)==i»'4>,„(7') (37). 


Andererseits soi dio linoare Pluggeachwindigkeit von i-inal so gross wio dio 
von Ml. Dann wird man annehmen k5nnon, dass die Wahrsclieinlichkeit fUr 
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(lie Lilngn eiiiOH FliigOH liiiigH liei Mt gl(.(ich ist (l(!r f'iir die fc-fachc Liltigo bei 
il/a liinga (Icn-Holben (lomdoa Man ImbalHo in (fi) bin (!)) fih- -y, zu soLzcn. 

Damua folgt, dtiSH in ilbeigtdit, niid imch Ikirilcksichligimg dor glciclicn 
Fornioln wie obon wird idno 

(7./ '= (38). 

Untei'Holu5id<!t aii:h alno A/a von Afi dnnilj di(! Machu Fliigdaner niid die /ii-fncho 
riuggcschwituligkcit, ho erbiil!. iiiiin dic! Verleilimg fiir auH din* fiir Mi uIh: 

(39). 

tJmgokolu'fc liv-sat .si(;h von don Voit(iilm\g()n zwinisi- Tieifivfcen auf das Yer- 
liiiltnis ilnor Fiugge.stdiwindigktjiUui Hoblie.woii, cino liiiwHO.din bei Untcrsncliungcn 
von A. J. Lolka itber iliw Faiigcn nnd Kntkoimii(!n dev liiniliO (iin(;.s UiuiblieieH von 
grundlegoudei’ Bedoubnng .win dUrdo (k. Lit.- Vera. Nr. (ai)). 

4i. Varteibouj von eincm viit tier Dkhle N hmlzlen (faliki in die uubesctsic 
Urntjehnny*, 

Es goh(j jtilz.fc die Vorteilnng von (ninsr irginidwif b(!gi'(;iizl.en mid gleieliiniitwig 
(licbfc bc.seteten Fliieho Q huh. ])ic. I)iclile sei iV. Kh ludinden nieb hIho in oiiunn 
Fliicbonelotncnl dnifdy' NdnUh/ Mlleken. Idc Verl,eilung von jedein Kliiebeii- 
cloimnit aus .soi glcichintlssig imeli alien Seiten win in dmi 2 nnd !J. Dinin wird 
nacli u Flugen die Plchte m cinnin Pnnkt (x, //) wfiii : 

F„ (<r, y) « Ndx'dy' ^ db.(y(® r,/)# 4 (,/ „ 

<«>• 

l)aH Tnlogral iat Whvx die iniioho Q zu orativt^kt'iK 

Soi andorevseitH filr dm Aiinserc oirujs (]td)icU?H Q dit‘ DiclitM gluioh iV*, m ergibl 
sich fill’ die Vortoilinig in das urHiu’Unglioli fnde InrKH'o iiaoh dein a-teii Flag; 

F„ (X, y) « d dj' 1 J/ld/ - d d/« iV - b\ (.r, ./) (41 ), 

dcnn das InLogral fiber dan AnHaere einer Fliichc () IhL gloieh dein Integral fiber 
die gnnzo Ebcne vormindort uni diw Integral Uber dan Innore von fj). 

Beispiele filr vorsohiedene Gehiete. 

(a) Vortoilung von oiner dnrcli uine gcrado Linlo /) bogreiiKten Halbciboiio auB. 

Dio Dichto roehfcs von L soi N. Wio groan Ufc nach n Fliigcn di(J Diolitc F iin 
Piinkb 0 (Koordinatonanfangspunkt) itiit dem Absfcand — a! von LI 

• ToilwoiHo Bind dio nmlhomaliBahen Pormoln dicsc* Panigrapliim liu Pilnzlp in derPcaraoii'Bohcn 
Arboit (fi. Ijit.-Verz. Nr. (8)) Bclioti cnlhaltoii) ila hIo au« don dorUgon kompliziertorcn HHtzcn jodoob uloht 
flo obun woltoroa oraiohlUoh Bind und ioh litiufig olno otWftB andcro AbloHung gow&bU babe, habo ioh 
nahoro Hinweiflo untorlassotit 
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Nach (40), wenn die y-Achee parallel L, ist 

Fn (co) * jP» (0, 0) “ j 0>n dafdy' 

N 


n-ircr 

N 


s/wr<r 

jy 

J'lTIKT 


e ^^doo' 


I 

f r - — c* - *'* ) 

■lie w’dw'— j e~n?cJ®'j' 

i,ji 1 

I J^rnaJ ) 


.( 42 ), 


d.i. also dio Dichte an oinoin Piinkt mit dom Abstand -« von L. Die Werto dea 
Integrals sind aus Tabellen, wie sio fast in jedcra Work Uber WahvBchoinlichkoits- 
reohnung oder Stafciatik («,B. Lili.«Verz, Nr. (O) bis («)) onfchalton aind, zu ontnchmen. 
FUr (»» 0, d.h. auf dor Qronzlinio It iat dio Diohto wio zu orwarten gleich \ N, 

(6) Yerfeeilung von oinem Rochteok mit den Soiton 2o und 26. 

Dio Diohfce aoi wiedor N, Dio Koordinatonacliaon eoin parallel don Rochteck- 
aeiton und ihr Anfangapunkb aoi dor Sohnittpunkb dor Diagonalen. Dann iat dio 
Dichte naoh dom Ji-ton Flug ira Punkt (a, y ) : 

^ ‘K (J (®^- a?)* + (y' - yf) da)' dy' 

JV fa (i (»'-a!)*+fr'-y)» 

‘Jj-/ 




dw'dy' 


*rrn<r^ 

A f+» ^ , 1 f +6 -(y'-vP 

S ■ — t :-:: , _ ~ I 0 //>y» ^ 1 - m.3 

V 7171 C } 




>JlWi 


1 r+* 

0 j 




dy' 




\/iiva‘ 






.(48). 


Bei dor Vorteilung von oinom achmalon Streifon, d.h. i^oo, wird dor zwoite 
Paktor (1], 

(o) Vorteilung von oinom Kreia mit dom Radius a um 0 ala Mittelpunkt. 

Die Dichte aoi wieder If , Dann iat nach n Plttgen die Diohto on oinom Punkt 
ira Abstand o von 0 ; 

-fn (o) = d)„ (^/?+;» — 2rc cos d)rdrd0 

^ fa nn c^+r^-2fo ooBg 

I I ^ 

ima^Jo jo 


r(J/rd6 ..,(44), 
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2rc COB 0 


naoh Entwicklung von e in clio bekaunto e-Reiho: 


e»=i+jj+^+^+... 


.( 46 ), 


N 

wil’d also Fn (c) =3 a 

^ ^ TTlla^ 


e 




.Da nun 
wird woiter 


K^ZolcWnoV 

ooB^o+^ede = 0, £" cos«0 ^ (46), 


Fn{c)^—„e~ 


irncr" 


2N ~ 




0 X 

A«o 

Dio Intogralc lasson sich suk^/iossiv durch Produktinfccgration auawerten, sodass also i 

x,T , ^ AT f, V w N*' r. . «* . w . 1 / ) 

7,,(o) i^jl 0 «» 4^0*! w) L^'^ia»‘’'2!(tt<rV w) Jj 

(47). 

Dio Konvorgonz dieaer Summo isfc boi verbal tnismassig gut. Man kann 

aber auch zur Auewerbung boi Benutzung dor vorhergehenden Form Tabollon 
tlber dio hdheren Momenbo dor Qauss'schen Summenfunkbion benubzen ( 9 , Lik- 
Verz, Nr. (9), S. 22, 23). 

Isb boi den behandolton Verteilungon das Innore zuniLcliBb frei von MUckenj 
wShrend ausserhalb dor bebrachteben Qobiebo die Diohte N iab, so ergibb sich die 
Vorbeilung in das Qobieb hinein gemass (41). 

(«Z) Yerteilung von einom Winkeliuum aus, 



Innerhalb des von don Schonkoln dea Winkole a abgogrenzbon Qobiebes horrscho 
wiedor eino Dichbo N* Dann wird nach n FlUgen an oinem Punkb P mit den 
Polarkoordinaten />, dio Dichbo sein: 

«^'n(pi'f)=f f <I>n + P^- 2rp cos (■f - 4>)) r dr (48) 

J 0 J 0 

—iinter BorUcksichfcigung von (4i6) und 0 --^-^ 


IT 

Trno’’' 


/.{ 


e B 


1 /2rp' 




r» 


COS** 


S ;p(~a') ie n.»7'*+idrr oos*'5d^. 
Tiviff* *=o«!\ncr/ jo J«-o 
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Wcgen dor unbudinglon Konvcrgori/, di(!sor Uoilio kann man sio juifapaltcn nnd 
alfl Suinino dor llciluni mil g(!radcin nnd nugoradctii Ic Bohroibcn. Bcnicksickbigl 
man dami nooli, diisa: 


I 


JZ h ! 


80 wircl: 




.(«), 


■" 7 - r'T 

^V7rk= \) U^^WtKT' JJ 


Die naoh vorbloibendon Intcgrale las.Mcn Bich uuch auswertion («, Anniorkiing*), 
iind eg wild nach I’jinsotznng inul (jiufacher riniordoung: 


i a { ^ / /)^ \^ /'f 


X S 1 

cos 

|*s,|| 

\r ) 

X S 

'2/j + l\ 

r^cr 

1 , )’ / 


^ co.s(2/i' + l -2;') 1 

7 - 1 ) 

1 sin'(2/a + 1 — 2r) ^ 

1 2k d’ 1 

2r 


(r>o). 


Die Gufco der Konvergcnj; hangl wioilcr vor allem vnn 

Fill' a=7r, i|r=s Jtt erhiilt man, wio man sicli durch Eineotnoii nnd Roihonvor- 
gleicliung tiberzougen kann, <lon nach (42) zu crwartondon Worl*: 




E» hi; 


CDH« .r == (HV» b.-: (J)»» S 

n \ I* / 

- {ooRii? (rt- 2 r) - ; flitt .r (4 - 2 r}}, 

Da co3'‘.T filr roollo .r vcoll ist, milsnon dio imaghiiiron Gliodoi* dor Siiminc 0 orgobon, nleo ■ 

co 0 ‘»ii;= 5 (J)'* 2 J f cosar( 4 - 2 r), 

eos".rd*=(jr 5 

J \^-a r^(\\T J U'-2r ’1(^-0. 

_n,» i /„x2“»b‘-20l('('-|)*ln(n-2r)? 

rlAr) ir:^r * 
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fi. Geiieie, die duvch Hindmiisse {Qehirget Ifusser od. dhnl.) 

begrevzt sind. 

loh boschrilnko mich auf deii Fall, das3 die mdgliche Auebreifcungsflache durch 
eino gracllinigo Grcnsjc abgeschlossen isfc und macho die Ilypothesc, doss oin von 
oinem Punkt uusgehondcr I'lug an dieser Qoradoii gespiegolfc wird. Es waren zwav 
noch andere Mdglichlceitoii fUr das Vorhalten der Mtlcken an dera Hindernis 
denkbar» mir emhoini jedoch bei der Amahmo rein zufalligci* Fllige die oben 
gemachto VoraussoUung am glaubwilidigaton* 

(a) Vorbeilung dor N Miickon von eincm Zentrum aus, 

Die Qrenzgorade H verlaufe parallel der y-Achae im Abstand a von dieaer. 
Von Q ^ (0, 0) aus mdgen wiedcr N Miickon abfliegea Dann iafc nach dem orsfeen 
Flug die Dichte an cinem Punkt) (a?, y) fUr x^ai 

if ^ EiiSf 

5^^ I 

TTO-* 

dazu kommb dio Diebto des Spiegolbildea von y) bezttglich der Qcraden H, 
namlich: 

JV jff 


- — 
7r<r^ 


Alao wird die gesamto Dichte: 








Dio Geeaintsiahl dor Mticken ist nattlrlich wiedor; 


j" A\{te,y)dajdy~N , 


wio bei der Vorteilung (38), was man loiohfc nachrochnen kann. 

Soi beimjtji ~ l)-ton Flug jotzb dio Verteihing gegeben duroh {x, y), dann 
erhalt man («, y), indem von alien Flaohenoletnenben dx' ihj eich 

jOn-i {x',y') dx' dy' Mlloken 

geiniUs a-it'd’i (®, y) vei’toilon, aich Uborlagern und orgeboii. 


OOB^ XilXi 




2, f^k\ 008 -r) (2^ - «) 8in (^ - r) a 

“■'■p r-o U j ' 


X 6^ 




r‘)' 




Plir a-iTi orhiilt man dio Pormel 


p+ryi'^a^rtA r y2A+i-2r' 

da bekanntlioh duroh partleUe Integration wird : 

Die oblgo Pormol ist beim Yergloioh von (50) mlt (42) anzUWondea. 
Biometrika xxm 
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Vaher Verteilungen von Afasaen^ninJcten 

Hei dcr Aniiahme, dasa gilt: 

fup ® ^ ft : a‘T*n-l (•'(?. y) — ‘I’li-l O'®! y) + (2« “ *1 y)i 

Kir ft? ^ ft: (ft?! y’y “ Oi 

folgt clurch vollfttilndigc Induktion, da nacli (61) 

„^>I (», y) = ‘bj («, y) + ‘l>i (2a ~ fl?, 2 /) (61 a) 

iB{,dassgilt: 

A0c,y)= J“|Wi(»',y') + y')| 

X (cbi (® - ffi', y - y') + (2a - ®' ~ ®, y y')] dx' dy' (53). 

Dies Integral liisst sich in die Summe aus vior Infcogiulen aulapalton mul Kwav: 

1. I* («', y') <bi O® - y ” y') cb/ dy'. 

2 . ~ y') 

= (*', y') (S' y - y') d®' dy', 

woboi 2a-*' =8'. 

Da nach (29) <bi (-> ®, y) = d>i (+ «!,y), orgibb 

1. + 2. = 0®', y') ‘I’l (<5 - ®'. V ~y') d®' dy', 

daa ist nach (83) => 4>rt (®,y). 

3. j* y >- y') d®' dy', 

4. j |'lVi(2a-®', y')<l>i(®-®',y-y')d®'dy' 

“ L f (® - 2o + S', y “ y') dai' dy', 

wobei 2a - .V « m', 

also: 

3. + 4. (*', y') <I)i (2a - a' - «!, y - y') d®' dy', 

das iab nach (33) »= «1>„ (2a -®,y). 

Also ist ftir a: 

1. + 2. + 3, + 4. ® a<I)„ (», y ) =5 (®, y) + ‘bfl (2a - y) (63 a), 

w,z.b.w. 

(J) Verteilung von einer mit der Dichte N beaetzton Halbobono ans. 

Die Verteilung gehe also von einer durch eine Gerade Q begrenzton Halbebeno M 
tnit der Dichte M aus in eiu Gebiefc) das durch eine Qerade H, die parallel Q sei, 
abgeschlossen ist. 
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Dann ist iiach n FlUgon an einem Punkt (dom Nullpunkt) im Abstand o von G die 
Dichte; 


((f) *= 


a+t'-c 


^\i(o\y')dx'dy' 


~ ((»'> y') da' dy' + f Abn (2a - 2o + a;', y') das' cZj/' (64), 

J C’J J liJ 


doe ergibb nach (42) 




e n<f^da/ 





«<r‘ da! 


4 


= AT I 2 - e " + 

I yma\J 

{G)‘\‘Fn(^a-o). 

Dio Werbo dor lubcgmlc lasson sioh Avieder aus Tabollen entnohmon («, Lib.-Verz, 
Nr. (0) bis (ii)). 

Man kann also (54) orlial ben, indom man zu dor Halbobeno IS oino bozUglich H 
spicgclbildlichc iRiktivo Halbobeno mit dor gloiohen Dichto N antiimmb. 

Analog orhiilb man die Vortoilung dor andoren in § 4 besprochonon Qebiete, 
indom man immor das ssu dor jowoiligen Qronzo II spiegclbildlich gelogeno Gobiet 
mifc dor gleichon DIchbe N hinzunimmt und dio aus dom wirklicbon und dem fiklivon 
Gobieb nach § 4 zu orwarbendcn Verboilungon addierb, Als Illusfcrabion dazu mbchto 
ichi noch die Vevbeilung in einen Halbkveia boTGchuen* 

( 0 ) Eine mifc dor Dichto iVbegefczte Halbobeno sei wieder durch ein Hindernis 
II abgeschlosscn, Gesuchfc isb dio Vortoilung in einon zunaohst froien Halbkreis 
mit dem Radius R liber //, 


r -(j „ “I ) 

e rfa?' J* 


14~-2 
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Nach dera n-fcen Fkg iafc also an e'mom Punkfc(fl;, y) (bzw, in Polnrkoordiimton: 
p, dio Dichte: 

nK (®, y) = I I «' (*' - y' - y) da/ dy' 

J (i 4 ) J 

*** Li II *^ 2/) + dy* (55). 

Das Integral ist liber das ausserhalb des Halbkroises und rechts von H Hegondo 
Gebiet zii orstrecken. Dutch Einfllhrung von Polarkoordinafcen : 


a; =3 ^ cos 1 / ~ p sin « r cos i/' = r sin 0 ; 

f N i (0-^ ) 

Ks I 


wird also : 

U+>r/» AT ( 


r'i.|.pi.|. 2 ypooB(^^ + ^) 


nach (46) 


N 

■- — ,e flff’ 
TrtKr" 


Nun ist aber : 

f+ir/3 


| 7 'rfra!(/)...{ 66 ), 


j‘+fr/2 f+Wa-»A f. 

C08*(^ — Afr) =: cos* d)d6^ \ 

J“ir/2 J-ff/2-^ J 


'•hirfi+^ 


COS* d) d<h 

= + 



Henry Mahlmann 


218 


folglich heben sich die in der Klammer | | stohenden Glieder mit ungeradem 

k hcraua, und ca bloibt, dn auBsordetn ; 


If 




=^If-Fn{p) 


P’ oo 1 


, e S 


.21; rB 


k^O 


{k\y 






i 


.( 68 ). 


Siehe (47 ), wobei das dorbige o dom jetzigcn p ontapiioht. n iPt 'f') ist also nur von p 
abhilngig und orgibb die gloiche Vorteilung, wie wonn die Ausbreitung der MUckon 
von der vollcnUmgcbung oines Vollkroisea vom Radius R in dieaen hinoin stabtfindet. 

Bei den behandelteu Vertoilungon war bisher von einer Sterblichkeib bzw. 
Vormehrung dor MUckon abgeechen. Ist nun die dadurch bedingbo Aendorungdor 
Dichfce vom Orb unabliangig und isb der Prozonbaabz der nach oinem Fluge abge- 
schiodonen bzw. hinzugokommenon MUcken gloich lOOd, no erliiiib man die 
Verboilung nach dom n-len Flug durch einfache Mulbiplikabion der Dichbo tnib 
(1 — A)", Bedeubend komplizicrter wird dieao Frnge, wonn A von Orb zu Orb 
variierb. In aoiner ganzen Allgomeinheib Iftssb aich dies Problem mabhemabisoh 
wohl kaum Idsen. 


6. Die Verteilung, mnn in einer Halbebene nach jeiem Flug ein bestimmter 
Prozentsale ausscheidet. 


Zundchsb mdchbe ich eine spiibcr zu gobrauchende allgemeiuo Formel ableiben. 
Bei der Vorbeilung von einer Halbebene mib der Diohbe N in die andere links davon 
gelogcne war nacb n - 1 FlUgen die Dichbo an oinem Punkb (x, y) gomasa (42), 
wonn dor Nullpunkb auf dor Qronzgoradon liogb: 




Vtt (n — 1 ) 


t-x «>"* \ 


Nach dem nachaben Flug ist die Dichte: 


Fv («.’) («') *1 (x - x', y - ij) dx' dy' 

das aber ist andererseits nach (42); 


(n-l)(r9(i(!;' 


I'jdV 



(69). 
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IMier Verteilungm von MametipunMen 


aleo muss geltcn : 

1 n (2-*V 


, ./ (2-1)' 1 1 ' \ t 

^ ^[L"* ffi ^ — [ c"(n-i)c*rfa;"i(/®'- .^.s^ - 0 

VwtrJ I V’ir(n — l)<rJ ) VviiaJ 

(60), 

„//» s"» /-c — a/N* ic** • > 

Oder wonn ich eelxe y — ' o ' {' — ') “ o' wicuer ® mit 


x" und tp' mit x' bczoichno, wird: 


..-a . 

Ije " a ' V n-l T 


:e~ ^ (hf (Gl), 


odor, wonn man aclizfc -;x=s ~ a und 
Vn + l 


® A“2 


1 r ¥ r 1 r Td."} c/.' =. . 0 “ ¥ ...(C2). 

/Sir J V2ir i VStt 


Weifcor foigt daraus, dues gnlton muse: 


1 ..^K+fr I 


■ 0 ap’ dW 


/'I dai ' « J ., e " ^ da!'(03). 

j J V 27 r 


(a) Es soli jelzfc die Vorteilung von iV'MUcken ausgobend von oinom Punkb (a, b) 
naoh dem n-ten Flug bestimmt worden, wonn links dor y-Achso dor Vernichfcungs- 
fakfcov A •= 8 => konst, und roolits A => 0 ist, also fUr 

a;<0, A = 8; A = 0. 

A wird im allgemoitien natUrlich dutch Vermehvung und Ahatorben beatiramt und 
ist kleinor beziohungsweise grosser Null, jo nachdom ob das erste odor zwoite 
Uborwiegfc. 

Nach dem crsten Flug erhalten wir dann folgendo Vorteilung (nach (98))*: 


<T)i(®-a, y-&)tBfI>i(rt:--a,y-i) fUr fl;>0) 
a(l - S) a,y- 6) iUr®<0) 


(G4). 


a(l - S) a,y- 6) iUr®<0) 

Bicso unsletigo Punklion d’l (/»— a, y ~ i) kaitn man nun beliobig gut approxirnioron 
duroh 

dh(a!-a, 3/-i!i)|l -S| '^d.D'l (G6), 

wonn nur Ari gontlgond gross gowtthlb wird. 

Ich acbzo also : 

(® - a, 1/ - 6) = <I\ (a; - - 6) |x - e " ¥ d®' j , . .(C6 •>"). 

* Dabei iat allerdinga wigonomman, Vormoliriing und Abatorbeii fttidcn immev aw Endo oinea Flugoa 
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Die Verteilung nacli dem zweiton Flug wird dann bei Vcrwendung der iiooli 
abzideifcondcii Forniol (67): 

“1/ ~ ~ ~ ^ ^ 1 *VI^ ^ ^ ^*1 


a <I)j (® _ (I, y _ . 1 _ S I 


odor bci -*- CO wild: 


-((*•(• a;) 1 


:0“ 2 da)' 


( f-V 1 ■' 

{l-sj W. 


d'a (le -a,ij~b)=‘<f>i (x-a, y - 6) |l - S |^| * ^ a dw' 

-'-'I 


e" a dx' 

viir 


dftbci iab wieder ki~*-<xi zu nohmen. 
Es gilt niliTilich allgomcin: 


.(6Ca). 


;|||d[i„(ffl'>-a,i/'-b)<:I)i(.'B-a)', 2 /- 2 /') j ^ d®"|da:'di/' 


e 2 dx' 


'I dx'dy' 




r 

~ iT*n^a*‘] * 


«<r« dy* \e 


v'2,r i 




jf /-sr _fc*t!±^(/ ~T7 


f-{«*'+^) 1 


2 da"dti!' 


, a + nx i. 




e~ 2 da:"[ d^, 


damus folgt unber Anwendung von (63); 

(■"A: 1 „2! 

= fl>„+i (w ~ a, 2/ - b) J i^e 2 d» , 


wobei 


a«4-(a+l)^ 


{•« + l) + 7W£*er* 
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Bei Benutzung rlioaer t'orineln folgt auH (66), (06 ft), iiulern man selzt Ji = 1, ^ « 0, 

tt w 00 » 

Da im allgcineinen S<1 sein wird, katm nmn, ohne ciiieii grtmen B’uhlot’ zii 
begolicn, Qlieder mit S’* und hoherar Ordmmg vornachliiasigon. 

Mit tier Methode der vollstfliidigeri Induktion Ifisot aich dann zoigon, daew: 



ti)« (ft - rt, y - b) = (I>„ (ft - ft, y - b)|l 

-S l0(„7t(.t))| 

ii,n ) 

■ (69), 

wobei 

... toW 1 

** 

"’ad.® 

(70), 

und 

, . A'ft + (n-A:)ft 

ftlr 

(71). 


«7„(«)»“Afa;, 

mitilf-J'+to 



Sclizt man ft=s2, so aicht man, doss (69) ttborgohb in (CO ft), nbgosohoii von dam 
Glied mit 8’, Woiter ist : 


(i» - ft, y - 6) B (®' - ft, y' - !)) (a -<c\y~ y') da' dy' 

x{l->S0(„n7M\(®))! 

“ 1 / ~ y' “ **) (* - »'» y - y') 

X |l - SS& (ii/))| cite' dy' (1 - $ 0 („+i'y„ n («))), 

das iat unter BorUckaichtiguag der Forme! (67) bei Integration dor ciiwolnori 
Summanden : 


B<[>a+l(<t!-ft,y-6) 


«+i 

l-fiS0(„+i7*(»)) 


die in (70), (71) angegcbono Eedeutung 


wobei dio Qrdsseti in der Klammer 

habon, Also gibt (69) die Verteilung noch dem n-ten Flug uiiber don obon er- 
wfihnten Bedingungen on. Allerdinga hat dioae Formel nur (lUltigkoit wcnn 6 < 1, 

sodass die Olicder mil 8* 8“ etc. wogan immor vorlmndner Diiguniiuigkeit 

do8 O'* iiiohfc ins Qewiclit fallen. 


(b) Eb Bei jotet die Holbebeno rocliba dor y-Aohao mit oinor Diohto 2f bosotzb, 
ffUbrend links der y-Achao koine MUcken vorhandon seion. Dann wird naoh « 
Fldgen bei der vorhergohendon Annnhmo (ibor dio YornichfcungaintonBitiit dio 
Diohto an einom Punkt {a, y) aoin ; 


(®) ® (»-»', y - y') dff' d/ . . 

Ich Bctee ftir $„{» - a', y - y') 

(ft- y ~ y') [l - ^2 0 («7t (», ft'))) ® 

I J 1 „ A) 


.(72). 


«<0 
>0 "■ 


,( 73 ) 
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ein, das stimrafc naoh (69) bis aiif das quadratisclio Qlied, das vcrnachlassigt 
werden kann. 

0 und sind duroh (70), (71) dofinierb mit of statt dem dortigon a. 

Es wird also; 

naoh (42) 


dabci isb : 

•P*(«) = 


(74), 


1 1 y-Tdco‘\cb>' 


‘Jnrn<r 


a m 


Pk (®) » yi- e ~ «<r> f e " ~2 dx" — ^{~\/ • • *(76), 

a/ttHo* J *^2ir ^ *J2{n— k) WV n-A/ 

,bm 7f(,)..f7 *L-; ^(()_i.-5 ,..(77). 


woboi 

Ich SGbze dann ; 


F(x)^A(w)-B(w), 
p(*i (®) = ^(*-ii(®) (®) 


Die il>*“^>(®) bzw. Pi‘~^i(®) enbstehen dutch Differentiation der einzelnen Suin- 
mandeu, aus denen P' (®) beateht. Es wird also i 


2® 1 -vj 1 /2k ,/x / 2 \ 


und allgemein liisst sich dann duroh vollstitndige Induktion zoigen, dass fUr s >2: 


il«~ii («)». — \ 

ntr 


® / 2 
crV n~k 

14 11 1 1 (80)) 


X (®) + 2(a-2)^<-* (.) + ^^ 

* (^^)> 

und ebenso (®) « i a/ - 

was man duroh einfaches Differeatiieren verifizieren kann. 

Die KoeflSzienten der Potenzreihe in (Yi) erhUlt man dann, indem man in (75) 
bis (80) fl7=*0 setzt* Die Ableibungen von Phip) ergeben sich dabei ohne weiteres, 
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waluond Pjt(o) aim (1!}) iioch diireh eiiio klcine U«chniing vereinfacliL werdon 
nius8. Es iot niiinlich, wcnii ich HOtzii: 




no 


s t> 


utid 


V 


.(HI). 


Tch bildc dann : 

dP(«) , 

d« 


also 


=/. 


„L ~ 

< » ViJir 

. __L 

27 r('i +«*)*’ 


r* f 1 “‘f'l f 

- I 


1 


27 r(H-a»)‘ 


air i W «■ 


, Nun iat aber nncb i’(a) flir « => 0 gleicli Alao jnuea 0«0 Hoin, wunn icii 
den arc cobg auf die I’eriode 0 bia tt bcscluitiiko. .Solzo icii daim dcii Wert fdr « 
(nach (81)) ein, ao wird : 

Pfi (o) « ^ arc cotg • (I’criodc 0 bia ir), 

miter neoli (7«) : ^^ («) — 2^ ' 

Allgomem erbillt man flir die NuUateilon der AbloiUnigon mit ungoradom Index ; 

(-2)>-I.3^C.r,..(2.-l)( .,L 1 . 

Ftlr die Nullstollon der Abloitungen mit goradem Index let inir koine allgomeino 
Daintotluiig geglllckl;, Ea ist jedoch : 


JY'(o) = 


2(3« 


/A_ 

V n-k' 

3 «~ 2 ^) /^F 

(n-7c)iT*V n-J 


- 4(16)1*-. 20n&+8P) /IT' 

^ ^ 7rn*(n-l!)*«r« V n-k' 

24(36ji*-70ft»/o+66)il!*-16fc») /“F 
V n“-T 


»x/ \ _-‘t8(316n*-840pi%+1008»%**-676)ifc’ + 128l:*} / k 

Vn-k' 


* UnljeBtimrat 
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Dio prakbischo Auswortung dieeer Resultatc wird vor allom von der Konntnis 
dor Qrdase <r abhiingon. Um dies tr ku bcBbimmon, wird man wohl von N" MUcken 
oilier besbiminfcon Art A exporiincntell oino Verteilung nach einem oder rnohre- 
reu FlUgoii, ausgcheiid von citiein Zeiitrum Q, bcobachtoii mtlssen enbsprechorid 
Fonncl (33). Naclidein dann eimnal von einor Mttckenart A init einer Flugzcit ti 
und oinor linearcn Fluggoaohwindigkcib Vi die Strouung deg Abatandee von einem 
Puiikt bokaniifc kann man mifcainigoi’BereehfcigiingcIieStreuungeinej’anderen 
Mllckenai'b B inib oincr Flugzeit und einer Hnearen Fluggeschwindigkeib Vt 
bercehnen, wio auf Seibo 204 — 205 naber ausgoftlhrb wurde. 

Iin niiclisten Paragraplien soil nun an Hand oinigor Beispiele die ungefahre 
Griiase des it dor Anopheles quadnmaculatus bcsbiminb wei'den. 

7. Beslinmumj der " Strouung" fdr Anopheles quadrimaoulabus nach Beoback- 
tiingen von M. JI. Barber und T, B. Hayne, 

Es muss hior allordings von vornhorein bobont werden, dass es sich bei den 
folgotidon Boroohmingcn nur um robe Nilherungewcrbe handeln kann, da ersbons 
die Zahl dev aur Verftlgung sfcehendcn Beobnchtungon zu klein iab und zweitens 
die auszmverbenden Vorsuchc niohb oigeiiblich zu dem hier erabrobten Zweck 
angostellt wurden. Prinzipioll habbo man an vorsohiedenen Bunkten und Tagen 
(wonn pro Tug oin Fliig stabtflndeb) dio Dichte der Mtlcken zu beobachten, wenn 
am Anlang dcs crabon Tagcs an einor beebimmben Sbello eine mliglichst grosae Zahl 
gcravbtcr MUckon in Freihoib gesctzb wurden, 

Aus don so gofundenen Daben wilre dann mib Hilfe der Ausgloichareohnung iua 
Formol (83) das <r zu bereohnen. 

In dor Praxis wird diose Besbiminung dor Diohte an den verschiedonen Punkfcen 
nun zicnilicli schwiorig sein, da man im allgemoinen wohl kaum eine besbimrato 
Fliichc ganz genau absuchen kann und da wcgon Haufungen der Milokenanzahl in 
Sfcallungen, Wohnungon usw. zur Bereclinung der Diohte an einem Punkt eine 
etwas andere ala dio abgeauchte Flocho anzusotzon iat. 

Ich fllhro dcahalb als noue unbekannto QrOaso dio Flache F oin. TJnter der 
Vorausaotzung, doss F verhaltnisraassig klein gegen iab, isb dann nach (33) die 
in dor Enbfoniung r nach doin n-ben Flug auf Fbefindlich Anzahl MUeken: 

(r) =. (1 - SrF<j>n (r) = a ' £ (82). 

Es Boi also tier Vornichfcungsfaktor 8 Ortlich und zeiblich konstant. Er gibb den 
nach einem Fluge ausgeschiedonon Bruohteil von der am Anfang des Plugea 
vorlianden gewesonen Qcaainfcmhl der MUcken an, 

Bei den Versuchen hafc man also an myglichst vielen Stellen, mSglichst gleich 
grosse Plachen F gleich gufc abzusucheu (in dem F isfc mifc bertlcksiolitigt, dass von 
den wirklich vorhandenen Mtlcken nur ein Toil gefunden wird; insofern isb also F 
praktisch nio die wirklich abgcsuchte Flache), Die Unbekannten F^ und evenbuell 
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S alnd dann so zu bGafcimmon, dass sich die 2ahlen der an den oinzclnen Stollea 
tatsdohlioh gefundeneu Mltcken mtiglichst gut den der Fonnel (82) anpasson. 
Ea iat nun ilblicii, die Unbckannfcen so zu bcatiminont dn«s niclit die bcobachtelen 
Zahlen durch Z„(r). sondern dass log/j„(r)diuch log^„(r) inaglicbsfc gub 

approxiraiert wird, da daduroh ein bedeutend gloichmiissigerer Einflusa allcr beo- 
bachteten Datcn erreicht wird. Nach (82) ist nun: 


log if,, (r) « log ~ + n log (1 - 5) + log ~ - ~ 


.(83). 


Izh seize dann: 


log(l '-'S)‘=«; 

1 


.{M), 


und suche nach der von Gauss horrlihronden Mothodo dor kleinsteii Quadrate 
(a, Lit.-Vorz. Nr. (lO) bis (14)), die «, y, z so zu bostimmen, does 


2(logi3„(r)-logZ„(r))» 

cin Minimum wird. 

Von Barber und Hayne sind nun zwoi Voraucho nusgefUhrt worden, die ungeftlhr 
den bier verkngten Bodingungon enlsprcchen {s. Lit.-Voi'z. bir. (IB)). 


TABBLLE I. 



0 

14-4 

B 

1 

60 

1 

1 




(0) 

2 

24 

1 

1 


(1*380) 

(0) 

(0) 

■■ 


1 

1 

H 

(1) 


(0) 


24 

1 

1 

H 

(1*380) 


(0) 


4 



m 

iiiiigggm 




Dio Zahlen in den Klammern sind die Briggs’sehen Logarithraen dor darltber 
steheuden Zahlen. r isb in 100 Puss (= 30'4i8 m.) geraessen. 

Tabelle I gibt von 2600 goftlrbten ausgesotzten Mllcken die Verteilung dor in 
versohiedetien Entfernungen und an verschiedenen Tagen Wiedergefundenen an. 
Die Zahlen am Kopf der Tabelle sind die Entfernungen in 100 Fuss, wahrend links 
die Anzah! der seit der Aussetzung verstriehenen Tage stoht. 
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Sotzt man nun filr die a?, y, z vom (84) in Formal (83) dio Nahorungowerte : 

yo~~'^> ^b — O (85), 

so erhillfc man 13 sogenannfco Fohlergleichungon: 

Vk « + la; - ?—^-log B„ (r) " 'og ~ + 2^ 

‘=’a,^ + Ki} f 0y^~ 1 , 

in dip dio aus Tabello I zii entnehmonddn Werte einzuseteon sind, also: 

Oji-l^ + l^- 0-0*798, 

K>“2f+li;- 0-0*780, 


Vj = U + li;-90 + 0*901, 
t;7 = 2f + l»;- 46 + 0*600, 

UBW. 

Die f, a;, das sind die an ai, y, z anzubringonden Vorbesserung^n, sind nun so 
zu boabimmon, daag [w]* ein Minimum wird. 

Dazu bildab man dio Summon dor Produkbe dor in den Fehlergleichungen 
stohenden Koeffizionben ay, hy, Oy und ly, aus denen man dann die sogenannben 
Normalgloichungcn orhttib: 

[aa] f + [ot] f) + [ao] S’" [®J]' 

[ba]l+[bb]v + [boU<-[blj- (87). 

[ca] f + [ci>] 7) + [co] f s= [ci]^ 

Die LSsung dieses Gleichungssysbems gibb die zu den Naherungswerben hinzuzu- 
fUgendon Vorbeaserungen an. 

Die Normalgloichungen unseres Beispiels lauten: 

116 f+ 36 7)- 760*4 1'272, 

35 f+ 13 y~ 390*8 0*813, 

- 760*4 390*8 a; + 26070 266*9. 

Die Ldaungon sind: 

f»-0*123; a; « 0*89 5 0*021. 

Also wird nach (86) : 

fljes — 0*128; z = 0*021. 

FUr die mittleren Fehler ergeben sich die Werte; 

an^ — i 0*088; any» + 0'32; aK*=“iO’0036. 

♦Esbedcutet: [a<i]=2«K«v. [o6]=Sfl^br, uaw, 

V , V 

Elnzolhelten b«zttgUoh der Abloitung der Theorie det Methode del klelnutea Qviadrate Bind u.a. In d«n 
aut 8«ltB 236 angegebenea Werken zu find«n. ^ 
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Nach (84) crhalt man dann die gcauchten Grdaacn: 

1 - S = 0-78 i- O-lfl * ; ~ = 0 078 ± 0 087 ; 

a* 

<r =« («'9 ± 0-6) 100 Fh«h = (210 ± 20) in. 

Wio nach dev A-uaftllunuig dca Vorauchca mi crvvnrtcn, iat die Ungcimiiigkeit 
von F am gros-stcti. 

Dor Wort fUv 1 - atinuut auasecordisiiUicli gut mit uuf gaiiz anderc Weise 
niigeatelltoii Borechnutigon von Horn) Prof. Martini Uborein (a. Lit.-Verz. Nr. (16)). 

Aus <r tolgt imcli (31) ; 

i ■= ^ Vtt — 186 m. 

Prof. Pcaraon (a. Difc.-Vcrz. Nr. (3), S. 30) achiitete nun die Gr8.s.so von I zwiachen 
100 und 500 Yard (91'4 bis 457*2 m.) in guter tyborciiiatiiniming mit dcin hior 
gefundenen Wort. 


TABELLK II. 



0 

14-4 

W 


BooU 

Thoor. 



1 

GO 

40»5 

1 0*6 

1 0'.l 

2 i 

24 

17*6 

1 2‘0 i 

1 l*(l 

3 

10 

8'8 

1 2*1 

1 1*8 

4 

(0-1 

4*0) 

1 1*7 

I IT) 

G 

4 

2*0 

— 



Tabello II gibt eino Qegentlborstoiliing dor boobachtoten (links in den Spalten) 
mit den aus (82) nach Einsetziing dor obon gefundonon Ztihlcn bercclnioten 
Werton. 

Bin Mass flir die Giite der Anpaaaung iat die von Pearson atuinniondo 
Methode (s. Lit.-Vorz. Nr. US), S. 167—7.5, und Nr. {»), S. xxxi), Man hat zu 
diosom Zweok zu bildon ; 

s _ V (boob. Wort — thoor. Wo rt)^ 

^ thoor. Wort " ' 

’’ Mini orliHU die mUtlomn Folilot nuK donan (Ur j/, * mil UiUo doa Qnuaa’aoUou FoUlotlorlpUanKuug- 
gesBtzos: 

+('»J-Q •I—* 

711 / iab dot mlUIoro Fohlot olnor Funktloti vfGnw ir^, mj,, dio vonoinandev 

miifcloren Fohlor von ip, y, Bind, Also si.B, wonn 

isl, wird ! j»/= ^ O'Oea = i O'lff. 

(Die Zablenwerte Bind aus oblgem Vcrsuoli genommen.) 
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F(ir jede belrachtcte Anzahl von Klasacn cutapriclifc clann rlen verschicdenGii 
Wcrlcn von ‘1-i- t^o Wahrachoinlichkeit dafttr, diiss oino durcli Zufall 

entatehondc Abwcichunfy de(- beobaclitoton von dor theorotisclicn Vortcilunff 
cbcnsn gross odor grosser ist als die dor untorsuchlon Verfceihmg, Dio su den 
vcrscbiedoncii geiKirigcn Worto 2^ aind tabellierti («. Lifc.-Voi'z. Nr. (O), S. 26, 
und Nr. (i#)). 

In unaerem Boispicl erliiilt man bei auaser aebt laasen dcs gaiiz ana dor Rciho 
fallendoji Wertoa fiir a=4, r = 0 fllr j^®don Wert 6'54, dem entspricht: 

P = 08. 

Die Anpassung ist also ala Uboraus gut ku bezeiebnen. Man nennt niiinlich iin 
allgotneinen oino Anpassung nocb gut, solange p > O'l (ntiheres luerllber sieho 
Lif),-Verz. Nr. {80}, S. 104-8). 


Der smite Versnch von Barber und Ilayne. 
TABBLLE III. 



Tabollo lit gibt diesmal die Yerboilung von 2400 MUcken. Sonsb ist die 
Bedcutung der Zahlcn die gleicbo wie die dor Tabellc I dca eraten Versuches 
{S. 220). Wie man olmc woitorcs sicht, sind dio wiedergofundenen Miickon diesmal 
bcdcutond rogclloaor vortcilt, und us ist anzimobtnon, dass duroh das Absuclion 
odor sonslwie systomatiaclio Folder in bezug auf dio Anzahl der an don einzolncn 
Stollcn wirklich vorlmndon gowosonon Mllokoii vorgekoraincn sind. Behandelb 
man nun dio Datcn dieses zwoiton Vorauclics genau wo die dc.s orston, so erhiilb 
man : 

1_S« 1-024; -4 = 0-000; c = 9-8 100 Fuss. 

tr 

Der Wert fUr 1 - S ist jodoch unmbgUch, denn auf jedon Fall muss 1 - 8 < 1 scin, 
Icli habe deshalb bei der Auswertung des zweiteu Ycisucbcs die Grasse 1 - 8 als 
bekannt gleich 0‘Y angesetzb, welchon Wert man auf Grund des vorigen Versuches 
und der erwahiiten Berechnungen von Prof, Ma 'tini wohl als oinigermassen richtig 
ansehen kann. 
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Setzt man also in (82) 1 - 8 = 0'70, 

und fiihrb im Ubvigoiv die analoge Rechnung wie beim crsten Verauch mit deii 
entsprechenden Zalilen dor Tabello HI durch, so erhttlb man als Normal- 
gleiohangon: 

104-2i?-8222 (;=74'8, 
inib don Ldsuiigon : ij = 0‘36 ; f « 0 0185. 

Also wegen (86) : y =• - 1’66 ; ir » 0 01 36. 

Die ebenfalls aus dan Kocffizientcn der Normalglevchungen zu bereobnonden mibt- 
leton Feblor aind : 

wiy “ t 0-24; lilt - ± 0’0092. 

Wegen (84) wird dann endlich : 


^ « 0 0224 ± 0'0124; <r =■ (8-6 ± 2'9) 100 Fuss « (260 ± 90) m. 

Wie man siohb isfc mit den Rosultaiten dee ersten Vorsuches oino wcitgohende 
Uebereinsbimmung innorhalb dcs Bemohoa dor mittlorcn Fohlor vorhandon. 


TABELLE IV. 



0 

1 

2 

6 

14*4 

1 

277 12*0 

1 11*8 

1 11*3 

1 8*5 

1 0*76 

2 

20 4*2 

4 4*2 

2 4*1 

— 

— 

3 

4 2 * 0 - 



— 

— 

4 ' 

2 1*0 

1 1*9 

— ' 

— 


6 

1 0*3 


— 

— 

— 


Diese Tabelle gibt wieder eine GegenUberstellung der theoretischon (recbts in 
den Spalten) mib don beobachteton (links in den Spalton) Zahlon, Man aleht 
sofort, dass im ganzon gonommen eine sehr achleohte Anpassung dor fchoorebischon 
an die beobaohteten Baton vorliegt. Ein Vorgleich mit Hitfo dor orwahntcn 
Metbode otgibb ittr P einon -vfeib kleinoron Worb nis O’OOOl. Dio 5 sUirksten 
Abweiohungen sind nun prozontual im Vorliilltnia zu don tlbrigoJi dorartig gross, 
dass ftlr sie oiti systemotisoher Pehler anzunohmon ist. Man ist dosbalb in go- 
wisaemSinne bereohtigb, diese boi Bourteilung dor AnpossungsgUto auszusohnlton. 
FUr die dann dbrigbleibenden 7 Beobachtungen erh&Ib man ; 

= 6'2 das gibt : P = 0'4, 

was immerhin nooh sehr gut genannt werdon muss, 

Man kann also mit einigetn Recht auf Qrund dieser beiden Vereucho ftir cr 
eiaen Wert von etwa 260 m. ansetzen und damib die in dieser Arbeit behandelten 
Verteilangen fUr die Anoi^helea quadrimaoulatua zahlenraiissig berechnen. In 
folgender Skizze habe ioh z.B. die Verteilung von einor Halbebene mit der Dichte 
100 in die andete naeb 8 Flttgen dargostelib, 
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Dio Abziascn siad die Abstiindo von der Grouzgeraden, •wahrond die Ordinaten 
dio ill don voracliiodcnen Entfernnngen vorlmndcnen Dioliton, d.h. Anzahl pro 
Flilchenoinlioib, angeboii, Dio Liingonoinheit aoi 100 ra. (Fliiehonoinlieit also 
10,000 m.*). Yevmolirung und Absterbeii sollen sich aufhcben, also 8 = 0, 

Dann wird die Dichto im AbsUmd x x 100 m. von dor Qrenzlinio naoh 8 Flilgen 
sufolgo (42) ; , 


F«(«) = l- 


3 (mil 31= 8, O’ =2*6) 


e” 2 dx'. 


Die Werto dieses Integrals babe ioh bus den Pearaon’sohen Tabellen cntnommen 
(s. Lit-Verz, Nr. (9), S. 2 bis 9). 

1 r* . 

-p=r e 2 die' isfc dorfc rnit J (1 - a) bezeiohnet. 
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Der jjwoito Kurvcnzug ist die? Vovliiiigerung do8 (?r8toH bci r>0-fach vei-gfosaor- 
lem Masaatab. 

Horrn Prof. Dr P. Kiobnaoll Bowio Ilerrn Prof Dr E. Martini indchto icli auch 
iioch an dieecr Stelic moinen bcHoncloron Dank aiiBHprochcn filr doa rogo Intercaso, 
daas sie an der Fortigatellung dicsor Arboit atets bowicaon Imbon. 
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TI'IOUGHTS SUGGESTED BY THE PAPERS OF MESSRS 
WELCH AND KOLODZIEJGZYK {Bimetnita, Vol. xxvii. 

pp. 145—190). 

By KARL PEARSON. 

These autliora take populations IIi, ITj ... flj ... 11^ and suppose that in any 
ono of thesd k populations, tho distribution of the y’s for a given ® is normal and 
homoscedastic. Accordingly the frequency surfaces must be of the form 

Xi * (i), 

where i is the army standard deviation, and 5/ and the constants in the 
population H,, and nothing is stated about the form of which d, priori may 
bo considorod continuous or discontinuous. For tho truth of the following results 
it docs not matter whether wo take a summation or integrate with regard to m 
between arbitrary limits. But the reader must bear in mind that we arc summing 
for the parent population and not for any sample taken from it. We shall use 
and for the x and y moans of tho population, and and for their 
standard deviations, pf will be their correlation coefficient. For a sample from this 
population, we shall use S(, y{ for tho moans for tho standard deviations 

and for tho correlation coefficient, and <ra,i for an array standard deviation of the 
y'd for a given «(. 

If bo tho mean of the ® array of y’s the form of (i) shows us at once that 

+ 

and there is accordingly a straight regression lino for y on x. 

Summing for all values of x, it follows whatever be tho form of that 

7»j, < = 5( + Wji,< (ii**'). 

We will now show that for any surface given by (i) 

Wo have, if Nt bo tho size of tho population ll(, 

=» S„x^i {x) j' (y - a, - + g( + e " dy 

= 8gX^{ (x) [0 + + jS<®] V 

= [a,7ni,< «*\<)] 


16-2 
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On the WeUh-Koloihivjvzyk Frequency Surface 

But iV, ami thereforo by (ii) 

or = (“0. 

whatever bo tho function 

We may now proceed further and lusk what ie tho form of (r\i for a surface 
like (i)1 

We will find tr\(. 

(ff \< + fn\ {) => i>e (®) 5b, < (ff\ t + »!*»,<) 

= f (j/ — a( — ^(tr + «f + ^j!r)*c ^ dy 

J ’** OD 

= ii„ (j>i («;) [5\ I ^2^aa, < + 0 -I- {«,* + 25, fiyX + /3, it*) V2Tr Oo,,]. 

Thus N( (A,i + () « iV( [a\ , + a,® + 2a,fi,Wi, i + (5®i, < + mS, <)]• 

Hence by (ii) anti ^iii) 

Aj,, -h m\ ( = + («, 1 ftwi,.)* -I- 

Ai(l (iv), 

which is exactly tho form 5*a,i would take for a normal aurfaco, and thia whatever 
bo the form of </»<(«(). 

Now if an additional hypothcBia bo mado that i« to bo tho same for all tho 
h populationa llj, Ha ... II< ... U*, then for those populations wo must have 

r^a (v), 

which signiflee that for iheae k populationa tho variance of y in oach of them varies 
inveraoly as unity minus the square of its correlation coefficient. It would scorn 
difficult to discover any series of populationa for which such a relation would hold, 
Personally I am not able to think of any aeries of populationa for which the 
variance and the correlation would obey such an artificial, not to aay fantafitie, 
relationship except ; 

(a) ft series of populations with the stimc variance for y and tho aainn correlation 
coefficient, i.o. 

Pi'” Pi' fbr all values off and i' (vi), 

or, (b) 0 aoriea of populations taken from different parts of one and tho aanie 
population. This would involve not only (vi), but and /3( being the same, to say 
nothing of mj,* and W 2 ,i, as well as 

5i,< = for ail values of i and {' (vai). 

Thus case (b) involves far more stringent hypotheses than («). 

But if we accept (a) and then superpose upon it the additional hypothesis that 
the regression coefficient of these populations, namely is bo be constant, we 



Karl Pkarson 


229 


have fixed and accordingly 5,,, muefc be considered constant in this case, 

(a) tlioreforo connotea that the throe constants pt, Sj,*, are fixed for all Asur-- 
faces, but tlie means may bo diflbront, which is not possible in (6). 

But we can now go further. Clearly 5i®f(l-p(®) will bo constant for all k 
populations and accordingly the arrays of a? on y will be homoscedasbic. This doss 
not refer to the samples taken from those populations which may not be random 
at all, but bo the populations IIi, ... IT/ ... I'ljj themselves. 


Now the most general equation to a surface having homoscedasticity both 
ways* is 

Z — ZqC 

whore 7, ?/ii, wia, Xi, Xa, ci" and C2" arc arbitrary constants. This has for its 
regression curves 




X. eA,*+x,v _ _TL. .. 7 


X,»m, 






.(viiiT. 


and 


JI3, c=. Cj - ™ log ^1 - (ix) 

= Cl - i log (1 - ^ (x). 


Now by hypothesis (i) we are to have (ix) linear. 

Let us expand the logarithm and the exponential. Wo have 

Xa%ia® 






" c 72 -f (1 + H- ♦ . 

4.!?0(l + 2Xia; + i4Xi».'r*+...) 

+ (1 + 3X1® + i 9XiV + 


+ etc. 


cj + »?ia 




\ ma»Xa wig^Xa* 

XiV'^'^'^ 3X?"^ 


+ 0) ^»ia + ^ 

+ ^rJijXi + 27Ka*Xa 3wia*"j” + 



+ etc. 

To make the right-hand side linear we are bound to make Xa/Xi finite, and both 
Xi and Xa aero. The infinite constant now may he added to the arbitrary constant 
ca; the coefiHoients of all powers of ® vanish except that of.® which is finite and we 
have 

|?*=>C2' -f-W® (xi)' 


• a, Narami, JU mHnka, Vol. xv. pp. 82-8,5, 
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But fcho very same values of Xi and ?i8 turn (x) into 

Xy«Ci' + 7tti'y (xn). 

Accordingly wo cannot have a frequency surfaco lioinoscedastic both ways and 
with linear regression one way, without linear rcgrcssioii the other way. 

Bub a frequency surfacti linear both ways and hoinoBCislnslie both ways can 
only be a bivariate normal aurfaoe. If this result bo not familiar, it tmn be deducod 
from (viii) by making the ratio Xj/Xj finite and Xi and Xs both zero. 

Thus it appears to mo, without being dogmatic, that unless a series of surfaces 
can bo produced in which the relation (v) holds other than those supplied by 
(a) or{i), wo do nob narrow our hypothesis by supposing that the populations IIi, 
n,, ... ri< ... n* are all normal surfaces diflforing the one from the other only in 
the position of their means. Those means will nob of necessity be colliiiear; this 
depends on the constancy of S,, supposing that wo have accepted the hypotheHe.s 
that ofa,* ond arc the same for all the populations. 

The thoughts hero recorded do not question the validity of tho procosflos by 
which the authors cited would deduce the constancy of ?«,{, «( or fit. Bub they do 
lend to suggest that the surface (i) from which they start is, when tho liypothoseH 
•'''d ni’o applied, not so general ns they, perhaps, imagine and 

that accordingly there may bo other, possibly iw simple, methods of attacking their 
problem as that provided by them. 

Lob 118 consider first samples which may bo supposed taken from a bivariate 
parent normal surface defined by means ?wi, Wa, <ri, ert, and correlation p, iind let 
any sample be defined by x, p, 2i, If* and r. The frequency surface iii five-way 
space is known to bo* 



W~4 

(1 ~ ?■*)” 'J'[(l^dpdSid^adr} 


= «o^'i(®ty) X Ji'a(Si,i2a,»')[£i2idyid2idi2*dr] say, for brevity (xiii). 

There are five variables liere,i.e. those of thosamplo®, y, 2i, 5ia,j*, I propose to ro|)lac() 
them by tho five other variables «, - pS, 2i, and 7 » 12 * Vi- r®f . 

In doing this I shall throw any numerical factor or any function of the parental 
constants «ia, «*, «i, «a and p only, which arises as a inultipltor of A\ or i'*, into r*. 

I shall begin first by getting rid of y « a -i- in h (®. After rc-avrauging 
in powers of ®, wo have 


Fi ($, o, /5) = « 



where 


(2*1 


Si ^ I 

s* Si* 0-* tr** 


(xiv). 


* We write (1 and (X where Jtf is the size of the sample, 

t The reader must bo careful to boar in mind that a, p, y hero are ail sainplo and not parent* 
population 'values. 
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Now at) doea not occur in Sa, r) and thus we see if a and /9 arc fixed 

oJ still follows a normal curve round the value 


f aSi\a-mi + ^mt 

fYv\ 

V Q 



(xvi). 


moan 

with standard deviation 

Wo see that this standard deviation is indepondenb of a, which only influences x. 
Wo now transform our five variables Xtt Sa, r to the variables x, a, 2i, /S, and 7. 
Evaluating the determinant wo find 

dal dy dtx dSa dr dx da dSi d/3 d^. 

2i2 

Wo can now integrate out for 3 and have a four- way frequency surface; 

/«VV^e-2 [dad^id^dy]. 



2 iVl-r* 

The next stage is to express the function g i'aCSi, r) in terras of 

2t, and 7, What we have to express is 


e 

and this leads to 


M-J 

2 . 


4 . /S 1 \ ill: - 1 /S.\ 3 ^ 


1^5 

G 2 « 


or « 5V {-■-) . . 

Wg can now write our fourfold surface of frequency in the form 

1 _ i 

z' dadti d/3 ^7 = V e " 2 8,>g dad/9 


^ _ L'l'’ /,v\A/-8 

xe 2 *1* ^ dti e j d7 (xvu). 


This admits at once of being integrated out with regard to Si, loading us to the 
complete r-fiinction jsM, and other factors which eiui be thrown into the Vi “s 

well as the important factor Thus wo reduce our expression to a three-way 
surface of frequency 

1 ' l (n -Mia+P/iiiPU-r*) 

z" d« d/9 d7 = Ho" Qfpj+i) ^ ~ ^ ' 

This result is of considerable importance; we see that the three-way frequency 
surface breaks up into two independent frequency distributions, the one the 
bivariate frequency surface of correlation for 0 and /8, and the other the frequency 


/y\M~3 


d7...(xviu). 
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curve for lire (listriiruUon of 7 , the stftiKlnrd devintimi of tiro armya of y on it, i.c. 
Sa VI - A Tliis Iftttor, uh pointed out in my memoir of is |)r(!ci«ely of tlm 
Hftrao form as the distribution of tlic standard deviations of sniuples from n normal 
curve with the niimbor of the inilividuuls aaniplcd rwlucctl by a unit. 

It is accordingly clear that in’ the problems ennsidored l)y Messrs Welch nnd 
Kolodzicjezylc the (jiusstioii of whether their irj (-our cr,^,) in 11 sm'iea of wimples 
is the same can ho treated without regard to the « and j9 of the regression lino, 
while the « and 0 cannot he considered separately as they arc correlated. We 
.shall consider later how to deal with this distribution of Wo now torn to the 
correlation surface 




This can he integrated out witli regard to «, and gives us 






(xx). 


This is the distribution curve for tlie regression coolTicients 0 of samples of size 
M drawn from a bivariate normal surface. It is a curve of my Typ VII, Hytnmotrical 
about the regression coefficient of the parent population, and na M inorea,soB 
it appronolio.s a normal distribution Kemomboring thatfj/si=o-j/tri wo remark 
that 

0 = pirsM, «r^ => 7jf=g “ Vrrp (xxi), 

VM-S<ri 


The odd moments all vanish and jai//ta® » 3 (iV - S)I(M - 6 ), 

For low values nf M the momenta of the 0 curve become infinite. For M = 3 
fii is infinite, and for Af => 4 the value of /ti is infinite. Generally Jlf must bo > n + 2 
for the «tli moment to he finite; i.e. if we desire the nth moment to bo (initc, ibo 
number in the sample on which the regression lino is hosed must bo > n + 2 , 

Returning to (six) we sec that it may bo written 


= (xxii). 

Sinco <J is a function only of 0 wc see that for constant regression coefficients 
a will be distributed normally about the 


Mean afi=mi-0vii, 

» R,S.J>w(!.Vol,112A,p.4. 

+ I dtovCToa tSiia aiBtribntiftn in 1D28 (gee B.S, Pw. Vol, 112 A, pp. 6-7), but Mr Wololi Imf 
pointed out to me tho proof then given WM not valid. 
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^/M\ P .rW 


~ VM ~ (xxiii). 

'Phua wo learn that the regression of « on /3 is linear, but the system is hetero- 
sccdiwtio, the variance being given by a hyperbola. 

I have tried unsuccessfully to integrate (xxii) for j 0 , so as to obtain the distribu- 
tion curve for a. This I fear is unlikely to be achieved, but the moments of the 
a curve can bo found, and if the reader be so inclined a curve of one of my types 
fitted fmm the first four moments. This is the mcthotl adopted in a similar problem 
by Mr Welch (p. 151), but in the case of samples based on few individuals, I feel 
doubtful how far this approximation to the true distribution curve of a variate 
may not bo misleading. In the case of many individuals it would for practical 
purposes bo adequate. 

We will turn now to the moments of a. First we will find the value of V" 
supposing the total frcqtrency to bo N. We have 

(■•(•CO f-t to 1 (g - »<.j + til| p (iTi/g i) -I- Wl] Rfi'P T 

N = zo'"\ e'2 -WV T^T^JadR',, 


where 


rd-co fd-co A yfl - r i 

"-'•"'LL*"' 




Integrating out with regard to a, 
nr f+®v' 27 r<rjV'Q 


f+o 
, -0 




v'27ro-aV"L“ 1 

whore 0 =5 ~ Vl — p* . 



While considering the value of the ^^o’s it is worth while writing down what 
value arises from the 7 distribution — i.e. 


Honce 


.(xxiv). 


;Z = So‘''e 


Qr’m 


where S 2 ^ = (ra* (1 - p*)/ilf— of the three-way frequency surface. 
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1 . ^ 

Putting t) = ;j , intugrating from 0 to co , and taking llie total frequency to 

Jj s% 


•/Ai 


be unity wc (iinl 

“* a, '*/!-/ nj M “ 1) ’ 

or the distribution of -y, the array standard deviation, is given by 

^ !=3 


^Af 


ty’ /,y\Ar » 




We are now in a position to write down the complete throe-way surface for the 
frequoney distribution of a, / 8 , y. It is 

, . 2 ) " , - ! ... .. 

e""*" 

X 0 ^ «;;■> (i -?i ( [dad^y] (xxvi). 

\(rj V 1 - p*/ 

For the two-way surfoco of a and y9 only 


-nj[«^«rfi^]-(xxvii). 


V^iTfri* r (i (il/- 1)) ( 

The importance of these forms is that for any hypothesis as to a, /9 , 7 wo may 
require to find tho best values to take for Wi, «t», <ri, a-*, and p in order to give 
the most probable values to the observed quantities*. 

We now return to tho momenta of a, applying formula (xxvii). It is necessary 

f+co r-fflo 

to find I zadadp to obtain thq moan of «, or S, Now 
I -a> J-oo 

f+w f+<n 1 (a-wqtpMiP 1 

Na = z^" I 1 ((a - mt + /8wii) H- (wit - j8nu)) ® ^ tfad/9, 

00 CO ^ 

and if wc write JT = a -■ Wt -h 

f+«9 (+« t X* 1 

Wg = V"j ^ {X + (nil - /3m0j 0 "3 cr,«(^/A / dX d/9, 

the integration of tho first ter m in the curled brackets with regard to X is zero, 
and of tho second term is V27r V QjM ct x {j«i — /3mt), Accordingly 


m^zr ^ orimi 


«o"'V'27r f+“ 

<ri 


VM 




diu 




is* 


where JV ^ - P ^ as before, 

* The method was first used by Gauss to domonstrato tho avithmetio inoau of obsorvatlons and the 
best value of the standard deviation in tho case of the normal ourvo. It was largely applied by Professor 
Filon and myself in dealing with the variability of frequency constants in samples (P/iff, Trans, (1896), 
Vol. 198 A, pp, 281^88), 
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Since the IW curve is symmetricnl, the integral involving the ^^ 2 ' terra in the 
curled brackets vanishes, and wo have 




'"^TT 

Va7 


pso"/:“ 

Take lU ' « ™ Vl ~ n\/ •, and wo find 
a\ V ] - u 

[' * . (ar‘ ^ r ,-i (1 - ,) *«-■> 


(^(1 -(■•)+ A") 


dv 


and accordingly 

Nd ^ Zo 


Wa/ ( 


1 r(i)rn#-i) 

r(4A/) 


V 2 w 0 - 9 * 


1 


r ^ (A/ — 1) / caN 


V® <ri V(m 

Substituting for from (xxiv), wo have 

a = ma~ mip — (xxviii). 


<ri 


This checks the value of fo"'$ giving to the mean a the population value. But it 
is not obvious dpn'on that the mean value of tho triple product will take 
the population value. 

Wo will now proceed to computo <r„ tho standaixl deviation of a, 

r+oo r+<o ^.).oor*l*o3 1 (tt 

£a*da=‘So"" {a— 'm9 + i8nu + w» — ^ 

J -CO J i-00 J -ooJ -<0 

Writing a — wa + /Swi =3 jf as before, the curled bracket term gives us 

• + 2 (ma - /9mi) X + (wia — /3mif ; 

1 

this has to be multiplied by e 2v,*(2/j»r and first integrated with regord to X, 
This gives us __ 

^ trt* Q/M + 0 + (wi, , 

and this after some rearranging and iutrodnctlon of J?a' = /9 - p 




_V'27ro-2^o'" f+" f(r9*(l-P®) . <^«V o » / / „ 

Vl J -« { («»2“ »iip -) -2mxfla (ma-mtp -J 




dBa' 

(c» + ila'®)i"' 



On Ihe Wrkh-Kfdmlziejczyk Fm/unw/ Snrfurr 


Tho imw in the curled l)mckfifcs in /V will diHa|)[ioar nu int(Jgraimri, aincc tho 
frw^ucucy symmetrical Uemm 

f'“ , 


zaUkdfi-- 


Vil wj I 








,\1 / tr , Y ‘' ./« a ' 

/) V'ri/ (r" t 


,((Ti\ (Hit , .. 


R„, ['“■ dlh‘ ^^irrm-D) 

1 r“„ cWffr(4(j/'-i»iJ/~2 

J r(M0 

Substituting in (xxix) thuso valuMi «iui also from (xxiv) th(! vnliiu (tf we 


Or, since o* ma-iftip we have 

. W4* 2 


(ranL-/)"}/, 


M ' (TiV • 


„ o-r (1 - P') /'i ,, W4’ _ 2 \ 

“ ‘^'a-,«“j)/j 

The approximate values given by roc for larjjfl siuuplcB iu 1!) lU* were, for <t and j9. 






as againsb the exact valuoa 




■ Jf ' 


1 2 1 , 


thus the former values are scon to bo closely approximate for largo aamples, 

To indicate the dcpendonco of aaiu) /3, wo will find tlicir correlation cooiricioiU, 
at the aamo time reminding tho reader that wlulo the regression curve of a on /5 
is linear, that of ^ on of may bo very far from being so, It is indoctl «o ooniplicatod 
as to ho unmanageable. 

Proceeding as before, wo find 

^-59=-a'it-e; 


0*1 (Ti il/*-3 


leading to 


V 1 + ^“!= 


.(xxxU). 


V * ’ V M 

* Bmetrdta, Yol, ix, p, 9. Saa »lao Piiit. 'fmi. (1898), Vol. 191 A, p. 215 
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The corresponding values found for largo samples in 1913* were 


nil (Tb* 1 — p® 
(7l O’! M 


nil 


and - 


O’! 



respoefcivoly. These approximations aro now justified by the dctorraination of the 
accurate vjilucs for samples of any size. 


One more theoretical point may be noted. If be the mean of the iv array 
of y's, then 

ffx ~ a -j- fiw, 

and the equation jf, — y = a - a + (/i/ - )8) « is exact. 

Hcnco we have 


~ + ** + 2r.p <r. <rfi a; 

1 


“ F- 3 


or 


(1 - (l + - I) + rf (1 - f >) - 2.m. (1 - ,•)]. 

jif I3 " f <ri® 


® 2.V wij 0!® 2 1 


<ri ffi ffi’’ 


A/1' 


Finally 


T*- • 

I V* 


r/i") Ti , 2N, ... 

A / -3 ai® A/j 


This gives the exact stnudaixl error of the moan of nn array as found from a 
regression line. The value for large samples found in 191.3 was 

A/ «ri* ;■ 

which is accordingly justified. 

We note one further point. Formula (xxxii) may be written 

1 






(xxxii^**), 


and accordingly wo eoe bhat if Iho cooffleiont of variation of bho od variate be very 
email tbo relation of a bo bonds to become perfect (negabivoly) ; bub if this 
coefficient of variation bo large, the correlation bonds to bo small. Since coeffleienbs 
of variation arc in practice usually small, wo see that the relation of a and /9 is 
close, and the regression curve of ^ on « will tend to be linear like that of a on i3. 

Starting with the variables a, /S, % wo have seen that y is distributed according 
to a frequency curve which is absolutely independent of a and but that the 
latter aro given by a bivariate frequency surface, exhibiting a high degree of 


Biotnetrikat Vol. ix. p. 10. 
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correlation. We projioHe to re, place a, /3, 7 by llirco new variates which are imibually 
independent, Tlicac arc, iw before 

whore + and c*« ^‘-(1 -p*)] 


Os* 


orp 


F« - 


e»4-(/3-0)» 


, and therefore F= (1 - 


and finally 


JIV 


« 1.7: 

...... (xxxiv). 

As to tho limits they uro independent. Those of Z depend only on 7 and 
accordingly are from 0 to + co, Those of Y depend only on fi, but it will have 
equal values when iS — ^ takes plus or minus equal numerical values. Hence 
intjograls for F must bo doubled, its limits arc F=al, for and 7=0, for 

i CO. 

Turning to X wo may write it, having regard bo (xxiii), in tho form 
V S - ws - ^ (2 - lai) _^~ini~0(x- mi) 

S-S sa 1 1 ^ 

<r,,p 


Now 2/ - mj - /5 (® - wi) = - (Jf* ~ y) + /3 (« - S) + ji* - wi# ~ /9 (.t - Wi). 
whore y* is the mean of tho sample array wo are considering, and accordingly 

Again <r tj-pa • p “ ^v~Sx^x~P “ C8»-p* “* i»-mi) < 

since iw« and toi do not vary for the sample from tho particular population, which 

has given the regression coeIRcienb ^ and the mean » and J. Accordingly we have 

Let U8 consider tho geometrical moaning of X, S(mi, Wj) is tho moan of any 
one of tho k populations, and 'I\3, y) of tho sample from this population with 
regression coeffioiont j8 (sco figure, p, 239), Ali is tho rogression lino of this 
sampio ; Gd iso, parallel lino through S of which tho equation will bo 

y-vh-0(.o!-mi) 6=» 0. 

ON = 0 ) gives the position of the amy of j/'s for this sampio of- vfhich tho mean is 
y« at P. Now 

P<3 =» PW - y* - (mj + /3 (aj - wij)) =» y* - m j ~ /8 (<b - Wi). 

Thu, »6 too ^-7 to„d - a - /.Lo.ofPe 

But by hypothesis tho arrays are to form normal distributions and accordingly 
fixing any particular sample by )3, 3, ^ the limits of X are from - 00 to + co . 
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Wo now proceed fco branaform our cquationi to the bhroe-way surface from a, /9 , 7 
to X, Y, Z. 

In order bo transform the integral wo must replace dadjS by 


^X(LY 


da, da 
dX' d? 

d0 dS 

dX' dY 


=^dXdY 


da i0 


since is a function of Y only. 

Now a — o-z'^QIMX + ini — fiint, where both Q and can bo expressed as a 
function of F only. Accordingly 

da . /m »jt f \ 


,V(3/M 


.(xxxv), 


Further since 


o’ + (/3-^)* 

/3-^=±oVi/y-i, 

T ioF-»a - Fr* (xxxvi), 

where wo may drop the double sign on the understanding that wo have to double 
the result if wo integrate out for F. Wo will now write down the transformation 
of (xxvi) remembering that 1 /Q = F/(l - p*), and that 


d«d /8 « 5 ~ o-ac \/rVF-» (1 - F)-4 dXdY, 
A WM 






X F-*(l - 
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24.<l 


or 


UXdYdZ: 


, .. e4^‘ I (1 - Y)~i c--« dXdYdZ 

‘ ^ "" '■ hi (i {M- i ), 4) ^ r u (M- 2)) 

(xxxvii). 


Thus our three-way aurlaco in a, /9,7 has boon reduced to the product of three 
frequency curvea independent of each other; namely a normal curve in A', a Type I 
curve in F and a Type III curve in H. 

Let us now consider how we may proceed. If we want tt> know whetlicr on the 
k observed series wo may suppose the array standard deviations are constant wo 
calculate k Z'n, ami ask if these F’a are a random sclcfttion from the H curve. To 
do this wo calculate timir probability integrals by means of the Tables of ike 
Incomplete V-Funclion, and then find tho value of by aid of the same tables*. 

If wo wish to know whether tho k series have the wiinc regre.Hsion coefficient, 
we calculate tlie values of Y (or, if we prefer, 0) for these k serie.s, and by aid of 
the Tables of the Incomplete li-Xwnctton find tho valuos of tlm k corresponding 
probability integrals, then by the 'Tables of the Incomplete r-Akuiciton again find 
JL„, This may bo done without first supposing tho fc-array stamlurd deviivtimm to 
be the Bauve. If we Bup[K>8e both tho array standard doviatieus and the. ro,grc.saion 
cocnicionts to bo tho same, then wo have 2k probability integrals, nnd we con 
determine for the 2k as one sot, instead of two set-s of k. 

Lastly if wu want tho equations to tho regression lilies to bo the smne wo hnvo 
to deal with X, which first introduces «(, and ask whether tho k values of X form 
a random sample from the X normal curve. Wo calculate tho probability integrals 
of our fc values of X from the normal c\mc probability integral tablet and wo 
thus have threo sets of k probability integrals, or one sob of 3fc, to test by the 
method. The advantage of thus method is that in each of the tests of A''8,_1 '''h 
and Z's we are working with tho actual curve of distribution, and not with an 
empirical curve fitted by two moments. 

Now I have said above that wo must compute tho observed values of the A'’h, 
y’s and Z'a, but this is not possible unless wc linve a knowledge of the constants 
of tho h parent poindations. Those must bo obtoined in tho customary manner by 
choosing them so us to mako the probability of tho observed results n. tviaximum. 
I have expressed tho opinion that on tho assumptions of common array standard 
rleviatioiis and normal array distributions we lose little, if anything, in generality 
by assuming tho k populations to be all normal distributions. The dotonnination 
of the constancy of tho array standard deviations indic ates t hat wo must maximise 
the product of the k Type III values to find sg or o-a — fjfM. Tliis constant is 
not to vary for the k populations. If wo now desiro further that tho regression 
coefficients should bo constant for the fc populations, we may do it in two ways : 
(a) By supposing each population has a different in which cose the arc all 
different. But if we have fixed the array standard deviation and the regression 
* Or by aid of Mias I<', N. Davld^s Table, Biomctr\kat Yol. xxvi, pp. 7—11* 

^ Tables /or >s:tati8tician» and Bfowctrlciana, Vart 1. pp. 2— a. 
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coofKciont of all surfacos aa tho Barna, this is only rendered possible by 
asauming that for our k iwpulatioiiB, oc 1/(1 -p,*). This I have termed the 
relation (v), and find difficult of acceptance: see p. 228. Turning to tho other 
alternative: (6) By supposing ff},<nnd to have the same value for ail the popula- 
tions; then the fixing of 0, demands that 5,,/ shall he the same for all tho 
populations, and we have c, fixed. In this latter case, since <ri, tr* and p are fixed 
for all populations it follows that our k populations may bo treated as described 
by a single surface moved parallel to itself, but having a different mean for each 
iwpulation. If we accept (a) then a-\,(l - = constant = and 

accordingly there is a hyperbolic relation between the two standard deviations — 
or a linear one between their variances — as singular and remarkable a relation 
among k populations as (v). 


When wo turn to the X distribution and consider the most likely values for 
nil,! and defining the « and y means of the ^th population, wo find, if there bo 
only one array value sampled from that population, that the most likely values 
of «ij,, and nif,! are not separately determinable, but that the best position for 
them is on tho observed regression line of the ith population sample. This leads 
to A', = 0, or the probability integral = 'B for all k samples. Accordingly wo reach 
At-r{‘093,l'l72v'4' A~l). For example: /\=>-3020, i\„ = -048£), i\,« 00£)3. 
Thus we require tho number k of populations to be large before it indicates an 
improbable series of moans when the mean of each population is placed in its most 
likely position, namely somewhere on the observed regression line of the sample. 
With a small number of populations, such as four, no discrimination against the 
hypothesis that they have indeiwndent moans is likely to be provided by tho X 
distribution. If wo auppse that all tho k populations may be represented by 
normal surfaces having the same <ri, at and p, but differing means, we get no 
adequate test from tho distribution of X, but if we suppose them to have the same 
mean, i.e. all the k samples to be drawn from the same normal surface, or possibly 
each sample from a different region of the same surface*, then we shall obtain a 
test from tho X curve. Wo can again obtain a test from the X curve, if we break 
each i sample up into two or more subsamples, for in this case we have equations 
enough to dotorinino and If wo have s subsamples in the ith sample 
of the ith population, and wo have already fixed o\ /3 and the array variability, wc 
shall have in order to determine Sj and to minimise tho expression 

f. I«<.i - «< f «»!■< 


with regard to aj and which leads to tho equations 
1 


a, S 


& 

■ c» + w,.t - 0? c* + (/3 m - 0y 


a, S 






I ...(xxxviii). 


* This is the oondlUon {h) of p. 228 , 


Id 
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Since «(" -ftx Wj.i. we clenrly have equations to (lelei-rnino 7rtj,, iind wij,, 
the means of tiio ftli iniieitb isqmlntion. If there bo only one array for the sample 

the sums reduce to a single term, the factor ■ — -• divides out of the first 

c*+(/3(.i“P) 

enuatiou and the factor ~ • from the second, and both reduce to 

or mj,j- 

^vbich ^8 >« 2 ,j — S(= equivalent to saying that the most probable 

values of 7 Hi,< and lie on Uio regresaiou lino of the sample, but it does nob 
further tlofitio. their position. 

There are inumnorablu hypotheses wo can uiako with regard to tho constants 
Wi,t> w*,i> <ri,<> <’■ 4,0 />< of the k surfaces. Tho method of testing thorn is the same 
in all cases, namely to deduce the most likely values of these constants by the 
usual method of maximising the total probability of tho observed event, subject 
to tho conditions imposed on the 51; constants, and then apply tho lost of 
rea 8 onnblcno 8 .s to the k values of .ST, Y and 'A. 

I will now procuod to ilKistrate these inethwls on tho data provided by 
Mr Wilsclon of the Building Research .Station, which wore used by Mr Welch 
in his paper, and which Mr Wilsdon has most kindly permitted me also to use. 
The raw data will be given hero as wo need to table more constants than aie 
published by Mr Welch. We agree absolutely with Mr Welch’s values of and 
have adopted his values of the array variances; all the other constants except the 
latter have been worked out by Mias David and myself. The populations each 
represent eight tests of tho crushing strengths of concrete and mortar in lbs. per 
sq. inch; the individual results repi’csent dillbront cements used in making the 
mortar and the concrete, the same cement being used for both. The four groups 
(4 = 1, 2, 3, 4) represent tests made when the age of mortar and concrete was one 
day, three days, seven days and twenty-eight days respectively. The rogro.sBion 
line is for concrete (y), on mortar (o)). 


GtuBhing StrenvU) 
«=1) 

Crimhiiig Strengdi 
(<«3) 

Oruiilihis StruiiKlli 
(t=8) 

Criiflbtnir FUrenstb 
{(«<!) 

NormM 

Dry 

normal 

Dry 

normal 



Dry 

Oanoroto 

Mortar 

Oojioroio 

Mertur 

Gonoroto 



Morlnr 

8S8 

2332 

2608 

6847 

4252 

7497 

5568 

8947 

1738 

4932 

4466 



6358 

7208 

10688 

266 

1368 


3242 

3189 

4533 

5668 

6318 

lSt4 

4772 

4100 

7716 


8927 

7560 

11000 

724 

2334 

2363 

4477 

3448 

6462 

6013 

7165 

2190 

5680 


7608 

5755 

7970 

6963 

8972 

834 

2304 

2200 

4783 

3336 

6314 

5860 

8468 

1696 

4021 

3470 



8256 

! 

6138 
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From Ihis table the following coiiatants were deduced : 


CoiiHtant 

Hiunplo (itsl) 

Hampio (i=2( 

Sainplo (i=8) 

- 

Saiiipio (i«4) 


1280 

3101 

*1438*875 

6244*376 


snorisnri 

GD«7‘87r) 

7288-375 

8883*26 


(M1’6122 

lOOa-0805 

004*9920 

860*6380 

*rui 


um-im 

1503*9983 

l491'fi6C6 

n 

•i)fl0,fl41) 

•005,038 

•03077 

*892,029 

*837»205 


•43007 

*65719 

•48307 


-aSO'OHU.'i 

-(572-8414 

•+377*873 

+ 1963*1193 


33-23 

9541 

7020 

0920 


Ah we have acen thoio are five independent constants for each population on 
the jxaauinption that it tnay bo treated as a normal population, namely, mi,<, 

O’*, (I Pi- Wo may replace these by five equally independent constants, namely, 

anil 


Hence the distribution curve of -y/H in the t'th population is from (xxv) 


e 2 


V 


% / 


[dyil 


whore the conatnnls will not occur in any other of the three independent 
distributions. Thus in detonnining the most likely value of wo need only 
consider this the H distribution. Now the hypothesis we are to tost is whether 
the ai-ray standard deviation is the same for all k populations, or = 7 a quantity 
independent oft. Accordingly wo must make 


(Vil/)* 


Pi 


a maximum svitli regard bo 7. 

Taking logarithmic diflcvenbiiils we have 


f (y) Product ...dy^ 

ie^liok \ f? / 




or 


i 'y 

(xxxix). 

Henco tho most likely value of the army standard deviation is given by 
A < (1 - =■ (moan value of 7,*), 


and the quantity we have called Sj,/ by 


u* - 

^ a,r 


J!f-2 


(mean value of 74®) 


(xl). 


16-2 
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Hero wc ivro met by the old difficulty to which we hnve referred, namely, wo 
have to suppose that 



We prefer to take os our hypotheaia that the k populations arc all normal, and 
having the same ui and p. This justihea the form wo have assumed for the 
diatvibution of above, and wc shall now show that the hy^wthoBia ia not con- 
brodicted by the Mortar-Cement data. We may also remark that there scema no 
greater reason in the present cose for supposing that the crushing strength of 
normal concrete (y) on dry mortar («) is given by a linear regression, than vice- 
verm that of a on y. Thus wo may propound an nddilional argument in favour 
of the populations being normal, if any wore retjuired beyond tho artificiality of 
nsauraing tho truth of (v). 

In Mr Welch’s illustration A = 4, and wo have from the four teste tho four 
army variances of : 

7 i» = 3323, 7a* -9541, 7s’ -7020, 7 *« = 502(5, 
giving a mean of 7 ’ == 0677’6 and by (xl) equal to J of this value since each 
test consisted of .Jf « 8 individual cases. Accordingly sj’ = 1112 * 916 . 

We have now before us the following problem : The most suitable value of sj 
being tho root of 1112*916, for it gives tho highest probability of tho observed 
result, may the values observed of 7 be taken os a reasonably tandem sample from 
the curve of distribution 

I know no better way of solving this problem than by the mothorlj and we 
will proceed to calculate the probability integrals of tho four 7 * 8 , Write 

....IteV 


and we find that the probability integral pt becomes 

Hence in tho notation of tho Tables of the Incomplete r-i’ioicttbn*, — i {M — 4) 
and this equals 2 , so that 



li ^ 

Thus all we have to do is to calculate the four values of and inlcrnolate 

2V3s2« ^ 

into the above Tables. The values of 


W,= D,- 


X *577,3603 


‘ V3 2226*8333 

Published by tho BiomHrika Office, Oniverftity Qolldge, Xioudon. 
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aro ius followfl : 


Hi = KOI .!)401, t(a == 2-<l74,8031, u* = 2'06‘1.,3382, and m* = 1*637,1222. 

From ihcHo by iimrely liiionr interpolation into the r-funcbion table which will 
sulfice practically w« have, if;/ =s 1 — 

;)ii=s*t89,((8y(i, log;)! = 1*278,0435, p/ = *810,3104, log ;)/ = 1*908,6514, 

Pi - *800,7 6 16, log Pi ~ T*903,4977, ;V = *199,2485, log pa' = 1*299,3952, 

P 3 « *089,4920, log ;,a= 1*838,6297, = ‘310.6074, log;)/ = 1*492,0720, 

= *496,8900, log ;)4 = 1*096,205.5, p/ = *603,1040, log p/ = 1*701,6678. 

llenco 

X,, = log pipipipi = - 1*283,0636, X„' = log;)i';)a';)a';) 4 ' = - 1*698,2236, 


and •, since n = 4, gives us 

vn logiotf 

X,. 


•868,5890 


= 1*477,8726 .and 



1*840,0228, 


leading to i’*„ » [ (1*477,8726, 3), and J(1 *840,0228, 3). 
or = *34288, i’A„. =. *50149, 

(K “ 1 “ =• (24„<= 1\' = '49861. 

Thus whether we reckon our probability integrals from the loft or right end of 
our frecpiency curve the same conclusion must bo drawn, that the four array 
standard deviations form a most reasonable sample from a set of norm'al populations 
having a cominou array standard deviation 

o*s Vl - p* « (mean value of 7 ,*)i = V8903'3333 

« 94*3676, with standard error 23*1365, 

as against the observed values, 67*6465, 97*6780, 88*9944 and 76*9805. The only 
deviation claiming special consideration is the first, •which is about 1*59 times the 
standard error, and a deviation ns Fitiall as or smaller than this would occur in 
about 19 in 100 trials*, or about *76 times in four trials ; it 000111*8 onco. Mr Welch 
gives a far higher improbability, = *0126, for the four values being a random sainplo 
from his curve of distribution of tho y'a. 1 think the dilforonco arises from our 
methods. I have given, on the assumption that tho surfaces are normal, what I 
think is the real curve of distribution of the y'a from which a little sample of four 
has been taken, Mr Welch obtains a compound criterion and selects a curvo of my 
Typo I from the first two moments to describe the variation of his criterion. While 
I believe for considerablo material this method might give adequate results, I have 
grave doubts wliethor, if there really exist only four observed values, it may not 
possibly bo misleading. At any rate, if my arithmetic be correct, I cannot raise 
objection to these observed values being a random sample from four nonnal 
frequency surfaces giving exact curves of distribution, and I will start on the 
assumption that they do. 


* See Pi above. 
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We HOW pass to llio (luestioii whotlior if o-j,, -p,® be treated oh a constant 

for the arrays of nil the k pojmlations, the values of ct^n bo considered 

as a random sample from a series Ui, lla, ... llj, of normal populations having the 
samop,, (T,,,. blit nut necessarily the siiine o-,.,, and y,, i.o. the b/s and ic/s arc not 
necessarily the snino. In onlor to get rid of «, wo imist start from the distribution 
of Jij or ki in each of the individual populations. This will be of the form (xxi), or 




Here the (juantity pj®) has already been supposed constant for all 

populations. Our hypothesis to be tested is now that i® conatnnt = j8 for all 

populations. Putting I— i we can suppose cither («) that c,® 

0^ i,( ^ i.r 

varies from population to jxipulation, or {b) that Cj® = c* = n constant for all popula- 
tions. Lot us SCO whether ono or other of those hypotheses is the more probable. 
We may write ^xlii) in the form 

(i {M - 1)) {c.® + " 

(a) Since c< only occurs in the equation to dctorininc its most likely value is 




20,® ' 

and for ^ occurring in all the k populations 

l=k — Q 

8 — gi — . =0 ... 

j=oo,®-h(y8,-/3)® 
which by (xliii) gives, for the determination of 

S = o 


.(xUii), 


(xllv). 


Assume 8a an approximate value of 8 ^i^d lot /§ => whore e is supposed 

small, then we find 

f^k 1 Waft 1 

e = - 8 - — ^ / 8 (xlvi). 

i’>a8{~8ol {8f~^aY 

A good taking-off point is to assume 8o ^ be the mean value of the k /S/s, This 
in our example is •629,026, and substituting the values of 8i in (xlvi) wo obtain 
e = — '006,126. Thus ^ •f € = ’622,899, not a very great change on 8o> and for 
practical purposes needing no further approximation. Wo have now to consider 
the values taken by 

y =__iL__ 

' o,^ + (8t~8f 
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but this equals in every case {M - 1)/ A! , Accordingly we have, since for i = 1 and 4, 
- 0 is negative, and for t 2 and 4, - /3 is positive, 

jh « Pi = i/(,u-i)/Af (H'5, i), 

and pa‘=j)3~l—^I (3 '5, ^). 

as the probability integrals derived from the Typo HI curve 

^t(Pi ?) being the incomplete Beta function. Looking up those values in the 
Table of that function, we find for (AT — l)/il/ = '876, 

pisjpfsz '175,3968, and pa=pa= ‘824,6032. 

It follows that X„ log (pipspapi) = - 1'679,4666 

and - - ■ , since n = 4, =1‘{)82,17C. 

v?ilogio« 

Accordingly = 7(1*982,170, 3) = ‘.53949 

and =■ '40051, 

There is no improbability therefore in supposing each of our four sots drawn from 
populations having the same regression coefficient, but different values of the 
quantity = o-a* (1 -p^)}<r\o 

It may bo asked why we have not included the c,® and ^ tertns in X, wlien 
maximising the probability of the total observed data. The answer is that the 
maximising of A'' with regard to 6/ and vit,i causes the vanishing of the factor 
(a, - Sj + JWi, ( — ^))® in X and so the other factor containing c,® and /3 disappears 
with it (ace our p, 241). 

{b) Now on the other hypothesi-s we have for the four c<®’s 

Cl® = -056,643, C 2 * = -081,263, ca® = '005,653, and ci® =■ -014,783, 


and these o<®’a do not at firet sight look like the result of random sampling from 
a common value. But if they were, this would mean that would bo the same 
for all four populations, The <ri,< values are given in the Table on p. 243, and 
d jmori they do not look so improbable ns a selection of four values of a standard 
deviation from four bivariate normal surfaces with the same ui, tliat is to say four 
i-andom values taken from the frequency curve 


J7V¥ 




.(xlvii). 


This leads us to the most likely value ^i® for o-j®, namely, 


M M_ 

M-l/Zx k ~M-l 


(moan value of observed w variances) 


= 1666-6673 for our data, giving oi <= 407-0218. 
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Tailing 

Hence we obtain pi « ‘473,864, jh' ■=* '626,636, 

3)» = ‘666,666, };»' = '333,336, 

-611,974, 2),' =*'388,020, 

-516,390, 2;*'-= ‘484,010, 

which give ub Xu®* - 1002, 028, Xn' “ - 1-481,365, 

and i\*'20l3, J\.«’4439, 

Qa„='7987, (2v-'5561. 

Thus, according to the Pa« criterion, there is no improbability in the four values 
of tr,,< being random samples from parent populations liaving a common 
= 1666-6673. 

Retwrning, however, to ont di{ferontc,*’8 and nocoi-dingly m»v different «r*j|,/8 wo 
have to find for those and the corresponding j8(= -622,899), whether the rcsnlt> 
ing four F/s given by 

Y T- 

provide an improbable set of probability integrals. Wo have just soon (p. 247) 
that they give 

Py^ - Pv = -5395, Qa„ = Qv “ ‘4606. 

Comparing the latter with Qa„' — ’5661 as the more stringent series above, wo see 
that to suppose the four surfaces to have different is a somewhat more probable 
hypothesis than supposing them to have a common o-j, but the probability of the 
latter is so considerable that it certainly would not prevent us from accepting the 
hypothesis that all four populations have the same ert, 0-2 and p. 

It may be objected, however, thot for the proper dotormination of cri wo ought 
to have taken into consideration the general effect of fixing c and /8, and that we 
ought in determining <ri to proceed by maximising first the combined probability 
with regard to c and jS. This we will now proceed to do, The curve for the Y 
variate for a single population is, if os before, 0 * = o-8*(l - mid ^ *=» po-a/o-n 

V,r(j(A,-i))|o*+(«,-^)*|i» ' '■ 

and accordingly the probability to be maximised is 


CKM-Il (p ( ^ilf))fc » 1 

•rri* {r (i (iff- 1)))* , (c* + {$t ~ ’ 
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honco (lifforonliating with regard to c and ^ we find 


or 


and 


ilf. 




1 {c“ + (|9, • 
1 


m 


M fc 1 lc* + 03,-/3)«) 


.(xlix), 


I V + (^,- ^)V 


•( 1 ). 


Tliese are the equations from whicli c* and ^ are to be found. Clearly if M bo 
largo and not very dilforont from ]9, that ia small (see p, 246), we can start 
with jS = mean ySj as a first approximation. 

Again, if M bo largo then (xlviii) approaches closely a normal curve, and the 
constants c® and 0 can be found directly without approximation*. When M is 
very small, as ia the present case, we can only proceed by successive approximation. 
Let us suppose approximations c»® and jSo have been found to c® and 0, and that 
Co® + ^=c® and 0o + ^~^, where ^ and ^ are small qimntitios. Neglecting their 
squares, our ccjiiatiotm for finding f and f are frem (xlii'''*) 




^ (0J-0q) 

I + (is, - 0^ . jeo® + W, '~%)r i (co®+ 


M~1 


k 

■S 




k 


2(?,®(A-^o) 




(0i~0,r 


(li). 


...(Hi). 


1 Co®-). W{-0o? '■T lco® + (^,-^o)T ■ ’ ' fco*+(A~l9())Y 

In our case, k = 4, M «= 8, and the moan value of the four observed 0{’b, i.e. 
/9 i = '4390V,j 38 = 'G3077, /38 = '5.1)719 and /3i=. '48307. is '620026. Wo will start 
then with ^o*®'S8, which nearly corresponds to this value, and Oo®='04, and 
compute our coefficients in (li) and (Hi). Wo have 


1 co^ + i0i-0o? 

;; i0i-0oy 

\ {co®-b(/3.-)8o)T 


•2812,0918, 


« 96458,6438, 


Co' 


1 (co®-K/9,-i9o)T 

i W<-0o) 


CO* 


.3-6368,8033, fc 


{c«® + (/8,-^o)T 


-78'8686,6364, 


= - 8', 5828,6398, 


3'6. 


1 Co® + ()8,-/3«)® 

'I’hus there rcaidt the numerical equations for f, 

- •2612,0918 = 69'3227,991Gf - fr6823,6398 {T, 

- •0365,8033 = - •0806,8912 f + 9^6488,6438 

loading to f « - *0041,3600, J’— - *0041,2948, 

and thus to a second approximation 

0 = ^0 + ? « ‘53 - -004,135 « •626,866, 

0® = Co® + ?= -04 - •004,129 = •035,871, 

* In the Aimalt o/ Eiigemo», Vot. v. p. 408 «t leg. I have dealt with a case of M largo, but varying 
in magnitude from ono population ton second, roplnolng (xlvlil) by a normal curve. 
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It would bi? uaoy to improve thoHo nlighlty by a further approx inuition, but 
they aro adecjuute for our piirpoBO. TheyHhnw that the noriunl populations from 
whioh we suppose ilio Hiunplcs lli, 11^, Ibiseluctc'd have u regrosaion coeniciout 
in common most probably of the vabie ’525,8(15, ^YbicU in strikingly near the value 
fouud for ^ on the hypulliOHiH that the popululioiis have independent — i.o, 
•522,81)1). Further tlirse ptipulatioiis lutvo, as we have seen, the same array variance 
0 * 9 * (1 - p^) « 81)08*8333 (see p. 2+5), but the value of 

O'!* 

f^03'a:jS3 

<ri«408'201* 

Now this result is of considerable interest. It is of course not the standard 
deviation of the values of .r considered in the oxporiinents; it is the most likely 
value of the standard deviation of a; in the scvonvl normal surfaces with fixed o and 
0 from which the observations are supposed drawn. It seems to mo that <ri lia.s a 
most probable value, the momout we drop the unnccoptable ( v). But we can now 
proceed further' to find the probable values of o-|and p, Wc have 


Accordingly tri® 


<ri‘ 


248.204-21, 


or 


c . 




O-l* • (Tl* (Tl* 

or <r 2 > = o-i»(o« + ^*) = 248,204-21(-036,87l + -270.5341 «77640'2362, 

and (r 2 «= 278-460,475. 

Accordingly 

p = ^ X <ri/oj« -026,866 x 498-201/278-460,476 - -04084 
gives the likely correlation. 

IVo have now ascertained the <ri, o-jand p of the most probable aurfacca from 
which the regression lines have been ascertained. The next stop is to consider 
whethor 0i, fii, jSs and ySi are probable values to be drawn from the now known 
curve of distribution of y3. This curve is given in (^xlviii), wherojve can insert 
the probable values of c“and /3. The vakes of /3(-^ are j3i- -’086,796, 

- /3 - + -110,905, /8, - ^ + •031,335, - i8 « - -042,795. 

From these and -036,871, wo havo to wrlciilalo 




(liii). 


giving -173,633, 1)2 = ’266,339, v,« ’026.627. V 4 = ’048,676, 

By the above transformation of to the proportional area of the distri- 
bution curve of up to the value from left to right, or the probability integral 

;j<=ilii4a,3’6)j. 

'* The value of ir, without any constraint on tho tour populations to have tho same p and e was 
407‘0216, whicli nmrkB the considcrahto bfluence of tho reatraintu (boo p, 247), 
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wlmre the plus sign corrospomlB to y9,> j8 and the iniiiUB sign to /9<< /3. These 
values of the incomplete Beta function must be found from the Tables of the 
Incomplete Belli Pu7ictton, n.sing os sufficient for the present purpose linear inter- 
polation. But the Tables give (3'6, J-), so that wo must write 

^vi (i) 3'6) = T — (3’5, i^), 

= 1 “ h^i-n {3'6, i). if /3i > 

= Ki-is (3'5. if 01 < 0 . 

We deduce accordingly the folloAving values : 

Pi~ ijr.8iM,K)2(3'5, 0 ‘ 6 ) = '13238, = ‘86762; 

= 1 - (3-6, 0-6) '91734, == '08266 ; 

2 )a = 1 — |J .673,373 13'6, 0'6) = '66182, 2 ^ 3 ' = '33818 ; 

-|/.eai,4!(i(3'6, 0-5) = '28467, pi'^'im^\ 
log iptpipspi) = - 1'640,7 183, = - log (pi'jk'paV*) = “ T760,0600. 

Dividing these values by V 7 I login e = '808,6890, we have 

= f (1'888,947, 3), -/(2'027,036, 3), 

whence from tho Tables of the Incomplete V-Funotion we deduce by linear inter- 
polation as ade<|uatc for our present purposes 

Pa„ = '6219, iV = ’67fl8, 

Qa„ = 1 - Pa„ = '4781 . Qa„' = 1 ~ Pa„' = -4232. 

It is clear from these results that the four values of the regression coefficient 
provided might cosily have been randomly selected from the distribution curve 
of samples of 8 drawn from normal bivariate surfaces differing only in their means. 
But we can hardly draw the inference "that the distributions of the populations 
111 , rjj, rig, 114 are accordingly normal, because the array standard deviations and 
tho regression coefficients are capable of being considered random samples from the 
corresponding appropriate Type III and Type I curves. They, consisting of only 
/oar values each, may bo shown to bo equally random samples from normal curves 
or roctivnglos. But tho method which, I think, would bo legitimate wlion applied 
to larger samples can bo illustrated on this example. 

Wc now turn back to formula (xxvii) for tho bivariate .surface of a and 0, 
namely, 

^ « ■^0-1 (1 - r(W Viif I 

and + 

<r% (72 

and tliG subscript i should be attached to all the letters when we wish to emphasise 
that we are dealing solely with the parent population TI^. 



262 


(hi the Wdch-Knlodziajvzyl' h'reqitawj Surfarc 


Now we hnvu Been lw)w to Ifst tlu- liyixitlicHiH, ihiit Ihe nrray tlevinlioim 

I'or tlio jiojnilatioim iin? Hh; himih', noil fiirlhor' iht* luiilitiuniil liy^iolljemn that Iholr 
regrosaion cnuflicifnla uro all the aaine, i.e. that their rcgieiwien lines uro all parallel, 
'i’o find the jirohnble means of eaeh pojjnlatieii, we aheuhl have Ut maximise the 
only term in wliieh mij^j ami atj,) nec\ir, namely, 


with regard to i«i,f ami Hat theHU give 

/3,(«,~5«s,i+/3iWi,,)=aO and + = 

These, supposing ft to he finite, reduce to the one miuatioii 


and tell ns that the iroBition of the mean of the iutlivi<liml jKi|Hdali<ni ia not fixed, 
but ita moat probable positiini i« on the obaervatioual regression line of the t'lh 
sainple. If, on the other hand, we HopiKiso not a series of aiirfaces with Llio same 
O'!, <r», and p and variable moans, hut ono surface with one iiuiaii wt, «(», then we 
have to miniiniiKi 


it 

B 


1 


(tfi-Wl + ftWl)* y 


<rg' 


¥ 


H {XiYlif. 
1 


We will put this into aiiotbor form. Let S » ?«« + ft«i, aiid 

= (XiO (1 - p») + {I3i - « (r,» (c« + (Bi - m • 

Tima we have to minimise 

>\ c“+(ft-^)» / 


by differentiation with regard to a and mj. We at once obtain tho otiuations 
1 - L § a, 


SS -t — ^ - iitiS 


t 

as 


ft-^, 


k 

--■nuS 




I c» + (ft-ft' 


I c’ + (ft - 1 C* -I- 09 , - / 9 )» i o> + (ft - m 


......(liv), 


to find S and wti. or, of couiao, ?i(i and mi. \ctually we ought to Bubatituto in the 
above eguationa tlio value of c ntui ^ found from difforontiuting thoau quanlitieH (W 
they appear not only in Y but in A'^ aleo. But the resulting oc^uatiema llum involve 
four variablca 3, Wj, c and 0 to be solvotl by approximation, and we will nieroly 
ask whether the likely values found for c atwl ft when the populations have 
independent means, are compatible with a common mean. 

Colleobing the data we require, wo have 

fl” => '035, 8n, ^ = '625,866, ffi« 498'201. 

ft ==‘43907, ft = ‘63677, ft = ‘657 19, ft ='48307. 

ft-^ =-'086,795, ft-p = + ‘110,905, ft-^ = + ‘031,325, ft-/8 «- ‘042,796, 

(ft -^)* = •0075,3337, (ft - ft* = -0122,9992, (ft - ft* = '0009,8126, (ft ~ ft* = '0018,3141. 
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} fence 

•0434,0437, 

(|r=2) 

•0481,7092, 

•0368,6226, 

{i=4) 

•0377,0241, 

1 

f+Wi-Jf 

23'039.154, 

20-769, 413, 

27*136,381 , 

26-628,602, 

0i-0 

-T!H)‘l(i,K337, 

+ 23023,2270. 

+ •8600,1681, . 

- M360,7327, 


- 25008!)r), 

-672-8414, 

+ 377’8726, 

+ 1053’U93, 

«! 

-r,n(«p2029, 

- 13967-7925, 

+ 10263-7170, 

+ ol803'5637, 


+ •1735,0247, 

+ •2663,8912, 

+ •0266,2686, 

+ -0486,7641, 


+ 518-0l)000, 

- 1549-09803, 

+ 32W9768, 

- 2216'93361. 


'Z'hitfi we ob(4tf(i Uic Hiiittiimfclona, iminoiy, 

8 — » t) 7-4r)7,45(), 8 ■ — = ■0176,8187, 8 = -0041, 0386, 

ic*+(/9i-W tc> + 0,-/3)* ic»h-(/J<-/8)* 

„ 4. 4.2120-2863, k - » “ 2920-73690, 

1 c* + (j9,-/9)'' ic»+(A-/3)‘ 

and our cqnnlious for 8 unci '//q take the furitm 

»7-4r)7.460a- -01 75,8187 mi « 42120'2H53) 

•0175,81878- •6041, 038(5mi = - 2920^78600f ‘ 


Solving those equations, we find* 

a=433-2416. mi = 5820'931G. m8 = a + mi^-34C4-2658. 

If we examine the Table on p. 243 these values do not look unroasanable. But the 
problem ia: Will they give reoaoimble values for A'l? Accordingly wo proceed bo 
compute by insertion of a, mt, 0 , 0, ffi in (xxxi'z). Wo find 

A'i.-=«-32'«:i40. Wa«=- 11-9121, A'j =. -i- 3-7550, A:4 = + 37'1656. 

It is idle to work out for four such values supposed to be selected at 
random from a normal curve of standard deviation unity 1 The probability is 
enormously against them. 

We conclude conlidcnlly tlinl the four sets altliough they might bo samples 
from a single sidfted normal population could not possibly bo drawn from the same 
normal population fixed in position. Thus (b) of p. 228 is absolutely excluded in 
this case, 


* I have ondeavauioil in Iho cour^o o( Uiia paper to give aomo evidence of the nature ami amount of 
aritlimotlcal work rcqiiirecl, iy& tliis tjooms to me an essential need for judgment of the value of any 
statistical procoES. 
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Wo may now proctioU tn fnrtlmr hypollies(*«. \Vn may mlmibting riiat the 
four sumpluH couhl \\\mi drawn fvmn tho mnn? inn umiI Huvfucn with the values 
of <T\^ 0 and ^ (UiUiiuinod lai pp. 24^ luul iM), Hhiftud paralli;) ki whether 

the moans td those Hnrfuooa mi^i, eouM bo roiiujonably stippusod to Ho on one 
and the «amo Htmighfc line 

y sa» jk it IT, 

We Imvo ftrsl to deterniimt the mi)Hb pn)bab)e value of L an<l K by ininimiaiug 


( Y *) - y ***•' **' 

where c, ^iincl o-i Imvo the viihioH already dotcritiincd. 
Tliis itiay be written 

a (A” « S' ~ 


(Ivi), 




The problem now is: What value shall wo giv(5 to 

On piK 147 — 8 of his memoir, Mr Welch appears to give thci (c mean of tho 
tth population the value of the sample incaii X am a little doubtful if this is 
admissible* Ho writes : 


‘Ht will bo aocoasury to express algobmiwdly tho condition that tho pupulntiou moans of tho 
groups [my and mj^] col I inoar. If and aro tlic moans for tho ;n olworvations In 

the ctU grov\p and the symkd [ ] ia v\«ed to denote ox)>oclcd or ijopvdatiou vaUio, then 

and the conditiou that the point {X'l, (y^) Uch ou tho lino 

Is that 2, 

In my notation [j/t] - and ie nob ct pnon ~ ojj, my Wo have tho 
condition that 

7^2^ ^ X 4" ^ I 

Further, by our (iii), 

and, if we asauino all possible samples taken from tho parent population, this 
leads to 

and not to + 

unless we assume that = 

Now the distribution of and is given by 

I (ivrii), 

where Zq does not contain nii^^ or Hence if we maximise the probability of 3i 
and occurring — the parenkpopnlation means and Wg,^ being unknown and 
not linked together — we* find the most likely vaUms of and are those of 
the sample, i*e, aud y*; but if we introduce a bond between and this is 
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not tho case. For cxainijlo, if wo iimke substituting this in (Ivii) 

above, and fcluiii ininimiHC 

““S\p 

with regard to fchi« lna<l« if) 


2 p (. 7 ) -• {T/t - I - ffwi.t) ^ ; 






.(Ivii*"'), 


7 /ij, < - .X, = rj 

° 1,1 

Accordingly will not be equal to X( unless oitlior thcslope of the propo.sccl line 
of population nuians ia equal to the slope of the ith (wpulation regression lino (not 
the regression lino of the sample), or tlie line of population means actually passes 
through the mean of the I'th sample. As those are very special cases, we may 
jissumc that iti general most likely value when lb is linked to 2212,, is nob .t;^. 

It is quite true that: (a) the k populations may nob be normal populations, 
although if we fool un.ablc to accept (v) they narrow down to something very 
close to it, owing to the form (i) of the population surface selected; and ( 6 ) the 
sample juay nob be 21 jvmdom sample Fnmi the fth pepjilation — the A'-valucs may 
bo (lirectly selected still Xf, must comisjmiul to one of the pojssiblo samples 
from the t'th population*, and we think (Ivii'*) will give a more likely value for 
than taking 22(1,1 C'jmil to Sf. 

Now we have seen (p. 252 ) that 

» s ^ ~ (W|.2 - ■^2)P 

5 \ 2 {C 2 * + (A-’W 

Or, substituting from (Ivii) for the most probable value of 2221,1 — . *30 wo have, since 


f.,a _ 0^2 n _ „ 2\ _ yjl. 

V fY (yi -L- Kxtf W + jiC ~ 

‘ ^ ; =7? {Cl* + (/3, - m (0/ + - l()r ’ 

or, IIS wo may writo it, 

'v ■ " io>+ {/3,- m {Oi^ + - Mr 

(Ivlii). 

The most general problem would be one in which we should maximise both 
the X( and F{ functions for Ci, L and M. But this leads to extremely oompli- 
catod equations, and accordingly wo will suppose i^j.Oiand /Sjare the constants 
detertnined on pp. 246 and 249 , which give reasonable normal surfaces for the 

* I think in the actual example chosen, the values of ^ arc more or less a random selection i and 
accordingly 5:^, yi have random values* But if they are not» and it has been suggoated that they might 
bo taken at ono end of the surface, is there any logic in assuming that a single probability integral (Welch) 
of a combination of such intograla, ^Yhieh are Intorproted as random measures, will really provide a 
measure of the pssibility of an hypothesis, and not of fho sdected values of 
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k populnbiona. Whnt wt; bnvi) thon to tlo in to iniiiiiniBU with roj'ivril to L 

ftnO Accordingly wo start from 

* y , ilfc® ^ (Ji, (ixi - A - /cj;,)® (c® + * (/9 - 

y A - 

The diffeiontiatiou with regard to L gives hh, after dividing out the. teviuH in- 
dependent of i, 

« tiri?' - Lt. » o (lix). 

and for «, after again dividing out loriiis independently of i, 
i' 't (ff, - )i® 

“i c* + (^;-^)®' 

4 - Q "/' ^>11^ 

■^T 

c® + «', c» + (^,-^)® ^ 

Wc will now assumo Ihflt approximations to L and * or K arcs Vnown, and will 
take i/s=£o+f, K'sKo+S) neglecting squaros and prwlncts, we have from 

(lix). 

§ (g< “ 4 - ^o^i) jo® + kq (/3< - ^ i c®d-«o (ff,-^))® 


o® + 03,^^)« 


c® + 0,-/3,)® 


.r|, (B,lo® + Ko<;3,^^))® j 2(i/,- Ao- }o® -h kq (/ 3,- jSlj «3,- /3n 

Hi c®+(0,-|,)* I J 

(Ixi). 

We have now to arrange (lx) in like manner— 

s + ^ S (y< "A - jc® + /TO (ff, - '$)] Wl - 

I c® + {/3,-^)“ 1 c® + (^,-j§)* 


oHko^ i c* + (/8,-^)® 


_gr p,(o®-h^(/3,-;3)i® ^ I (y, - Zq - 7fo5;,)® |c® + wp (ff, - /3)1 (ff, - j3) 
Hi e® + (,8,~^)® i c» + ()3,-;9)® 


4. ^'^0 S' (^« ~ ^'0 ~ jc^ + - p)}^ ] 

1 0® + O,-)§)® J 

I fg •1' *0 - M'’ ^ ^ (?< - -^0 - jc® yp - 0)) W( ~ 0) 

U c®+(/3,-^)® " I c® + (i3,-^)® 

^ (y, -Za ~ (ft - ffl® t 'gtCgj - Xq- jfoiS,) to®H- xp (jS,- g))® 

) o® + (/8,-/3)® c®-i-xo* 1 o«-J-0,-i8)® 

^*^0 I (y< - Zo - if 0 2,)® {c® -f /Co )) (ff , - ) 

_ ^(’>’*-^0^) ^ (|ir-Za~ifoS,)®[e®-k^o(^,-^))® 1 , ... 

(oHxo®)® 1 j . ^ 
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The probltMii in now liow to find ai)pi’oximiiU‘. values of Xo and ko=^Ko-^, 
which may be inserted in llie above (!<|Uution.s. Let ns see whether Mr Welch's 
nsHumption will serve us a atartitig point. We have from (Ivi) 

SIX?) = .S' 

Putting W 2 ,j = X + = X + llxi, 5*i,i » 7V«*. 8i~B and c< = c, wo have 

1 7 * 1 c* + (Bt - 0)’ 

DiH'oruntiating this nfsuit with regard to X and I( we have the following relations 
to delcnnino those quantities after dividing out quantities independent of i : 


Those lead to 


S' (y< _ /j t iVi ~ X — KiS() Q 


* B, <■ 

,s' If. = X,S 




1 0® + (/9, ~ by 1 c® -i- (/9< - BY 1 o ’* + (Bi - 




I C® + (/9, - ^)® “ 0® + '(>'< - BY ' " V C® + {Bi - BY J 


, + KB 


a>( 


.(Ixiii), 


delightfully simple equations after those wu have found for a more probable value 

offfii,,. 

Substituting the values given for uif, and Bt P- ^'18 and for o® and B oi' 
p. 262 we ftnd 

If, Xt. = a81,80(5'6Gri4, « = 07'467.460, 

ie®-Ki 9 ,-/ 8 )® io® + (ft-^)® 


X, 


io^ + (B(~BY 


040,114- 12925, 8 


St .2 


ic^ + (B,~BY 


= 45.8190, 8819-90, 


and 


^ = 28,6448,6571-50. 

1 c® + (Bi - BY 


Thus wo obtain the equations 

381,«00-60H4« 97-4.57,4.10X4- 640,114-1202677) . 

28, 6448,6571-50 = 040,1 14-1292r)X -p 45,81 90,88 10-0677 ) ^ ' 

which provide the solutions 

X=- 2114-2489 and 77" = -9183,6118, 
and the most likely linos for the means 

ij = -9183,6il8a; - 2114-2489. 

We have now to consider what is the probability of the resulting sot of X/s. 
We have 

A' ?7<-X-i7^, 

7 ^c® -P (;8, ~ By 


Blometrtka xxvn 
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2f)8 On the Welch- Kolothivjczyk Frcquencj/ Surface 

Here c’«- 'OS.i.H?!, ^ « •flSri.KOr) and 7«34'8575: 

see PI). 250 and 248. TUuh 

Y ^ •0^S.fj772H (jj, -I- 2'U4'24H!) - 'inHO, (il 1H«,) 

whunen wo ol)t)Uu 

A’'t« + 4‘7702, Xj --«•[) 120, Z*«-4147H, « 5'«(ir>(). 

Th().so values ns a riindom Hainplo, from a normal curve are mo.st highly iinprobablo 
— wa do not need to calculate their Px„ — and accordingly if we n<lopt the hypo- 
thesis it is clear that the inuans of the f)opiilntii)nfl cannot lie on a straight 

line. Our problem, however, is whether the values thus found, i.e. 

and accordingly /fo - 3 “ ‘3924,0618, 

will be suitable approximate values for the solution. Tiic actual arithmotical 
worh is not so laborious as it appears, the summatidiis often repeating themselves. 
We find (Ixi) gives 

- 41‘8567, 47095 = ‘2035,5520^ -I- 1458‘100.().8.5{;. 
and (Ixii) - 226,862‘36({7 = ~ 247 67 ‘384,440^ + 8fi0,227O‘G47rj.7242f. 

As solution of those equations we find 

-•6633,6362, ?= -•0286.13755 (Ixv). 

These denote a very small change in L, and a fairly small change in K or «, so 
wo shall not go to a second approximation. They give us 

X=-2114'9122,6362, if = -8«()7,4742 and « = -3638,8242. 
or the most likely line for the means of the four populations is 

-8897,47423;- 21 14'9122,6362 (Ixvi). 

We have now to discover whether this line gives a rcasonublo confirmation of 
the hypothesis that the four populations means really lie on it. For this purpose 
we must compute the four X/a from the formula 

(y< - A - M'x^ (o’* -H K (/3, - )} 

* 7 + 

ih + 2114-1)1225 - -8897,47423;^) {-03 5,87 1 -3638,8242 - ^){ 

V-086,«71-l-(^~^~1l5,l)l)» 

and then see if they are a random sample fixun a normal curve of standard deviation 
unity. The values of Xi arc 

A:i = -1- -101,657, Ar« = - 1-089,254, -573,000, X* = + 1-606.206, 

giving 

pi = -57 6, 994-2, log Pi = 1-760,4181, p/ = -424.0058, log p/ =1-627,3719, 

pj = -138,0218, log pis= 1-139,9476, p*' = -861,9782, log pa' = 1-936,4963, 

Pa = -716,6757, log Pa = 1-855,3227, pa' •= -283.3243, log pa' = 1-452,2838, 

p 4 = -946,8935, log pi = 1-975,8422, p/ = -054,1065, log p/ = 2-733,2494, 

= - 1-288,4694, X,,' = - 2-251,5986, 
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and hentio 

i\-/(l-4G0,379U, (2-592,2486, 3)^*7698, 

or Qx^^-am, y;,^^--2402. 

the more ntringont, but wo see tlmti iti in {juilo compatible with the means 
of the papulati<m« bcmij^ co-liricur. 

Summavij. (a) 'L'ho liypothesis that the four populations are normal and have 
a common array standard deviation can bo accepted, This is opposed to Mr Welch's 
conclusion that the latter must be rejected, and is curious considering that our 
assumption of normality is more stringent than his assumption (i)» I attribute the 
difference, 8Ui)posing the arithmetic of both of us to bo correct, lo his assuming 
for the distribution of his compound criterion a curve which is probably not the 
true curve. In my case tlic hypothesis of normality leads to the exact curve. 

(6) I find no improbability in tlie four normal populations having the same 
regression coenicient This is in accordance with Mr Welch's conclusion. This 
result can be expressed by saying that the four populations have the same values 
for <r,,, Vi -p», ^ = p<r8,,/cri., and o-,.,. 

(c) It is higlily improbable that the value of is the same tor all populations ; 
in particular that they aro all soicctions fz‘om a single normal surfaoa 

(rf) Mr Welcli finds that the means of the four populations arc unlikely to bo 
collinear, I find that if I use the values ho adopts for tlie — namely, to take 

them equal to the sample means'— that I agree with him, But I doubt the accuracy 
of this equality, and by taking what I think is a more likely value of I conclude 
that tlie hypotiiosis of collinearity need by no means be rojeebed. 

{e) I’or such small samples as are here under discussion the conclusion that 
certain liypotheses are not markedly improbable does nob seem to be a justification 
without further exporionco that tliey are true. My method hae been to combine 
the probability integrals deduced from the k populations and determine whether 
they are a fairly probable random sample of k points from the appropriate curve 
of distribution. Mr Welch's method is to form a combined critez*ion, and find the 
probability integral of this combined criterion on the assumption that it follows an 
empirical curve. In either case with merely four points, we should get equally 
probable results had wo taken other arbitrary cuvvos for my appropriate curves, 
or for Mr Welch's empirical curve. It requires nut four, but frequently one or two 
hundred points bo make a selection markedly more probable when taken from one 
curve rather than from another. Hence it seems to me unjuatifiablo to adopt from 
four samples of eight individuals each any conclusion as to the algebraical forms of 
the populations sampled. 



MISOKLIi/VNKA. 


(1) CJonfltanoy In the Number oflilgulate Flowers of Chrysanthemum 
Leuoanthenlumj mloty Finnatifldum, during the Flowering Season. 

Uy WlIiWAM DOWEhh BA'l'EN 
(Univfewity of Michigait). 

Mniiy plnntA produco ilowore nt liio lioginniiig of llio flnworiiig AoaBiiit which dilior Higuinuftiilly 
from ihoBO produced nt the end of the «cnw)n, Yule* found lliat the avorogo iiuinhor of Hopals 
h\ flowm of AiiemoHo nemorosu dilTcml aigiiiliwiutly for iw ^wriodH <if the muiw aoasou. 
Burkillt bIkjwh by hiH coiiiita thut the number of Btoineiw in t^KUuria medui varied groally 
during the blosBoming period. Spocitw of SalpigloBniH ijroduco rather largo lilowjoioH at the 
bogiiming of Ihoaeasou and very liny cloiHlognniouH bhwmjtuH at liio cIobo of the Boafloiij, Tbo 
average innnlKiHi of pistilH and HtomoiiB of /fa/iiimndw Jicuriu dilTor widely during tbe liiuo of 
blouining>l, SIuiII’hH BainploH of Anttr frmanthoidet Mulil, allow that Uio mnidier of bracUi, llio 
number of ili»l{ flowera and the mimiior of ligulato liow«r« differ Bigniliwuilly for dUroront timea 
in tlio biowiomlng period, TowerTT found UiorowaHnaigniUcantdifl'm'onco itntivcon llio average 
mnnbcr of ray (lowora p®*’ head of Ghrytmthenium loucanthmmi fur didbront porioda of the 
flowering aenaoii. 

The object of tliia aludy wa« to dotormino wliotlior or not Cktyimkmm kucunilmwnu 
variety pinnatijidnm, oxliiblla any aignificant difforcncoH in the avorago miinbor of ray floworo 
per head at different timea during the {lowering aooaon. 

Matehial, 

On May 17, 10.32, a sample of one tlionaand flowor lioada of feuconf/mniaBi, 

variety pinnaii/dum, waa galhorcd at random from a plot of alxnit ono lmlf acre, located obout 
four milea coat of Dcxlor, Michigan, along tlio Huron Uivor Drive. On thia date thero wore 

* Yialo, 0. U, “ViiTlation ot Iho nnrabor ot nopaU in Atiratotis m«niorfl<a.’' fliontcJrihfl. Vol. i. 
{1001-2), pp. 007-809. 

t Burktll, I, n. "On nomo variations in Iho numhor of slamenH and oorpole." Jounml o/ tin 
Ijiimtim floeielj/, Vol. xxxr. (1895), pp. 210— ai, 7. 

+ Dale, E. B. Unpnblisbad rojults of study nindo In llio Bolniiiaal Oardonn of Ibo Unlvornily of 
Michigan. 

g MacLeod, J. "Over do corrolalio tunsohon hoi oantal mooddradon on hot nanlal nlampow bij hot 
Spcenkruld (Blcorfo rainatcidoidrs).*’ ifotanficA JaorhocA, Jaargang xi, (1899), pp, 91—107. "Ooopora. 
live invesligationo on plants, ll. Yariatious and Qotrolalioix lu Lesnot Colandmo from divoro loooUtifls,’' 
Bfometrifot, Vol, n. (1902— B), pp. W6— lOd, Miooollanwv. "Ohango in organlo oortolalion ol BicoHa 
raimnouloidcs," Dimetrika, Vol. i, (1901—2), pp, 126—128, 

il Shull, G, H. "A quantilalivo study of variation lu tlio btaola, raya and diak ftorola ot Asisr 
tkarlii Hook., A, Novai-Atii/Ha; L., A, puKtcoiis D. and A, prenanlMdet Muhl. from Yellow Springs, 
Ohio." ^mcrfcaM Naluraliu, Vol, xxxvi. (1902), pp. 111—162. 

H Tower, W. L, "Variatiou in the ray-doweia ot Chrpiantkennna Jtuconthcnnna L. at YoUow 
Springs, Green County, Ohio, with romarke upon Die dotermination of Modoe." Biometrika, Vol. i, 
(1901-2), pp, 309-316, 
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many heailfi in full blnoin, with coiaparatively fow hcada having gone to ftcod. There wore 
thounandH of binin on the pkntH, nhowing that thin wniiplo waa gathered at the beginning of the 
flowering aeaHoin 

On Juno 4, nnothor Hainplo i»f omi thonwuid taken at random from this same plot* 

Anotitor waniplo of one tliioiHnnd hendn wah gathoml fr<jin IhiB plot on Juno 23, 1032, at which 
time tlioro worn Hcarcoly any biuln, wliilo thor(s woro thouHandn of old hoalla in acod, A few 
djiyn later llioro woro not onongk IdninnH for another aaniplo. It flooms plauAiblo to asHumo that 
tliia wamplo wua gathered at the very end of the flowering acaaon for this particular plot 

The planlH svero growing very clone together in an open place well olovatod and well 
drained, The area woh cninplolely covered witli daiaiea with a aoatlering of uuQuUivatcd rye. 
There waH an oxtruordiuary abundance of the apeoioa growing hero, 

Tlio aamplo taken at the Insginning of tlio aoason will bo designated by Sample A, the one 
gallicrcd in the iniddlo of the Honaon by Sample S, and the last by Sample 0* 


Amlysis of the Samples. 

Tl)e followjjjg table givoa the frequency diatributioDS of the number of ray flowers per head 
for the throe : 


Ninubor of ray 
llnwcrs iHir head 

Bamplu A 
Froquonoy 

Hainjilo B 
Frcquoncy 

flam pie 0 
Frequency 

Sum of 
sampios 
Frequency 

11- 4a 

0 

0 

3 

3 

13^ 14 

m 

1118 

13& 

m 

In Mfl 

242 

239 

241 

m 

17 - IH 

238 

203 

240 

741 

10 - 20 

229 

200 

232 

667 

21- -22 

MO 

117 

128 

391 

23»^-24 

10 

7 

17 

34 

25-20 

3 

0 

0 

9 

27-28 

0 

4 

0 

4 

21)^ 30 

1 

0 

0 

.1 

1 


1000 

1000 

1 

1000 

3000 


lliHtograiiiH in Kig, 1 nhow how the wamplo at the beginning of the flowering eouaon 
conipanis with tlio Mamplo at the cloao of the season. The general api)oaiunces of the two are the 
Hi\mo while the ranges am nearly the sumo. Both riso abruptly for the class 13—14 ray flowors, 
liavo about the same heights for the throe middle classes and drop suddenly for the class 23—24 
ray flowora. 

The Higniflcauco of the means is 

e _ Diftbrenco o f Means 

'^I^obabie^or^rDiffbrenco of * 

which indicates tliat the dilToronoo of the two nioaiia is well within fluctuations duo to random 
sampling. Vortical linos near the middle of Kig. 1 represent the means for the two distributions 

* The author is indoblod to W. H. Long, a Blutlent in the Forestry Dopartment of tbo University 
of Michigan, (or the last two eounts. 
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And wJjow the diflbrojjco l)otw«oi» TJi<> diftbronco ]) 0 fcwee« kho averages i« not 

Hignifiennt and in nn doubt ihu) to charujfs T\\i^ avoragc iiumlter of ray flowora jHjr head did nob 
cliangn appreciably from Llio bngintiing of tho (lov/oriiig acaxoii to the ond, 

Tlio following Uibln given the chief idiarauteriatica'^ of tho dirttrihutionb of tho numl>or of 
ray (loworH per head for tho three Hamplea, and for tho sainplo imulo up of tho sum of A, B and 0. 


H ample 

Mean 

Htandard Deviation 

Hkov/nosfl 

M(Klian 

A 

17 ’(130 rav flowers 

2 *04482 ray flowers 

•237819 

17*67 ray flowers 

n 

17 ••100 

2'G8‘W „ 

•358302 

17 -20 „ 

c 

17'nS2 „ 

2'623C4 „ 

•108748 

17‘48 „ 

For sum 

17 Til 07 „ , 

2’0052 „ 

•217802 

17*438 „ 


Ti») )«eA 2 )« of the lliroe aajnploM diObr hy amounts winch are loss than three prol>ablo cnoru 
of tho vHi'iouH dilTerencfiH of tho imunm and honco ato well within fluctuations duo to random 
snnjpling, Thiw fact clearly indicatoa tho confttancy in tho average naml>or of ray flowers per 
head. Thc. 9 e m^'anw are rvipmvonU'/} )>y tho vertical lincH near tho middio of Fig. 2 (p, 2(14). 

flight differcncert l>otweQn the nicdiAiis of the three saiiiplos exhibit also tho constancy of 
tho tun a her of ray flowera )iroducod by tit is «i)Coio8. Thoir difforonces are within sampling 
(luctuatioiiH. The standard deviations, which show how cloaoly tho itoms of tho distribution? 
are scaltcrod about tho ineann, indicate hero tho similarity of tho throe distributions and tho 
small diflorencoH in the proluible errors of tho moans. Diflbroncoa botwcon tho standard deviation b 
are not sigtu (leant and indictilo that tho samples wore no doubt taken at random from tho same 
parent pop\datimi. 

The ttkewaosscrt for tho rttstribtithnis do not present atiy eigne flea ufc difibiencos. 

Fig. 2 (p. 204) exhibits frequoncica of tho samples taken at the beginning of tho flowering 
acason, at tho middle of tho season and at tho end. All three dietrl but ions contain few heads 
which had leas than 13 ray flowers and a very small \)orcontago which had more than 25. Tho 
bulk of all three lies within flvo classes which have frequencies differing slightly. The central 
graph difters slightly from tho other two but only by difforonocs which are duo to fluctuations 
in sampling fi'oin tho wunu parent. 

Tlio above study for tills H[>ccios in tho coinposito family clearly shows that tho number of 
ligufato flowers per flower head remained oonslaiit throughout tho flowering season, and tha^ 
difforent climatic conditions which existed during the season did not affect tho average nuinbor 
of ray flowers per head 


Analysis of mitirc Set of Ltgulaie Floioers, 

Since the first three characteristics of tho three aamplos did not difibr significantly, a largo 
Haniplo was formed by combining all throe distributions. The ohief oharaotoristics of this sample 
for the nntire season are given in tho table on p. 205. Fig. 3 [p. 265) exhibits tho histo- 
gram for fihis distribution. 

* The correotions for these oharaoleriatlcs were made aooording to the formula for correoling the 
momonlfl for dlaorete variates. /lartaM of Mathematical SiatUiicB^ February 1080, p. Ill . 
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26 

S7 

28 
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The froquonoy polygon in Fig, 4 (i^. Si(?0) Jiliow« tlinl ibcro m mocloH at 16 and 21 as 
liiulwig fouiul ill hiu aamplo of ihh m^ccioa*. 

• Ludwig, F, '‘UolMsr Varialiooilcwryoa «iid ViM'lalfoiiftrtachnn dftr PUfttnson,” Manheka Cthtral 
b\m, Bd. C4 (1800), S, 
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(U) Strength of Vleion In relation to Bye and Hair Flgmeutation. 

Ih OATlIERlfSE M, THOMPSON hm ETHEE M. ELlJER'l'ON 
(WiurrEN vv uv K« PKAUBON). 

]ilany yeavs ago Vraucm (4a\ton raised tiio q\WhUon* of wheVlior it not doHitaiilo U) Holoot 
I’andkUteH for the Oivil Sorvico not only by tlioir inlolloctual iM*wora ami tho <^ui)aoifcy to satisfy 
a modieai oxaniinev, but, oHt)CoiaUy in tbo ease of tvoj>ical ai^lvi)i)\UimnUj by oluvraoUjvft 

wbloli do not oiilor into tbo ouBtouiary niodioal inquiry, Fur oxainpio* was it iuoi*(3 jirofttnWo to 
send young tuon of light or dark coin[)lexion to hot countries? What hair ami oyo t>igun!n tuition 
wore uioro suited to India or again to (.’outral Africa ? 

Last year my colleague, Profesaor Fawcott, asked me with a like niul in view wlmtlior I know 
of any data nsaociating vision with piginontation, BcBidos much data not yet rciluccd Ltkcn in 

Anthrcponictvte Iiabi>vfttory at Univerttity CJoliogOj liondeib I imd nn loan and in covw'^io of 
reduction date from tho Cambridge Anthropometric Laboratory. Thi» latter nmtorial nflbrcd in 
the case of some 1500 young mon^ botwcoii 18 and 522 years of ago, tho niGann of dobonnining for 
one visual oliaraotoi\ strongtii of sights tho relation to pigmentation It did not, Im wo vqi\ provide 
the effoob of bright light of various intonsitioe on modifying this relation of flight and pigmenta- 
tion, and for this reason could scarcely bo of aervico for Professor Fawcott's purpose. Tiio results 

* Bee The Letters and Labours of Jf'rancU OaltoUi Vol, ji. pp, 88fi— 8ft0, espeolally p. 396, and 
Voh nr. p, 220. 
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of miftlcient in thGiiiRolvoH to desorvo publication in tho Mhcdlama of thiH 

Jounml. Tlic niatnrml wur ox traded from the Cambidgo data and uiblcd by Miss Cathorino 
AL Tla^mjwon, n in tho Dcpartiuonl of 8eati«fcic« in Univomifcy OoJlcgo, London, The 

oonHbints wore tluiu worked nub by Dr D. M. Eldcrtonj and partly, under hor 8Uporvi»ion| by 
Mi8« ThoinpHcni, Tbe Kditor in miloly renpouHiblo for tho arrangonicnt of tho material and tlio 
conchmionH dniwii from it. lUnvould Htato» Imwovor, that tho Right Eyo in known from other 
inve.sligatioiiH to Ihj iii(»re Iniig-HighUid than tlio Loft. 

Tho vh\iii\ ohaiader taken wom the diataiico at which diamond type could be road without 
glaHRCH. That {lintarice wan measured in inchoH. 


TARLE L Strength of Vision and JIair Tint. 


A* lUKhlEyo 

Number 

Mean DiwlaMco... 
Variability (h.u.) 

Hlaudard Krnu' i>f Menu 

Red 

Fair 

Brown 

Dark 

Jot 

Black 

Total 

Population 

70 

hT'-D? 

ur-oo 

V'-Ol 

270 

Br)"*io 

16"-3fl 

0"'02 

365 

6fl''-80 

16"*32 

0"'81 

784 

55"»42 

14 

e3"-67 

14"-22 

3"-80 


Ib Left Eye 

Numh(‘r 

Mwni Dmtnncc 

Variability (s. m) 

BUndatvl iCnor of AVeaii 

00 

51"-02 

irr-()(( 

277 

f)r»08 

16^^-31 

347 '6 1 
54"-40 

U"-00 1 

7fi0'6 1 
03"'01 
14" -06 
©"•62 

14 

C4'^'29 

I4"a4 

3'^*V8 

1 


Kxauiitdng tho standard orrore* wo oeo that no two oyo-atrongths am significantly different 
except in tho cose of tho toUl populationtt, where the differonco of Loft and Right Eye Btrongtha 
with a standard error of 0"'548, or tho difforonee ia 3'46 times its standard error, which 
would only occur thrice in 10,000 trialw, if Loft and Right Eyes worn samples of tho same normal 
nnivorso. It would bo Boon that tho Right Eye for each hair-colour is stronger than tho Left Eye 
except for Jot-Black Hairs, of which there wore only fourteen* If we take tho difTorenco for tho 
Right Eye botwcon Fair and Brown, it is r'*608, with a standard error of 1"*227. Thus tho 
diffomuje is only D31 times its etandai-d error, and would bo found to bo os groat or greivtcr in 
9'h per corrt, of trials. If we add all Right and Loft Eyes together for Red and Fair, and again 
for Brown, Dark and Jot Black, wo get: 

Moan distance Varlanoo 

Fair and Red Hair 53'^*752 230'733,774 

Brown, Dark and Jot Black 64"‘OOI 220-882,309 


Excess Dark Hair»»0"*BG0. 
Btandaixl Error of Difleronco 


/239 ‘733,774 220‘882,399\i 
A (JG3 2304 ) 

0"‘0630. 


Ratio of Differonco to Standard Errors 1*354. 


Thus, such an excess in Dark^Iair vision might be oxpeoted to occur in about B*8 per cent, of 
trials, if no such excess really existed. This h hardly better than the previous tost for Right Eye 
only. No stress can be laid on it. At tho same time the general run of stronger sight is the 
same for both eyes, and wo have sonio little evidence that Red and Fair Haim have W'caker sight 
than Brown or Dark, although the differences are too small fco be significant on the present 
numbers. 
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TaVle U givc« ibcj \\i\U\ r»»r UiVtio Tli^tnv Ulm^ daHHvflcalionH ; 

Uiftht Ryefli I/oft Kytv^jnml JkiIU viUvw I Ik* K>t^ liA\d IukI llioir incroniicd \\\i 

to Right* Kyo HtrtJnglli hy thn tiiKaiu dilloft'iu'o, w« iiAtiihdly fiiid Again llift KAtiic Aigjiifluaut 
tVi[For(*nc<5 iKjlwcon Oiti inU\ iinpiiiraitiiiH of Right Kyon and \a^K Kyj% If wo noimidcr Uin 
dilTuronce blwiHMi tho ntrunglliH of Light, ami JMrk Right it iHd''‘(l07 with thnatatnlani 
(^rm 2''*033, or tho ditlororico i« U‘il7 lina^* iU< Atandunl orntr, wliioh winiKI only <HKJur 12 tijncH 
In 1000 IriaH if llio lioft K} 0 a and Highl Kyoa woro HniiijiU^ Fnan Iho wAiim norJnal univorao. 
Oa tho other haud^ coinjmriitg I'ftir and Ilnrk I.ort Kyra the tlifforemHi ia tnily with a 

Blaruhird error of 2"*'iri4, or the difteroneo in only 1*20 liinea ita aOinthml crroi\ and wotild occur 
in U»B jier coiit. of Hainpltm if tlio Fair and l)ark Left Y.ym wore rnonilKjrH (»f tho a^uno univorso. 
Tho fact in that Iho CainUridgo CAtc^ury ** Light Kyea*’ \\m oilher laully dofiued or poorly 
diatinguiiiliod ; thoro aro far Umi fow caaoa in it. (Of courae in more inudurn inqnirieaoye'Hcalea 
of 12 to 1C linUi ait* UHCd.) 

TAllLV^ IT, Slnnfflk of Vision and Eye Tint. 


A. Right Eyo 

Number... 

Moan Difllunco 

Variability 

Standard Error of Mean 

Light 

Modimii 

Dark 

mi 

ir‘70 

Total 

Fopulftdon 


\m 

(y'*48 

. 

fir/'-fl? 

lr."<2rt 

ir-si) 

B. LoREyc 





Number ... ... »t. I 

27 

m 

m 

1514 

Mean Distance . M 

50'^-57 

' (13"*77 

eir*03 

53'*‘77 


I2''*a2 




Standard Error of Moan 

2''-37 


0"-OI 


0. Bight Byo^rLeft reduced 





Number 

54 

1977 

1001 

3032 

Moan Distance 

60"*10 

55^'*70 

66"-32 

86"-C7 

VariabilUy (an.) 

ir^*20 

16”%10 

15”M0 

15^^* 18 

Standard Error of Mean 


(r*3‘l 

0"Mfl 

a"*28 


It is at onco obvious that thoro is no diatinotioii in strongtli of vision hotweon tho catogorios 
of Modhim and Park Byew. To tlimw moro light on tho anbjoct tho Loft Kyoa Nvoro motUnwl to 
Right Byos as explained abovo, and now from Clami 0 tho diiTcroncu of Htroiiglh Iwtwoon Fair 
and Park Eyes is W**11*(^ with a standmxl error of l"'0f)7j whicih gives tlio didhrenqo 2%1C times 
its standard error. Suoh a difibronce would occur only nine time« in 1000 trials if Liglit and 
Dark Eyes belonged to tho same visual univorso, or, Ihci’O is a very considerable degree of 
probability that Fair Eyes can seo farther tliau Dark Eyes, U. tho latter aro more shot t*8igh tod, 

These results throw, of course, very Uttto light on the problem of the oomploKion etiiUble to 
tropical couotries. But it is of interest to have the suiwrior vision of tho Right Eye confirmed, 
and further to learn that Ligbtmycd persons are more far-sighted tluin Dark*eyod j while on tlie 
other hand there is some evidence, but fat from conclusive, that Dark-hatred i)e\’fions have 
stronger vision than Light*haired (xirsons. According to this suggestion the strongest vision 
would bo found in' persons with dark hair and blue or grey eyes. 











Miscellanea 


269 


(111) Note on the Sampling Distribution of where the 
Population la Normal. 


Bx P. WII-LIAMS, B.A. 


In a piXivioiiH Ihhuo nf tlnn Jotmud Dr E, 8. Pcaraou ha« piUiliMhod a table conlahiing 
approx iiiialQ 57o <uul 1 7 o UniitH for tho diHtrilnainim of ^/j3i and fin wlien sainpling from a normal 
popnlat^on^ Tlie uoro based on iJio qnadr/ifcum of omplncal curves (Type Vll and 

Typo IV of K, Poarsmi^tt nyHtum)* tho valiiOH of whoao raomont coonicionts woro obtained from 
oxpanHionH in soricH of inverse powers of tho stmiplo size, carried as far as tovina in Later 
work by Professor H. A. Eishor has made it possible to obtain for exact values for tho 
sampling tnonicnts up to pgt. These may bo written as follows: (1), (2) and (3) are given in 
Dr Pearsoidfl j»oto| and (4) in a pai^or by J. Pepi»or§* 

p» (!)• 


ii-i (>y/ii)“ 3 + 

fh 


30(?t>^7)(nH2n-6) 

(7t - 2) (» + ft) (« + 7) (n + 0) 


( 2 ). 


!,/!„> Mb ri'i(M7t’+fWM'‘-131»»-U70fltP-302itn*+21352n'''+a2043ti-700701 

ii* (u-¥)'(n-hr)){»-‘h7)>i+0)(jt+U)(»i^ 


lOfi (7i'hr,3(a-P3p f«04^17bt'^*Hl3803?i< + r>B0.10ht5«r)1310M7iHl413220fin- 12032020i 
« (n«2)^(n+f0(?t-h7).. (n+21) 


In a short note Dr Pearson | has shown that tiio approximate ox prcssioiiB ho had used for tho 
moments diflbreil only slightly from the true valnoBj at was corroofc as far as tho 

fomth decimal i>laco, while tho difforonccs in woro as follows: 

HssSO 7i»7r> 7ia»ioo 

True value 3-452 3-301 3-284 

Valuo used in making tables 3-46 3-36 3-28 

This dlBagrcomonfc is not largo, but it seamed worth whilo to rooaloulato the corresponding 
Typo VII curves, and also to make use of Professor PisheEs results to iuvostigato the question of 
adequacy of approximation a little more fully. In tho first place tho Typo VII curve was refitted 
for »=»50 (tho smallest valuo of ii considered by Dr Pearson), using tho true moment coofficionU; 
tho 6 7o 1 7« Uinits were found to bo identical, hi tlnoo decimal places, with those previously 
given. 

Tho Typo yil curves havo boon used as an approximation to tho unknown tmo distribution ; 
tholr first four moment coofllcionta havo tho oori-cct vaUios||, but their higher oven moment 
coofliclerds will of (xjuiwo bo in error. Tho comparison in Tablo I (p. 270) is of interest. 

At ?iw!60, Jii and Ik for tho Typo VII ourvo arc so oloso to tho true values that tho 
approximation may bo expected to bo good, At 7iaa25 tho (Hfibronce is osjiocially largo for Bq, 
Sinco it is Hkoly that a frequency curve witli tlfo correct fhttitinijf/d moment coediolcn^ would bo 
nearer the true distribution than the Typo YII ourvo, it was deoidod to make a further com- 


* BiomeCrikdy Vol, xxu, p, 248, Tho lablosare rDprinled in Taller /or SlatUUclam and Bionietriciam^ 
Part n. Table XXXVID^*, p, 224, Those limits oorrespond to tho points beyond wliioh tho ohaticos are 
‘05 and *01 of a sample value falling, and arc usoful in forming a rapid judgment on tho signlficanoo of 
departuro Irom normality. 

t Proc. Pop, Soc, A, Yol. 130 (1930), pp. 16--22, 

% Bionietrikat Vol. xxii, p. 423. § Biomelrthay Vol, xxiv. p. 60, 

li Siuoe the Typo VII ourvo is Bymmotrloal, all its odd moment ooefllcienta aro nocosBarlly oorreot, 
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Mwdlitma 


TAIILK I. 






I 


True valim from 

VttluoH fur Tjjh*. 

VU wuvo Vv’ilh 

equaUens ( 8 ) aiid ( 4 ) 

c<»rrffct 

\ 

mill 


K 

lu 



207 *tK )75 

20*4371 

.'Ciicsr^iK) 


mvmi 

( 2 (KiUU< i 

1 i 

liiiirNriiT 


Hi i>y lining mmo tliw IlmiHniHuii HyHU?nj of HyiiiuiutncHl nurvt^-i^ Tlio,io oums 
ninkc m\ of tho inumcntH \\h far na fi«<. 


Taking the iiunionwd vnhtcM for //| ami //egivoji in Tubta 1, atal also thn Viilnoa 


- ' I an \Wu ih ‘ ^ JknvK as*ri 

obtftUiwl by |)Utting in («|iiHlioiiw (1) hihI (2), it ms finital <ai ainilyiiig Uaimnmini'M niloa^ 
Umt hia Ty^vtt (i) v,«vvc in lliw oua» lUs iH^uaUim lake.H tbu fuuu 


wburc mA 


y«yi> 



iq ^^^08 0732 ^ 


(n), 


OnH|)plylng qiuulmtuvo to thin cvirvc, tbo n7«Hi»l 17* liJiiita fur v'ft aio ffanal In lio At 0*711 
and r061 rowpoctively. Uwing tho Typo VU cumi Uio Uinit-i lin at 0*710 and 1 058, Tho ronuor 
pair nro prcwamalily noator Iho tnm vuIhoh Uavu tlio laUor, l>\it Urn diiVinonro ia tif no great 
imiwrtanco. In foot an n iucvCAHCH abovo 25 ainl II ^ appmolioa tlio valno of Of, wo may 
flutiolpato that tho Tyi )0 VII appi’oxiiiiutioti tu Iho unknown true H^iinpling <lihlnbution will 
Blcftdily improvo. Dr IVaraon'n tabic ha« tborefuro looon extended in Tablo II, using llui Typo VI I 
approximation, oxoopt in tho caao of whero Ilnnmnaun'a curvo luva lawn wml 

Tho intorprotation of tho«o limits is as folloWH. If, for oxumpio, a Hainpio of 25 in drawn from 
a normal population, thoohanco is *05 that sjfti will lie abuvu *711 j it is also *05 that is/fli will 
ho bolow -’7U. Similarly tho ohaiico is *01 lliat will lie above VDUl, and *01 Uiab it will lio 
below - l‘06L It is clear that for aamplos of 100 or loss the sampling variation in »Jfiy is very 
consiclcrablo so that it will bo iuipossiblo to dotoot ovoii largo doparturos from nornmiity in tho 
population, Tho table howevor slioiild be useful oven if only to oinphasisu this fact, 


In calculating tho poroenlago Ihnita of tho Typo VU ourviw It was po^fsiblo to uso llio 
cori’esponding limits of tlio *7'* distribution as taWod by Profosacr Kiahor j. Tina we may do by 
noting that for tho general Typo Vll curve 

/ xh -'Mi 

m 

whore 






m 




(n 


* Q. H. HanBmanu, oQn certain Nonmormal Byrnmclrical Freqaonoy DiBtributionc,'* 

XXVI, pp. 139—96. 

+ The IcUowlTig table shows the olmuglng values ot llg ns a Inoreases : 

n 10 16 20 26 80 40 60 60 70 

B 2 WP 1 ) 8*82 862 8*67 8‘67 3*66 3*60 8*46 8*41 8*37 

X fitatistical Metftoda for Ile«earoh lyorftcra, Table lY, at end ol ^YOtk♦ 
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TABLE 11, 


of sampla 

IiimitH for 

6't 

10 7o 

25 

•711 

VOfU 

ao 

•mil 

‘1)82 

85 

’(121 

■D21 

40 

*5H7 

•8(19 

‘Ifi 

■rirm 

‘825 

50 

•533 

’7H7 

m 

■41)2 

*728 

70 

•451) 

‘073 

HO 

•432 

'031 

DO 1 

••lOS) 

’590 

lOO ' 

'3«() 

•507 


If in ProfowHnr noUUion n in tho number of dogrcoH of freedom, then (6) bccomea tho 


i on writing 

+ ( 8 ), 




Kquutionw (1) nnd (2) with (7) give tlio ap])io])riatfi values of a and wi, the^i wltli which to 
intorpolftfco in the t tables is givoti by (H), and Llio resulting 67o 17 ^ values for t when 

iimorted in (D) will give tho required probability lovols for 

It is liopcd wliorlly to carry out a similar investigation regarding tho sampling distribution 

ofi9,. 


(Iv) Note on Dr Ueher^e Paper on Bplcanthug 
(pp- 6~26 of this volume). 

By KAIIL PJEAUSON* 

Tlio iiitorprelatitm of Urn valuable material collootod by Dr Uslior is not easy, In his 
statisticH he has qxcludcd Vig«. S4 tuicl 25. Further ^^contiiuimiB” and ^‘diHContimious” 
inlioritanco may bo intorpretod didbrontly by didoront readers. Tho terms indeed loao much of 
Lhoir moaning, if wo accept tho view that epicautlum may disappear with growth ; bocauso by 
prcdiwvting a loss wo mn transfer a pedigree from tho discontimious to the coj)tij)uons group 
Further are w6 to rookou by “ofispring" or by parents*^? Neglecting possible disappearance by 
growtli, the Tnblo on Urn following page represontH tho data presontod by Dr Usher, and the 
reader is loft to interpret tho classification os ho pleases. 
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BIOMETRIKA 


STATISTICAL PRINCIPLES OF ROUTINE WORK IN 
TESTING CLOVER SEED l^OR DODDER. 


By J. PRZYBOKOWSKI and H. WILEl^SKI. 


(Plant Bcending and Agcicultuval Expnvivac.nfeati<\n BepavUnnnt, Univetsity 

of Cracow, Poland.) 

I. Jntrodiictory. 

Tho te.sting of red clover and other email seeds .for dodder is one of the 
important everyday tasks of a Seed Testing Station. As the result of such tests 
can only bo probable and never certain, it is clear that the routine work of these 
Stations must have a sound statistical basis. Tho only other writer on this subject 
that wo know of is Schindler*, but wo wish to attack the problem from another 
standpoint. 

Tho samples of clover seeds which are tested contain usually 100 — 200 gm., or 
over 50,000 single seed of clovor. If in such a sample there are found several 
dodder seeds (the number varies from 0 to 36 per kg. according to the different 
countries) this would mean an unfavourable result of tho test, and tho seed would 
bo considered unsatisfactory, Thorofore in sampling clover wo are in tho position 
of making very numerous (over 60,000) and practically independent trials, and of 
counting those trials in which a definite event occurs. Each of these hypothetical 
trials consists in selecting at random a single seed to form tho sample, the event 
being that the selected seed is a dodder seed. 

It is known that if the number of independent trials, n, is very large and the 
probability, p, of an event, E, in these trials is constant and very small, then the 
number of occurrences of this event, h, follows tho Poisson Law 


Pi,= 


A;1 


( 1 ). 


where m^np, the mathematical expectation £ Qc ) « m and tho standard error = "/m. 

W. Bortkiewicz'f was the first to call attention to the practical use of the 
Poisson Law. Since then it has been applied to numerous problemsl'. 


* J. Sohlndlovi “tJntoreuohungon (Ibor Kleosoiflo-Yartollung In sohwaoh seidchfUtlgon KlooBOrmon." 
LandwirUcliaftliohe Vcrmch&*Btaiioneni ovnr, Xjoipssig 1029 » 
t \V. Bortklowicsj: Bat Qeteiz lUr hlehm ZahUny Leipzig 1898* 

t " Student ♦‘On the Error of Counting with n Haomaoytometer.” Bimeirihay Vol. v, 1907. 
K. RvaazWowloz and J. Neyman: “ Counting Yivulant Baoterla and Particles ot Vitus,” jfeta BtoloDfae 
Bxi)eTiv\entali8y Vol, vi. Warsaw 1981, [The caution with whioh tho Poisson Series must be applied is 
omphttsised by L. Whitaker: Blomtrika, Yol, x, pp, 36—71. In all cases of applying Poisson's Series 
the corresponding binomial ought to be worked out. This in the case of much of tho data treated by 
Bovtklowios, Mortai'a and others turns out to be a negative binomiali and the application of a Poisson 
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Testing Clover Seed for JJodder 

The purpose of ihiu piiper is twofold: (i) to show that we are juHtified in 
ntiBuniing that Iho miuihcsr of dodder Hceda in smnplo.H of clover rloeo follow the 
Poisson Law and (ii) to cotiatnicb rules, based on this nssnjnption, which should be 
followed in routino work in older to iniiiiinise llie chiince of erroi's in testa for 
dodder. Some of these ruloH may have wider application in other sampling 
probloioB where the Poisson distribution holds good. 

II. Tenling Ooodnesa of Fit oflJio Pomon Series. 

When testing the assumption that the distribution of doddor in samples of 
clover seeds follows the Poisson Law wo havo to keep in miiitl the circumstances 
which may cause variations. In all practical ciuses wc are justified in assuming that 
the probability of a randomly chosen seed being a dodder seed is very small. 
The only assumption which may be untrue is that of the independency of our 
"trials.” In fact a sample of about 50,000 grains to be tested for doddor is never 
taken by selecting at nnvdom single seeds. On the contrary tho samples which 
arc analysed are usually made up of seeds which were in close prexiniity to 
each other in tho sack. Therefore if the distribution of {haldur in the whole moss 
is nob random it will mot follow tho Poisson Law in tho samples, So tho problem 
before us consists really in testing whether tho clover seed in ordinary trading 
conditions is properly mixed or homogeneous with rcgaril to dodiler. This has 
been tested exporimoutally for vis by Broniewski. By moans of his exi»rimcnb we 
contrived to obtain a sock of clover seed containing a known minibor of doddor 
seeds, whore tho material was mixed to a degree similar to that obtained in seed 
trading. 100 kg. of red clover seeds were mixed with 2000 dodder seeds; the 
latter were dyed in order to make them easily distinguishable. In practice the 
homogeneity of seeds is increased by different processes of threshing, cleaning, etc., 
thon the seed ia transported in sacks, often on had roads, and here the homogeneity 
may be diminished through continual sholcing, tho smaller dodder seeds slipping to 
the-bottom. We have tried to allow for this in our exporiinonts, After they were 
mixed and put into a sack, the seeds were carried in a four-wheeled waggon on a 
bad road over a distance of about 0 km. Then beginning from tho top of tho sack, 
600 clover samples of about 100 gm. each were taken and examined for dodder. 
The result was that 980 dodder seeds wore found. The small deviation from iOOO, 
which was tho expected number of dodder seeds in tho 60 kg. analysed, may be 
regarded as the result of random sampling, The possibility should also bo taken 
into consideration that in the course of tho experiment n few dodder seeds may 
have remained unnoticed and therefore not included in the 986. 

In Table I A tho empirical results are compared with tho theoretical numbers, 
given by tho Poisson Series, assuming that the mathematical expectation )tt = 2, 
i.e, the a priori known mean content of dodder per sample. 

Series ia of doubtful validity, The origin of nogativo binomlale has been diaoussed by K. Pearson: 
Pfonietrlfca, Vol, sr. pp. 139—1^4 and ospeoially by ’‘Student**; Ibid Vol xn. pp. 2U— 215, Those 
papers shoufd oertftiiily bo studied by those who simply apply tho P, without consideration of the 

binomial of which the Poisson Series is aupposod to bo tho limit. Ed.] 
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TABLE I. 

Ihstvihnlion of Dodder %n 600 Samples of Glover Seeds. (Our ExpeHment) 


A. B. 



m- 

= 2 

1*972 

k 

Nk 

N.P, 

k 


N.Pk 

0 

1 

ii 

n 

4 
f> 

n 

7 

5 

Dver B 

m 

02 

37 

22 

4 

0 

1 

0 

07*67 

135*24 

135*31 

90*23 

45*11 

1B‘04 

0*02] 

0*l2j 

0 

1 

2 

3 

4 

5 

6 

7 

8 

ovor 8 

50 

159 

132 

93 

37 

22 

4 

0 

1 

0 

1 

09*59 

137*23 

185*31 

88*94 

43*85 

17*29 

5*681 

0*39 ( ^ 

0*12) 



I, x*«8‘in(in 
0'17i) 


x*=8-7C99 


of doddor floods in a Bamplo, 

« obaor vod frequonoy. 

A^. expected frequoncy. 

V«=rnunilH)r of groiqw. 

7 i«*dogrcefl of freedom* 

In Table 1 1\ wo have accepted m ^va unknown, i*e* wo have conaidered these 
sarajDlcs ns drawn from material, the dodder content of which is entirely unknown 
to us; thus wo estimated m from 

w = (2). 

wliore k is the number of dodder seeds in a XOO gin. sample; Nk the number of 
samples in •which wo have found k seeds; N the general number of the investigated 
samples. Hero the approximate vnluo of wi =■ 986/600 = 1“972. 

The diagram corresponds to the numbers given in Table In. 

It will bo seen from both tables that the Poisson Law fits extremely well to 
our data. Thus we may conclude that if the ordinary trading conditions are 
similar to the conditions of our experiment, which we believe to be true, then the 
assumption that the frequency of dodder in samples of seeds follows the Poisson 
Law is generally justified. 

* According to tUo view ot B. A, TTlalicr, B. 8, Pesraon and J. Neyman the degrees ol freedom in this 
case should be n'~2, and accordingly i?^»=0'120, i.o. Im thanpj^j for m= 2, which Is 0'179. 

18-2 
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TABLE n, 

Dislribulion of Dinlikr m Samples ofOimer Seed. {Schindler's Eiepaiments.) 
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i^nmnbor of dodder aoads in n aamplo. u'-muDber of groups. 

JYfc»obsorvod frcquenoY, «' " » 

JS> . oxpQoted froquouoy. 
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T(Ming Vldver BvMfov Loddcr 

Tabli* II tlin riiHiillH of fitfiiig the Poimkoii SevioM to dotii imblinhed by 
Schiiwlb'!'. Tliw n'HoUw tiro ttfton itmoli btilUtv than in tatr bat thia is j,«'obably 
duo fct) iho fuel Unit ill Hchiiitllor’.s vxptuiiotuitH sjiuidal cflbriH wore matit* to iucroiuie 
tlu! hoiuogciicity of the, lutitorial. 'L'lutsc t'ttbrts iiicnutst! Uu! agrticuunit botwuou 
the observed and expected freiptuiicies but diioiuish the pmclical importance of 
the rcfltiUa, 

Although we think Unit the, hoinogoneity of lunLorinl in our experiment was 
similar bo that in onilnary tmiling conditions, it is usofnl to Htiuly the dodder 
ilistributiona in samples drawn by the- tiKual methods from slocks prepared for 
side ftccortling to llio ordinary trading treatment. One set of data of this kind is 
analysed bolow, (See p. 2bl.) 

Lastly it should bo noted that the independence of samples in Schindler’s 
exiwritnents as well as in oiira, was by no moans complete. ITowovcr, the correlation 
could only bo very slight and not have any significant udlucnce on the mnnorical 
results, Thoroforc it will ho assumed in the following se.ctioiis that the number of 
dodder in samples of clover seed folhiws exactly tho PoisHoii Law. 

III. Accuracy of the Analyakfur Dodder, 

When given seed is analysed for dodder, onu of the two following (luestions 
may be oaked*. 

(i) Doea the dodder content in tho seed exceed a certain fixed standard? 

(ii) "What is tho actual dodder content in tho seed ? 

Tho solution of tho first question involves what is callod tho lost of a statistical 
hypothesis. The other question is an inatanco of another statistical in'obicm, that 
of estimation. 

(a) Testing the Hypotluma concerning Dodder Content, After examining a sample 
of seeds, wo want to estimate the average number of dodder sootls in a unit of 
weight, o.g. in 1 kg. of tho stock' under consideration, Practically we are only 
concerned with tho question whether that average content doesa or does not exceed 
the legal, oustomary or agreed standard. According to the trading customs accepted 
in various countries this usual standard varies from 0 to dG dodder seeds per kg. 
Tho accepted standard, let na say, 7«o dodder seeds in 1 kg. of stock, is a limit 
between two classes of clover seed on tho market. This limit will bo called tho 
tolerance limit of tho true moan dodder content. Stocks containing «io or leas 
dodder seeds in a unit of weight bolong to ono class, while thoso containing more 
than mo bolong to tho other class. In each case wo are faced with tho problem of 
deciding to which class tho material under consideration belongs. 

In the theory of testing statistical hypotheses, initiated by J. Neyman and 
E, S, Pearson*, we distinguish two kinds: 

(1) a simple hypothesis which completely specifies tho probability law, 

(2) a composite hypothesis which specifies the probability law only partially. 

* J. Neyman and E, S, Poareon# "On tbo Problem ot tho most olUcient Tests of Statistical 
Hypotheses ” Pbil. Tmns. Jloy. Soe, 19BS, VoK A» pp. 280—837. 
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It will bo soon lliat wJion a composite hypothesis is given there are many 
dineront ways in winch wo may comploto tho specification of the probability law, 
and thus triiiiHfonii tho given composite hypothesis into dilferent simple ones. 
These hypolhoHOH form a class of simple hypotheses belonging to the given 
eompositti one. 

In out case the statistical hypobhoaiB wo test will concern the true mean 
munbor of dodd(ir seeds in samples of clover seed. This number will be denoted 
by in] X will denote tho number of dodder seeds in a sample* According to our 
previous convention it will be assumed that 

.( 3 ) 

reproseiits the frequency law of x, given m. Any hypothesis specifying the value 
of say m — iUi, will bo a simple hypothesis, the probability law p{x) being 
completely specified. On tho other hand if a hypothesis states only that m>mi 
or or then tho hypothesis does not specify the probability law 

completely ixud is a composite one, Simple hypotheses belonging to the composite 
which statics that m < 5 will bo all those which ascribe to m any value less than 5, 
c.g. 1, I’fi, CliC, 

Denote by »to the conventional tolerance limit of the dodder content per 100 gni. 
of seeds, The practical question whether any given seeds contain more or less 
dodder than the tolerance limit allows may bo reduced to the mathematical 
problem of testing ono or other of the following statistical hypotheses. Either wo 
may tost the hypothesis or tho hypothesis m>mo* 

Tho first of those hypotheses wilt be called the favourable hypothesis and 
donofccd by The other hypothesis timt m > mo will be called unfavourable and 
denoted by I/. Obviottsly both i^ancl U are composite hypotheses* 

When testing statistical hypothoses one must bear in mind two kinds of 
possible erroi’s: those of the first kind which consist in rejecting the hypothesis 
when it is true and those of the second kind which consist in accepting the 
hypothesis when it is false. Noymaa and Pearson have developed a theory which 
allows us to cliooso from all possible criteria one which is able to control, in the most 
efficient way, both kinds of errors^* Howover, our present problem is so simple that 
there is no need to apply their theory, as the observations only supply us with one 
number, x, which ia the number of dodder seeds in the sample, and which therefore 
is the only criterion to use. 

If wo were testing the hypothesis F, stating that we should reject tho 

hypothesis if the number of dodder seeds in the sample, ia *^boo large/' On tho 
other hand if x is not ^'too largo'' wo should accept F. If it were the hypothesis 
U which we were testing we should proceed tho other way round and reject U 
whenever x is ‘^sufficiently small/' ^nyx^a. Here we shall only use the Neyman- 

* ScD J. Prz^boi’owskl ot H* ^Vilonsld 5 Sur lea orrours do la premiere efc dft la scoonde oaWgorie dans 
la Vcrilioation doa HypotUtsos concomant la loi do Poisson,*’ Gomptes rendm des sdancuB de VAcadMe 
des Mcnccs^ Vol. cc. p. 14C0. Paris, 1036. 
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Pearson theory in onler to give an exact tnenniii)^ to the wokIh in inverted coininns, 
namely, “too largti’' and “HuHicienlly Hinall." We Hhall have to lake into eoiisitlera- 
tinn the probability of both kinds of orroi-s which woiihl correspond tit any nninbiir 
which (“onkl he chosen to serve its a conventional limit between the values of ic 
which are’'l(K) larf{e" and llio valiu’s which are not “loo laijfo," 

In the fol\owinj{ we shall discuss the problom, assnming tlmt we. are. testing 
the hyiiothesis U. As it was stated this hypothesis will be. r<‘jecusl, and thus the 
seed will ho considered snlwIUetory, whenever w is ''snllicietitly suiall.” Denote by 
a any number svhicb cotild be nstsd as a conventnnial limit butsve.cn the values of 
X svliich arc *'au(Hciuntly sniall” and those which are not. Tliis will ho called the 
tolerance limit of diMldcr coiitcttfc in the sample. If a Hivin[ile contains it dodder 
seeds or less, the hypothesis W will be rejected. 

Let U8 estituiito the probability, say I\ (via, a), of first kind errors corresponding 
to the fixed values of a and nio- Denote by the probability law a prim 
concerning the mean number, m, of dodder 8ced.s per sumple. Obviously 

fOO 

Pj (wo I tt) “ J* 1(« < «) 1 wt) p ('») drn (‘1). 

whore ./^ {(a' u) ] »i) is the probability corresponding to tlio fixed value of m ol' 
having u dodder seeds, at the most, in a .sample. In tlie above formula p(m) is 
unknown. Tlioroforo the actual value of «) is unknown. Ilowover, wo can 

find a value whicli .Pi (»io, a) never cxceed.s. 


Obviously for any value m > wio wo shall have 


Thoi'ofotc 


j(Ri ^ ct) j m| P [(iv ^ ct) I ?/io) 


(vio , ft) < P {(« < ft) 1 Wo] p (m) dm P ((« ^ ci) [ moi 


lus the integral 




fOO 

p (in) dm 4 1 
Jtfh 


(6). 


(6) 


whatever the positive number viq and whatever the unknown funelion p(ni)» 
It IS thiia seen Umt though we are not able to calculate the actual value of the 
probability of first kind orrorst we are able to dotovmiuo the upper bound of this 
probability. This is givon by 

P ((/f ^ a) I «iol =« i f (8), 

If in fixing the rules of testing the hypothesis 1/ wo choose the values of «io ftnd ft 
so that P {(ft < ft)|mol “ «t where e is any small number, say '06 or 01, chosen in 
advance, then we may be certain that in the long run the hypothesis tested will 
be wrongly rejected with a relative frequency not exceeding e. 


Now let us turn to the errors of the second kind which consist in stating that 
the seed tested is not satisfactory, whereas in fact the average amount of dodder 
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it ciintniiia cIoch not exceed say Denote by a) the probability of 

aiicli iiu error. Using all previous notation we shall have 

r»n' 

Pji {m , tt) = P ((® > a) I »i] p (m) d??i (9), 

w 0 


whore 1' ({® > is the probability, corresponding to the fixed value of m, of 

having nioro than u dodder seeds in a sample. It is easily seen that owing to 
the function p(«0 being unknown, we are not able to obtain the actual value of 
l\i {m', a). However, as for m^m\ 

P 1(.® > a) I m} < P {(.'B > a) \ ja'j (10), 

wo- umy write again 

r 

Pu (m', a) ^ P {(.® > a) \ vi' ) i) (m) dm ^ P ((® > a ) | m'j (11), 

Jo 

( )»' 

as the integral p (m) dm cannot exceed unity, 

Jo 

The foriiiulfto (G) and (11) give us the limits which the probabilities of first 
and second kind errors cannot exceed. However, it will be noticed that in unfavour^ 
able ca.so« tlieso limit.s may be approached by the corresponding probabilities as 
closely as desired, and as in arranging the rulc.s for routine work we have to think 
of the 1110 , st unfavourable conditions, we may deal with the upper limits us if they 
were the values of the probabilities themselves. 

(6) Pumericul Ilhisiraiwns. Tlie values of P ((® < a) | moj and P {(a > a) 
are given in Tables HI and lY respectively*. The use of these tables may bo 
illnstralod by tho following examples: 

Example I. Suppose the tolerance limit 7«o of dodder per sample is fixed at 
Wo = G. In other words wo assume that if the true avoi'ago content of dodder 
per sample in the seed tested exceeds ?no = 0, then it is agreed to consider such a 
seed unsatisfactory. Suppose further that the rules of testing are set upas follows: 
the Buyer is svilling to accept the seed only when the random sample contains 
doddor seeds not exceeding, say, a- 5. In other coses the Buyer will refuse the 
seed. Thus tho tolerance limit for the true mean dodder content is m = 6 and the 
tolerance limit of tho dodder content in tho sample is a = 6. Wo now turn to 
Table HI in order to judge whether tho interests of the Buyer arc properly 
pnitootcd. Wo find that the value of P {(« ^ a) 1 7no) corresponding to these limits 
is ’'I'tO. Tins means tliat if tho above rules are followed, then unsatisfactory seed 
will bo accepted by the Buyer, with a relative frequency which, in unfavourable 
cases, may be os large as 44 per cent. It is obvious therefore that if the tolerance 
limit of the true dodder content is really mo = 6, the tolerance limit for the dodder 
content in the sample, fixed at a = 5, does not present any real protection to the 
interests of tho Buyer. 

* Those wore oaleulfttod using tho Tablet of the Incomiflete T-Funclion, edited by Kail Pesrson 
and publishod by Iho Ollleo of Biomotrika, Univox'sity Oollego, London, Roissue 1934. 




Looking at Table III it will be seen that keeping bho tolorenco limit of tho 
trno moan dodder content at wo“ 6, wo may procure a reasonable level of safety 
for the Buyer if wo fix tho tolorenco limit of dodder content in tho sninplo at a » 2 
or oven a=»l. This means that tho seed will bo accoptod as satisfactory whenever 
the dodder content in the sample does nob oxcood 2 or I seeds. Even with such 
precautions the Buyer may got unsatisfactory goods. This, however, will happen 
but rarely and with a relative frequency not exceeding '00 in tho one case and '03 
in tho other, 

Example II. Wc have oonsidored tho problem of toloranco limita from tho 
point of view of the Bviyet, now let us consider it from the Seller's. 

Assume that the tolomnce limit for dodder content in tire sample has been 
fixed at a=»2 to suit the interests of the Buyer who is not willing to accept seed 
with a true mean content of dodder exceeding wio=*6 seeds per size of sample. 
The Seller will naturally bo interested in tho chance that tho seed, which actually 
contains less than 6 dodder seeds iwr sample, should successfully pass the test. 
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The pi'obfthilitics of Hocond kind errora, i.c. that the seed will be unjustly rejected, 
arc given in 1 able tV, whevo a ia again the tolerance limit for the sample and m' 
the assumed true mean content of dodder in the seed tested. 


TABLE IV. 

f/jjpec Limils of the l^rokihUity of Second Kind Enors ; P ((«; > ct) | m'). 
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ft = tolerance limit for dodder contont in a sample, 
wi'ssoattimiod true mean doddor ooutenfc per wizo of sample. 
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TAIILK IV (coiiliiirml). 



It m\\ be seen that if the seed tested contains, on the avomgo, es many as 
ni' =6 grains per sample, then the probability of the seed not being passed by the 
test is equal to 'STS, In other words, if the intoceats of the Buyer are met by 
choosing the sample tolerance limit a = 2, then in 87’5 per cent, of cases the seed 
offered will be found unsatisfactory, showing more than two dodder seeds in a 
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sample, when in fact it contains m' - 6 dodder seeds per sample, thus satisfying 
the requiretnents of the Buyer. A reasonable chance of passing the test successfully 
corresponds to m' '6, Horo the probabilities of an unjust rejection of the seed 
is ‘014. 

Thus in order to secure a reasonable chance of his goods passing the teat, the 
Seller must aim at a dodder content about 12 times smaller than that which is 
fixed as the tolerance limit — 6. 

The position is most unsatisfactory, as whenever the test is efficiently protecting 
the interest of one of the contracting parties, tho interests of the other are seriously 
damaged. 

Now lob us assume that tho samples tested are, say three times, larger so that 
the tolerance limit of tho true mean dodder content is correspondingly increased 
to 18. It will be seen that a reasonable protection of tho Buyer's interests 
will be attained if the tolerance limit of the dodder content in the sample were 
fixed at, say, a = 10. Doing so wo may bo cor lain that tho corresponding probability 
of first kind of error will not exceed *03, (See Table III.) On the other hand, looking 
at Table IV, we see that tho seed, whose true mean dodder content m' = 6, will 
have a reasonable chance of passing the tost, tho upper limit of the probability of 
second kind error being *014. Now the ratio Wo/m' «= 8*6, and thus the gap between 
the roquiromont of tho Buj^orand tho safety level of tlie Soller is shortened very 
coii^sidorably, It will be soon that tho use of larger samples is most beneficial both 
to the Soller and tho Buyer. Unfortunately this means a larger expenditure on 
analysis. However, we shall make further mention of this point below, 

Example III. We shall here call special attention to the case when the toler- 
ance limit of dodder content in the sample is fixed at tho lowest possible value 
a^Q, It is interesting to sec exactly what sort of protection this provides to the 
interests of the Buyer, Looking at Table III we find that if then, on the 

average, one sample out of 20 would be totally free from dodder. The tost applied 
will thus give a favourable result and the seed will bo accepted. We see therefore 
that statomonfcs like dodder free” if they arc based upon analysis of only one 
sample of usual mo may bo frequently misleading, Tho seed which is described 
as ‘‘dodder free” is quite likely to contain as many as two dodder seeds per size of 
the sample tested, it is also quite possible that it contains throe; in fact wo should 
only bo surprised when tho true mean content is as largo or larger than four. 

If the size of the sample tested is large, then a dodder content of 2 or 3 grains 
per sample could be perhaps considered as negligible. But in the ordinary size of 
sample such amounts would be disappointing, especially in a seed which has been 
qualified as dodder free. 

(o) Upper Gonjidence Limits of Dodder Gontmt The lost example leads to the 
new form of problem of estimation which has been started by R. A. Fisher^ and 


R, A. Flahor: Proc. Cdwi, VhiU Soc. Vol, xxvi. part 4. 
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thf'ij (levolDjiC’d liy J. Noyinuii*, nmndy ilm jtr<Wrin of cnnfiili'tioo limits for a given 
unknfwn })iiriin«'U>r. In o«r wwo iho. rob of ihin }v.vrnmi'Uj\’ plivyod l>y the Inio 
moan tlorldor couiciit jicr Hi*(! of wuupb in a givoa ctmsigaitiiuit of hoccI. 

Wo lUink that tin*, luwl way of exjiroHniin* Uk*. roatiltH of iia luialyHiH for dodder 
coiitoiiit conMhto in Htfiling Uic limit which ijriwaniiltly ia not oxceudeil by the true 
nicftit dodtlor coiikutt, e.g. the nerd ihH'.H md coiiiain aioro than, wiy, ‘1 gniia« of 
dodder per kg. The limit viz. 4, i.a whiil is called the iipiMjr oonfidonce 

limit. J. Noytnati has shown how stalemeals of ihi.s kind can be made ho that the 
probability of their iieing correefc will not be .smaller than a limit iixed in advance. 
TIub limit of probability has been calbtl "the, coulideiico eoellicieiiL." If it is said 
that a seed testing Htalimi works at a cotilhleiiee eoeflieient, .s;iy it inennti 

that its verdicts eoncerniiig the (pmlity of thi* seed in the form .stated above may 
bo wrong only with a relative fieiiumicy not exeei.’ding 1 or aiio in a hundred. 

The upper eoiilklfmcc liinils, corre.sponding to the chosen ooiduhmee coedicient 
«, are found as follows: deiiolo by a any integer iiianlsw of dodder seeils wliich may 
be found in a .sample, and find .such a vabui of m » that 

J’ l{.r > a) 1 »/i„| « « (12). 

The numbers «i„ Unis defined are the upper eonlideiiee limits. .Suppose, in fact, 

that tho above ocpiatioii is solved for any nwO, 1, i and suppiwo wo nmko n 

rub of stating that the true me.ivn dodder content, la, in se<‘<l does imt exceed w* 
whenever the nnalyBis of n sample givt;s x » a. It is oiusy to see that tho probability 
of an error in such a statement never u,\coedH tho limit I 

This maybe proved as followsf : we notice first lliat an error in estimating the 
dodder content by fltnting the upper conliilenco limit may occur only if tho actual 
dodder content vi and tho dodder content in tho sample satisfy cortain inoipialitios. 


Namely, wo shall be wrong whonuver, say, 

(1ft) 

and (14) 

happen at tho aamo time, 

Let us estimate the iirobabiliby of the sitnultaneous occiirronco of the above 
two inequalities. For this purpose \vu iiotiuu that 

P l(fli^ «)1 m) « 1 - P K<r >a) \ m} (15). 

If Wo < in, then obviously 

K® > «) 1 > P !(«• > «) 1 WJ#} « a (15). 

Thus wo shall have 

P{(a!5Sii)|mj < 1 ...(17). 


ft’liis being true for any m satisfying (13) and for any a, wo concliide that whatever 
tho vinktiowu frequency distribution of w, tlic probability of having (13) and (14) 

* J. Noyman: Journal Statistical Soc, Vol, xovii, pp. 589—508, 

t See T. Matuszowaki, J. Koyman and J. Supi^ska: Siipplmmi to the Journal 72. Statistical 
Sop. Vol, ih pait 
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siinultaiiooualy does not exceed 1-a. This is another way of saying that the 
probability of errors in statements m^ma made when we get, in the sample, 
exactly x — a dodder seeds, (Iogr nob exceed 1 — a. 

Th(3 upper confidcnco limits for the moan dodder content corresponding to 
dififorent confidence cooflTicionts, cu, arc given in Table The itac of this tablo 
may be illustrated in tho following example: 

Example IV. Suppose in three dififorent samples of 100 gm. of clover, seeds 
tho amount of dodder found was cri“0, = 8 and a ?3 = 10 respectively. The 
sbatGincnt concerning the true mean dodder content in the seeds tested iniisb 
depend upon the caution of the testing station. If it be considered that errors in 
atatcuKuiis occurring, on the average, once in ten times may be admitted, then the 
confidence coefficient chosen must be *9. In this case the statements concerning 
the true dodder content per 100 gm. of seeds in tho consignments tested, should be 

ma^6'7, ^« 3 ^ 16 * 4 . 

(In order to obtain the estimates por 1 kg. we have only to multiply the above 
figures by 10.) 

However, it may bo considored that this frequency of errors, i,o. 1 in 10, is too 
considorablo. Then the confidence coefficient chosen should be larger. It may be 
desired to commit errors as seldom as one in a hundred, then a = '99 and our 
statonnuils about the dodder content in the same consignments would be 

7ni^4*6, Wa^lO‘0, W8<20'2, 

Wo notice that tho above example suggests again that tho reliabiUty of tests for 
dodder vociuiros the use of largei’ samples. In fact, even when no dodder seeds are 
found in a sample, if wc do nob want bo risk an error more than once in a hundred 
statements, wo sliould only state that the true dodder content in the seed does not 
exceed 4’G grains per sixe of sample. If this is largo then the accuracy may be 
sufficient; if, however, the sample is small then it may bo considered unsatisfactory* 

The quoabion of tho size of the sample may bo treated more accurately in the 
following way; 

Fix any confidence coefficient, say a*»’99, and supposo that the samples in tho 
above examples contained 100 grn. of seeds. ' The result of the test of the first 
sample may bo stated by saying that in the seed analysed there was pmbably no 
more than 40 grains of dodder por i kg. 

Now assume that the sample contained 6 kg. of seed, and that again no dodder 
was found. Our estimate per size of sample will be the same, i.e. not more than 
4*6 grains on the average. But if we turn from the size of sample to the standard 
unit of 1 kg., tho statement will change. We shall state, in fact, that in the 
consignment there is presumably no more than '9 grain of dodder per 1 kg. In 
this way it is easy to calculate that if for the sample which proves dodder free it 
should be sufficient to state that the amount of dodder per 1 kg. of seed does nob 
exceed 1 grain, then the size of this sample should be as large as 4*6 kg, 

* This was again oaloulated using tho Tables of Che Incomplete V-Fuiiction., 
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2!)0 Tcdiwj Vlvvei' Seed for Dodder 

IV. I'mctiml (JondmionH. 

We hiwft mill iv\)ov« that If the tokirsxnee Uniil fer ihe ivm menu tlotUlor 
(■(intent i.H ceinptrntivcly lo'v wo Imve to faces the faest that this iinstlnxl of testing 
is Hftbhs U) gnsally injure the intor(}Ht8 oillier of the Hnyor or of tins Seller or both. 
This noaitioii is itniiroviul if the tolerance limit for the inns dixltbr content is Ivgh. 
In imlor to work with high tolerauce limits wc have either to consider clover aeuil 
oonlnining larger ninonnlH of dinlder as satisfactory, whiuh is i««i)ossib\u, or to work 
with larger samples. 

It appears that it in extremely dilfienlt to give rdiahle slalemcints accu- 
rately describing the dodder content in seed, if these statciaenUi arc to apply to 
small quantities of seeds such ns a sack, as the size of the sample taken out of 
each sack which would provide suflicicntly accurate infiu'mation woidd have to bo 
80 largo that the analysis wovild he too costly. A. possihhi isanvj siicins to consist 
in estimating the dodder content in larger ((uantitics of seed aueh (w 100 sacks. 

If such an amount of soed is pmscnled and there are gniuiicl.s to believe that 
it is homogonoonn, a seed station may umlertnkij the lumlysia of the wlwlc. 
Comparatively small aamplca may bo taken out of each sack and analysed .separately. 
The data obtained must bo used for two purimes: (i) to tost the hypothesis that 
the 100 sacks present, in fact, homogonooiis seed, and (ii) to CHtinuito the dodtior 
content in the seed. If the result of (i) ia favourable and the seed is proved to be 
homogenoous there will bo only one estimate concerning the whole consignment. 
If however the result of (i) is unfaveiunble, it will bo nocossnry to estiinato the 
dodder content separately for eoch sack. 

The homogeneity test, mentioned in (i), is carried out in exactly the saino way 
as that which led us to Table I D. If the seed proves homogeneous then the single 
estimate of the true mean dodder content will be obtained by combining all 100 
samples from the separate sacks into one largo sample. As tho sum of a number 
of variables each following the Poisson Law of Frequency itself follows tho same 
Law all our tables will be valid to judge the accuracy of this estiinato. Practically 
the work will consist in summing up blie amount of dodder found in separate 
samples and in referring to Table V to got tho upper conlidonco limit for the moan 
dodder contont in bho whole comignment per weight equal to tho si'/.e of tho 
100 samples combined. Dividing tho upper confidence limit thus obtained by 100 
wo shall obtain tbo conliclenco limit of mean tloddor contont per size of ono 
sample. 

Obviously, even if tho requivemonts os to tho purity of clover seed are very 
strict, owing to tho largo number of partial samples from separate sacks, when 
dealing with tho combined estimate wo shall have to work ’with high tolerance 
limits. Thus tho interests of both Buyer and Seller will bo protected ns far as 
possible. 

It must he emphasised that the final verdict concerning tho dodder content 
will apply to the whole stock of 100- sacks of seed. Among those 100 sacks there 
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Will be Hcvcral showing apparently emaller dodder content and others showing 
larger* However, it would not ho right to conclude that these sacks differ in reality 
in tlieir moan doddor content, as fonnerly it has been found that^ when analysing 
the distribution of dodder content in samples fi^oni single sacks, the variation is no 
moro than what should bo expected from purely random daiises when dealing with 
porfoobly homogeneous material In other words, we shall have to assume that if a 
sample from one sack contained less dodder than that from another, this difference 
Is duo solely to random variation and not to a real difference in the dodder content 
of the two sacks. 

Assume now another eventuality: namely, that the test showed a marked 
Jioterogoneity of seed in the 100 sacks presented for analysis. In this cose the 
Seed fStation should withhold from a general verdicti concerning the whole stock, 
as this should be considered as heterogeneous* Separate estimates of the dodder 
content should be given for single sacks* These, of course, being based on the 
analysis of small samples, will bo generally rather inaccurate, but we do not think 
there are any means of improving the position. It will perhaps be possible to 
increase the samples fium single sacks, but this involves considerable expense. 

Lob us illustrate the above procedure by an example. A stock of 100 sacks of 
clover seed has lately been analysed in the seed testing laboratory in our Depart- 
ment, A sample of 100 gm, of seed was taken out of each sack and analysed for 
dodder. Columns 1 and 2 of Table VII state the results of the analysis. It will 
bo seen that 76 samples proved to bo dodder free, 22 others contained 1 dodder 
seed, etc. According to tho principles stated above wo tested the hypothesis that 

TABLE VII 

JHstnhuiion of Dodder 0<y}deni in SaTn/ples from 100 Separate Saohs. 


h 



0 

70 

77-11 

X 

22 

20 "06 

2 

over 2 

2 

0 

2*84 

j 0‘23J ^ 

?n»:0‘26 

»'«3, ;(8«0-4641, iV“=0’821 


number of dodder seeds iu a sample. 
iVjt— observed frequency, 
jPfc-oxpeotcd freqiionoy, 
number of gi'oups. 
degrees of freedom*. 

^ According to tbo view of R* A. Fisher, E, S, Pearaon and J. Noyman the degrees of freedom in 
this case should bo n* ~ 2 and P^,ix-600. 
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TcHtiiu/ ('lorn' Smlfo)' Dnddc.r 

the atork niifily.st''t wiut hDiim^'entuKiH. (kiliutm 3 <tf VII j»ivi's (;hii fmimmcics 
ailciiliilfitl fniiii lilt! littiiii I'niHsoii SrriiJH, It will Im-i st.-fn Ihut tin* tit ia aliudal 
perruiil, (or ’3(1, if ili'^ivos of fmidoiii 1). Thiia wo cun (.'iiiuiliiilo that 

there uri! no iliflicnUk'H in foriJuilHtiii;^ ii vcriliet iioiiconiin^ the whole .stock of 
Hctsl jva the dilVt'ronccH hctwv.cn ihuhh'v rmilviit in winndca fvoiii ain^lc aiwhu will 
be UHcrihctt aolcly to iiiiiividiml runihiin vnritttinii. 

Ill all the i()() winijih's of UK) gin, each 2(1 ihtdilcr .seeds have hcoii found; thu.s 
ihi! dodder content Ih 2'(5 dodder aiuids per kg. Ulionsing tin; conridencc cooflleicnt 
■9!) wc find from Tahh; V that fchu u|ij»;r conlidcnci! limit of the true dodder 
content is 40'r) per 10 kg. or4'0r) [ler 1 kg, If lim agreed toleraiiei; limit for true 
dwkler content ia, say, 5 dodder seeds per kg., then tin; tested stoek will be con- 
siilercd ns satisfactory. If, however, I be agreed toleraium limit wtm only I dodder seed 
)) 0 i’kg., imtiirally the stock will lie rejected, In Table IV we, cun lind the upper 
bound of the probability of an error in ibis Inst judgment. Thi-s is lower than 'OOl. 
The Seller will probably not ijnesliim this judgment and will not ()ropo.su to 
increase the sample. However, if the tolerance limit is jnst below the uonlidemio 
limit of the true disldcr content, for instance say, !l'3, then perhaps it would be 
worth whiki to repeal the sampling and Imsu the limil verdict on larger ilata. 

It will bo seen that in tho procedure which has been nteommemled above there 
arc several points which are not completely spccilled, Wc doliherately refrain from 
propounding any definite rules. For instance, such quc.sL!ons as fixing the lidomnco 
limits for tlm true mean dodder content and those of the eonlidenee coedicients 
with which tho seed testing stations should work, ns widi as tin; ((uestiun of when 
the fit of the Poisson Scries to the distribution of dodder sueii.s in samples from a 
nmnborof sacks should bo considered us showing helerogomdly of tho material, otc., 
these should bo answered by the Dwider Committee of the Iiitoriiatioiial Seed 
Testing Association, assisted by ropresontativea of the seed iiwlcrs. Wo think, 
however, that the work of this Commiltco should follow the methods indicated in 
tho present paper. Among other mutters it will be necessary to give an adwjmilo 
dotinition to the term "dodder free" and to revise the meaning of the term 
"absolutely dodder free.” Wo hope that tho results prcsenled above prove 
sufiliciontly that tho present use of these terms may oftoii be misleuditig. 

I should like to add a woi-d of thanks to Dr J. Ncymiui for his kind nssisti'mco, 



A STUDY OF PllEDYNASTIC EGYPTIAN SKULLS FROM 
BADARI BASED ON MEASUREMENTS TAKEN BY MISS 
B. N. STOESSIGER AND PROFESSOR D. E, DERRY. 

By G. M. MORANT, D.So. 

1. Jntrodiiciion, In the season 1924 — 26 an expedition of the British School 
of Archaeology in Egypt, under the direction of Sir Flinders Petrie, excavated 
prcdynastic sites in the neighbourhood of Badnri, 30 miles south of Asyut. The 
remains found could be assigned to an earlier date than any previously discovered 
belonging to the same era. Fifty-nine skull.') were pi'cservcd and the majority of 
these were measured by Professor Derry in Cairo, They were subsequently sent by 
Sir Flinders Petrie to Professor Karl Pearson, then Director of the former Biometric 
Laboratory at University College, London, and tho study of tliem by Miss Stoessigor 
(now Mrs Claphara) was published in 1927*, In the seasons 1928—30 Mr Brunton, 
who in 1924 had worked at Badari, leading a British Museum expedition, excavated 
more human remains associated with tho Badari culture. A few of these came from 
Badari, but most are from a neighbouring site near Mostagedda. Eighty-three of 
tho skulls were sent to Cairo and measured there by Professor Derry, He kindly 
plocod his moasui’cmonts of both series at tho dispo-sal of the present writer and 
those of the 1928—30 series are given in the appended tables. The objects of this 
paper are to compare the descriptive data provided by tho two observers and to 
estimate from them the nature and racial affinities of the population represented 
by tho two series of crania, 

2. A Goinparison of Measurements of the 1924—26 Badari Series taken hy 
Miss Stoessiger and Professor Ben'g. In Miss Stoessigor's paper individual measure- 
ments are given of 69 skulls from Badari and unpublished measurements taken by 
Professor Ilorry aro available for 63 of those. Wo thus hove an unusual opportunity 
of comparing readings on tho same specimens obtained by two observers working 
in different laboratories and following different techniques. Miss Stoessiger used 
tho biometric technique without modification, and Profeiisov Derry adopted that of 
the Monaco Congress f with some modifications and additions which he explained 
to the present writer. The measurements which are defined in these two schemes 
in ways which may be expected to give closely similar or identical results are the 

* " A Stndy of the Badarldn Cronm vooontly exonvated by tho British Sehool of Archaeology in 
Egyiit.” JOioiMrlka, Vol, xix, pp. 110— ISO. 

t Ho rofors to the English translation of the Monaco report published by DrW. L, H. Duokworbh in 
1918 as : Intmialional Agrcmenti for the Unification (o) of Crmiiometric and Gephalometric Measurements, 
(ti) of Anthrojtomelrio Measnrements to he made on the Living Subject (Oambridga University Press). 
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l-'lirfhrr Remarks on the Ihulari Cimiia 


following (the l»ieiii(3lrio iiiilcx lollorn ht'itig givoi! I'uHt in the hmckets, fiillowed by 
the imiuboirt of the Moiiiico ro(«irt)! 

(i) Miixiiiiiiin oiilviuial h'ligth from the, ginliolla iti iho iiii'(!ian migittal |ilniio {L, 1), 

(ii) Muxiinniii calvaiinl breuilth {B, 9). Tlie two ileriiiitionH tlifier oinco the 

bioinetrit! B in the, iiiiixinuitrt tratiHVorHt? (liiiiiuiter (Hi the puviotal bones, 
while the Monaco bremlth is the ninxiinum IrauHVomo wbethor fountl on 
tlie parielal boia-a or not. For ISgypliiui eraiiin, however, th« niaxltmnn 
breadth obtninublo falls ainiost invariably on the parietal bones. 

(iii) Mitiiniiim frontal breadth (//, 5). 

(iv) Hasio-brcgiautic height {//', 4a). 

(v) Maxitnum hitri/.ontal circumference above the aupm-orbital ridges and pissing 

tliroiigh the ophryon ( U, 29 a). 

(vi) Minimum ave, from nasion to bregma {Hi). 

(vii) Miiiiiaaia arc from bregma to lambda (»Sa). 

(viii) Mitiimum arc from lambda to opi.sthion (jS,). 

(ix) 'rotiil sagittal arc from muiiori to opistliion {H, 22). 

(x) Maxiimtin bizygomatic breadtii {J, 8). 

(xi) Breadth between lowest points on zygomatico-maxillary sutures {OB). 

(xii) Clionl from nnsion to hosion {LB, 0). 

(xiii) Chord from nasiou to olvcolov point {O' II, 12). 

(xiv) Nasal hciglit from nasion to point furthest romoved from it on tlu! margin 

of the loft pyriform aperture {Nil, L, I'roh^ssov Derry took thia~tlio 
Frank fa rb—nosal height and nut the Monaco iiien.surenient 18). 

(xv) Maximum breadth of the pyriform aporturo (NB, 14). 

(xvi) Breadth of right orbit from tho dacryon {Oi,]t, 10). Professor l)crry writes: 

"Whore the lacrymal bono is broken, or missing, I use the angle formed 
by the union of frontal and frontal process of tlio maxilla, which I bcliovo is 
more cosily determined, and therefore more exact, than many other so-callod 
‘points’ on a skid).’’ Tho biometric pmotice is to omit the meosmomenb if 
tho position of tiio dacryon is iincorlain owing to defect td' the lacrymiil 
bone. Professor Derry gives tlm orbital brendtii oh both sides, and Miss 
StoQSsiger that on tho right sido only. 

(xvii) Maximum hoights of orbits perpendicular to their broaduhs {Ot,li and 
Oi,L, 17). 

(xviii) Profile angle, i.o. the angle between tho lino joining nnsion to alveolar 
point and the Frankfurt horizontal plane {Pi). 

(xix) Bicondylar breadth of the mandible {w, 25). 

(xx) Symphyseal height of tho mandible, i.e. the maximum chord from the tip of 

the process between the central incisors (intradental) to the lower border of 
the bone in tho symphyseal plane {hi, 29). 
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(xxi) Minimum breadth of the loft ascending ramus of bho mandible {rb', 28 a). 

It is nob suggested that the biometric and Monaco definitions of all the 
above moasuromonts accord exactly, and, indeed, those of the latter scheme 
arc not full enough in many cases bo decide this point at all definitely. 
It may be hoped, however, that the two sets of readings will be found in 
close accordance for these 21 characters. Agreement would not be expected 
in tlio case of the following measurements owing to differences in definition. 

(xxii) Auricular height, Professor Derry writes: "I take this with the skull on 
the craniophor and with the lower margin of the left orbit on the same 
horizontal plane as the upper margin of the left auditory meatus. At times 
this is the same as the upper surface of the supports in the meatus, but 
more often it is above these owing to the slope of the bony roof of the 
meatus. In any case I place the point of the scriber against the margin of 
the meatus and then move it to the orbit and rotate the skull until the 
lower edge is at the same level. The sliding arm on the craniophor scale 
is then brouglib down until it just touches the skull lightly.” The biometric 
practice is to make contact between the ear-rods of the craniophor and the 
poria in all eases and hence measurements obtained in the two ways cannot 
be expected to agree exactly. For the six comparisons which can be made 
Professor Derry's reading is greater than Miss Stoessiger’s OH m all cases 
and the dilTorencos are between 1‘4 and 3’2 mm. 

(xxiii) Transverse cranial arc between ‘‘the moat prominent point on tho posterior 
1 ‘oofc of the left zygoma, exactly above bho auditory aperture” and the same 
])oinb on tho right passing through the bregma (23). This must always be 
considerably less than tho biometric vertical arc from porion to porioii (Q') 
and in tho case of five skulls for which both arc available the differences 
range from 11*5 to 18‘0. 

(xxiv) Chord from basion to prosthion (10). This must he greater, almost in- 
variably, than the chord from basion to alveolar point, defined to be the 
lowest point on tho process between the central incisors (QL). Comparisons 
between tho two measurements can bo made in the case of 47 skulls; 41 
show differences of the .sign expected (the greatest being 3‘6), two show 
zero differences and tho remaining four diffovonces of the opposite sign (the 
greatest being 1'2). 

(xxv) Intororbital breadth. Professor Derry writes; “This is the actual width 
between the medial orbital walls when tho two arms of the callipers arc 
placed within the orbits and in contact with the medial walls.” His defini- 
tion differs from that of the Monaco technique (15) and from the biomotric 
breadth between the daorya {DO). Comparison with the latter can be made 
in six oases and the largest difference found is 1*3, 

(xx vi) Bigonial breadth (26). According to the Monaco definition this measurement 
is taken on the external surface of the jaw between the bilateral points "at 
which the angle is formed between the lower margin of tho body of the 
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jiiw iiml Um: )ii)slt;ri»r bortlin' of uHCiMnlinj* mtiiws," This is practically the 
smut; tltiliititum as that ttf Uu; liitmutlric iiii'iistirt'ntf.iili Wi which has luscii 
fouiifl to give uiisatisfiicLory njsiills ia pmeLicc. Tlio llirco tiinovciiccs 
(I). -8.) avftilfthh; iiiv ~ 10, - 1-2 iiiiit +2 :!. 

(xxvii) Muximtitn brcinlih tif ramus {'iHb). Tht‘n; is no hioniotrii; iniiasui'dincnt 
similar to this, 

(xxviii) Muiiflibiilar iingh' (’12), This and tlu; two rolhaving iiiaiidilmlur tmtiwiirn- 
imaitvS wiirt! taken by I'rofcsHor Ibirry oa a uiatKlildi! bttanl, svliich ho bus 
tlcRcribcd*, i«k1 which is precisely similar iu ctiasUuotivtn U) the instviuncnt 
nsod by Miss Stooasigor. lint Ihi; atljiistniont of the btino on llu! board wtw 
not ifu! wtino iu iho two casos im<l honco tins mifiisiii'toncitls mti not coiii- 
pamble. Tho few tlinbrcn(a;H aviiiiable cotilirin this HU|iiioHilioii. ITofesHor 
Derry's niaiitlibular angle is siinibir lo llm biipinotric M /L . 

(xxix) rnijectivn length of corjms : Himitar l»» biuiiitilrie C/J. 

(xxx) Projective length of miniis: similar lo biomelrie 7 - 1 . 

The (lifforonccH between the readings of the two obscrvei's for the sutne skiillH 
may now be uxaminerl, in tlui case of the first 21 i»f the above nifimureincnls, to 
test whether tho agreement is suHicienUy ehise to he of nu uecount in making 
cuinparisonn with other ecrics. Data arc given in Table I fttr coinhiiied tnale and 
female specimctis. Profewior Derry took eight of the measnrciiieiits in (ineHtion on 
fl few only of the Badnri 1024"-”25 sknllfl which arc Hiiiliciently eoiniilct(5 to 
provklu roailings ft>r thorn. Tho infoynmlii)a regarding pommal otjnation available 
for those eight uiciwuremcnta in the table is obviously itmdctiuatc, fewcu' bliun 10 
differences being given for each. As far as tlioy go, however, the coiiaiants indicate 
that there ia a flatiafactory agrcouienb for all except iY and The definitiona 
of tho profile angle used by tlic two observere were the same, but there is reason 
to believe (see under Auricular height, moaaurement (xxii) above) that the adjust* 
moiit of the skull in the craniophor was not made ia tho siuiio way, This probably 
accounts for tho rather large dilTerences found and it will bo safest to conclude 
that Professor Derry’s profile angles are not comparable witir Miss Stocasigor’s. 
Tho same concliialon luust bo accepted in tho case of the bicondylar breadth of tho 
mandible (lOi). Much larger numbers of difforoncos are available for the remainiug 
14 mcaaurements—counting 0», It and Oj, L os different inenauromentH—iu Table I. 
Several of tho maximum imlividual difforoncos in column 8 uro conHulorably larger 
than those usually found between readings given by two workers in tho same 
laboratory, and only four of tho mean flifferoncca in tho next column can bo 
TOusidwccl to differ insignificantly from mo (i.o, by loss than three times thoiv 
probable errors). Tire absolute sizes of the mean differences are of more impoi'taneo, 
however, than the significance of their divergenoos from zero. They might be 
usefully compared with tho probable errors of the means for the series, but these 
are as yet unknown. An approximation to them can bo made by supposing that 

* “A New Mylometor," Journal of Anatomy awl VhytiolOQy, Vol, xiYUi, (1014), rp. 430--4l)l. 
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iihc slfindiird deviations for the Badari male skulls are the same as for longest 
Egyptian aeries available, viz, the E series of 2Gth— 30th Dynasty skulls from 
Gizeh described by Professor Karl Pearaon and Miss A. G. Davin*. The male 
Egyptian E standard deviations are in column 6 of the table and by using them 
the presHincd probable errors of means for 35 Badari skulls are obtained and 
those are given in the lost column. The numbera on which Miss Stoessiger’a male 
moans of cranial men.surenicnt3 of the Badari series are hosed actually range 
from 32 to 36. A comparison of tho constants in columns 4 .and 7 of Table I shows 


TABLE I 

Data relating to the Differences between Miss Stoessiger's (S.) and Professor Derry's 
(i).) Measurements of the 1924 — 26 Badari shulls. 


ClmrftcU‘r 

No. 

of ooni- 
pariBOMR 

Maximum 

clifTercncc 

(D.-S.) 

Mean 
diiToronce 
(I). -a.) 

Standard 
deviation of 
differences 

Male o-'s of 
Egyptian B 
series 

Presumed 
probable 
error of moan 
for 85 flkullR 

L 

n:) 

-2*0 

-*82±*080 

0*05 + *043 

rrvat'OD 

•05 

n 

rr2 


+ -02±'0(j8 

0'73±-018 

4*70 ±‘08 

*54 

ir 

53 


+ ‘40 ±*007 

0'72±'017 

li'05±'06 

•46 

IV 

52 

-1-8*0 

- 'a-i + '005 

0*70+ *040 

5 '03 ±'08+ 

•67 

u 

53 

4-0*5 

+ 1 -29 ±'200 

2*1G±*142 

13*771*22 

1*57 

A, 

8 

--1*0 

-•00 

— 

— 


lha 

8 

4-&-2*0 

+ *13 

— 

— 

— 

A'. 

8 

--2*0 

->•87 


. — 

— 


8 

-2*5 

-*:u 

— 

— 

— 

J 

83 

+ 2*5 

- *03 ± 087 

0*74 ±001 

4*57 ±'08 

•52 

an 

45 

-5*4 

-*43±*145 

1*44 ±*102 

4-07 ±'08 

*53 

LB 

53 

+ &-!*() 

-*15 ±*030 

0*39 ±*020 

3'97+'0e 

*46 

WH 

47 

-2*5 

- *70 ±-064 

0*05 ±*045 

4*16+ -07 

*47 

Nil, h 

47 

-2*3 

«‘*64±*004 

0*651*045 

2'83±*05 

■33 

NB 

47 

-2*1 

+ •07 + *053 

0*64±*038 

1,'77±’03 

*20 

01, il 

4G 


- *76 ±*075 

0*75 ±*053 

I'GT + 'OSf 

*19 

0., It 

45 

'+8*2 

- *23 ±*071 

0*711*050 

1'91±'03 

•22 

O 2 , L 

41 

-1*4 

-*49 + *050 

0‘49±*03r) 

l'fl8±'03 

•21 

Vl 

fi 

- r*5 

-^*08 

— 

— 



3 

+ 2*8 

+ 1*37 

— 

— 

— 


2 

-0*4 

-*I0 

— 

— 

— 

rb' 

5 

+ 0*2 

+ •02 





that tho ratio of the mean difforenoe between the readings of the two observers to 
the presumed probable error of the male mean for the series ranges from '04 to 
4’0 (1). If the former constant is less than 0'7 of tho latter the effect of personal 
equation on mean values may be considered negligible, and this is so for L, B, H', 
J, LB and NB‘, if tho ratio is between 0*7 and 1*4 {B', U, QB and 02,.R) the 
“errors" will affect the comparisons appreciably but probably not render thorn 

* ‘*On tbo Blometrio Oonetots of tho Human Skull.” Biometrihaj Vol. xvi, (1924), pp» 828—803, 
t For tho vertldal height from the busion (H) in place of the basio-bregmntic height (H^), 

I Fov tho ♦‘ourvatiiro” (0^ JR) in place of tho daoryal (0/, i?) orbital breadth. 




m 


Further Remarics on the Jiadari Crania 


mmlemling; if tin; ratio in groator than ((/'//, RHJ,, Oi,R mitl Oj.fv) it may 
lio aupjjoaod (juitc uusnfo bn noglort tlu! ciiiifckKiiatioii of porwimal itijiiutuni in 
fiompariiig mctiiia givoii by llin two iibKorvurH for (iHorioH iiiiule m) by iippitixiiimtcly 
35 apcoiinoim, Ah nioiumniiiicnta (d varinlnlity will ulwi br wuiilfd fitr fclm surios, 
it is itciKfKsiiiy to consitlor tlu* Hlanituid (loviiiliotiH, iw woll jw tlio iiit*aiis, of tho 
distrilmtiotiH of riiH’oroncos butwccn tho tw(t Kcts of nauliiigH for tlu.' .sjuiio skulls. 
'I’liu.so lu'i! givon ill Coluinti 5 of Tublo I null tlioy iimy bo ooinparotl with the 
Egyptian A’ male staiKlaril dovialioiis in the following roliiinn. If tho former 
coiisUmt is less tlinii (l'2 of the latter in the rime of a |iarticiiliir cbivraeter the 
agreouient may be Hupposeil .‘evtisfactory, and this is so for L, H, li', II', U, J, LB 
anil (i'H\ if the ratio is hetwooii ()‘2 anti 04 {QB, NHJi, NB, (li.R and O^Jj) 
the ngreemoiit is less satisfaelory, anil if greater than 04 ((h'l It) decitiedly uimtitis- 
foctory. By iijiplying those arbitrary tests to the lueiuis and Mtanilaril deviations 
of the tlilfcrcncoH between Miss Stoessiger's and Professor Derry's romliiigH on tlic 
Hiimo skulls, it is possible to group the tiiensnreiiienls fur which they UHod similar 
or identical dePinitionH in the following way ; 

(а) those for whieh agniumunt is auHiciontly ehmo to make it pcmible to neglect 
the cITecl of personal cquiition B, It', J, Lli, and probably iS'i, iS'j , jSj, iS’, hi mid 
rh\ though few data for tliuse last six from whieh csliimvleH of their luicuracy can 
be obtained are ivvaihibie ; 

(б) those for which agreomont is less satisfaelory, so tliat tluTo is a ilaiigcr of 
personal oipmtion tilTeoLing coinpnvisoim liotwoeu eoimlaiila for Heries appiociabiy, 
though not to a inarkcil extcut—P', V, (lit, NB, (UJt'i 

(c) those for whieh coinparisoiiH between Llie coiiHtants will be dofinitely invalid 
owing to porsonal equation— D7/, NJr,L, Oi,R, and On,/), and probably PL and 
Wi, though fow (lata for these Inst two are nvailablo. 

Thero can be no doubt that personal eiiuatiou would bo of much less account 
if measurements of two workers in the foriucr Diomelric I^abomtory wore being 
compared than in tho cose of the present cniuparison, but this might have boon 
anticipated, 

8. 'i'he Sexing of the Badari Beries, Three oHtiiiittteH of tho sexes of the 
adult 102'J! — 26 IJudari skulls are available. Tho llvst of iheso to bo published 
is that of Miss Stocssigor’s paper in which it is said that tho Hiieciinons wore soxotl 
by Professor Xarl Poarson and tho present writer, Theru aro 30 males and 22 
females distinguished, and 63 of these have been soxod by Profesaor Derry. Ho is 
willing to accept the detevminatiou given in the paper in Piemetnfv'U. in 47 coacs, 
but difforonccs must bo recorded for tho romaining six which aro: Nos. 6394i, 
S. B. $ 5 6485, S. cf , D. ? 5 6438, S, d*. D. ? ; 6743, S. d*, D, ? ? ; 6004, S. 

D. ^ ; 6383, S, D. The third aoxing of tho aeries is that given in tho report 
on the excavations* from which tho following is quoted (pp. 19 — 20); 

* :i'he Jiadarlan Civilisation and Pred]/iiaslie Jlemaimi near Dadari, By Guy Bninton Rtid Gorlrmlo 
Oftlon-Thompscin, BtlllBh School ot ATclmDology In Bgypt ami Egypllan llcaoaroU Aooonntr, Thltllolh 
Year, 1924. London, 1928, 
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“ Thove was no sign tliat tho bodies had been preserved in any way. The akin 
was BOinebimes still visible, occasionally well preserved, bub the internal organs had 
always disappeared,... As regards segregation of sexes in cemeteries, a curious fact 
emerges. Female graves were nob placed apart; whore there are graves of women, 
there are also gmvos of men alongside. Certain areas, however, were reserved for 
men.... Tho most easily observed feature was the hair.... It is interesting to note 
that in no caso could a board or moustache bo detected.” 

The method of sexing used is nob described, but it appears from the remarks 
on individual skeletons that the length and condition of the hair was taken as 
one criterion, and the nature of the grave furniture also gave some guidance 
presumably. Sexes are given in the report (A,R) for 42 of the skulls soxed both 
in Miss Stoo.ssiger's paper (S.) and by Professor Derry (D.). It is found that for 
24 of these, all throe estimates agree ; for dO, A.B. agrees with S. ; for 35, A.R. agrees 
with D., and for seven A.ll. differs from both S. and D. The last seven are Nos. 5411, 
A.Il. ? “ long wavy black hair arranged in twisted tresses ” ; 6745, A.R. $ " hair 
thick, black and wavy, bracelet ” ; 6816, A.R. $ “ dark, slightly wavy hair ” ; 6369, 
A.11. (f; 6300, A.ll. 5368, A.II. d"; 6370, A.11. d" "in male cemetery.” A re- 
examination of blieso seven skulls suggests that an anatomist would have little 
he.sitabion in assigning sexes to them opposite to those given in the report, in spite 
of tho fact that the sexing of the Badari skulls is particularly difficult owing to 
the fact that the type is a feeble one showing little muscular development. It 
is unfortunate that there is no closer agreement between the three estimates, 
and the effect of the discordance on means rausb at least be examined. Of the 
measurements which have been found to be least affected by personal equation, 
tho three major calvarial diameters are the ones most suitable to use for this 
purpose and means for them are given in tho following table, computed only 
for the 42 skulls for which all throe estimates of sex are available and using 
Mia.s Stoessiger’s measurements in every case. 


Sexing 

Sqx 

L 

B 

U'* 

StooHsigor 

Dori’y 

Archaooltigioal lloport 

d 

183‘4 (27) 
183T) (23) 
182-2 (24) 

131*2 (27) 
131*0 (23) 
131*6 (24) 

134*0 (26) 
134*5 (22) 
133*0 (23) 

Stoossigor 

Pony 

Arohaeologicftl Roport 

? 

177*2 (15) 
178‘3 (10) 
179*7 (18) 

■ 1 
131*1 (16) 

1 130‘2 (19) 

1 130*6 (18) 

128*0 (16) 
129*4 10 
130*3 (18) 


The means are seen to be in bettor accordance than might have been anti- 
cipated. For X and Af' those given by Miss Stocssiger and Professor Derry agree 
better than either set does with those based on the sexing in the Archaeological 

* I/' is not given foi* one skull which is nuilo accoicllng to all throe esMmatefl, 
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l-'nrOier Rfmarkn ou the Jiadavi drama 


Report, but for li tin; liisfc two art* in cloaest anrooinent. In th« caao of two of the 
eabitnatert, a Htiiiilur cumpariHtm can bo iiuKte base*! on akuilH, nint the iiionna are: 


HtDthtg 

Httx 


/f* 

in 



IHrf-;! m) 


i.%’i i (;t2) 

\)my ... 


iHi-d (211) 

(2!>) 

i;h'V4 m) 

BtAicasigor 

Q 

177’(>(i!0) 

i:hi‘2(i«) 


l)my ... 


177’« (21) 

HU'ii (211) 

(21) 


The paiiti of inentiR hero are actually all closer together limn the cmTcsponding 
ones based on the 4<2 skullH. We are cmiipnriiig two anatomical cKtiniaU's of sex 
which almost certainly difl’cr owing to the inlerc‘haiig(! of a fo.w doubtfully male 
or doubtfully femnlo MpecimoiiH, and the way in which IhcHo are oasignml docs not 
appear to influence the means greatly. But still the gi’catuat obsorvtjd dilTerences 
between the munnsme of an order wliich would Imvo indicutiul unrcliablo irieasure- 
monts if they had been found ns mean di(l'uronce.s between lh« readings given by 
two different obsorvere (cf. data in Table I). The personal oiiiiation in sexing is 
hence a factor which is likely to affect coni[)ariflOT)8 between series appreciably. 
The 8CXC8 given in Miss Stocssiger's paper wore accepted in making the com- 
parisons in the following section of tho present iHiiwr since they are given for all 
the apecimens, while the other two records only give sexes for parks of tho total 
1924 — 26 series. It is not suggested that the foriner sexing is more accurate tlum 
tho others when available. For tho 1928 — 30 series, we have only Professor Derry's 
dolorminations to follow. 

4. A Oomparison of Ihe 1924—26 and 1028 — 30 Badari Series. Constants 
aro given in Table 11 based on Miss Stoessiger’s meoaurements of tho 1024 — 26 
aeries and Professor Derry’s of the 1 028~-30 serios. Tho data there only relate 
to those characters for which it has boon shown that comparisons between tho 
ineasursmenU) of the two observers are not likely to b(? vitiated to a marked extent 
owing to thoir personal equations j:. Standard deviations have not boon calculated 
for tho aorios excavated on the two occasions, since it is clour that thoir moans are 
ill close agreement, but a non-iuotrical comparison of thoir distributioim suggests 
that they have approximately tho same variability as one another and as tho 
combined sample in the case of ovory character. Tho standard deviations of tho 
last were calculated and tho probable eners of tho iticans arc given (= p.o. Mj,, 
say). The probable errois of the means of the two component samples will certainly 

• B is not gWan (ot otvo ekuU which ta {»wr1c ncoordlng to both ocWtnatos. 

f HMb not given tor om skull which la male aocording to both oallmateg. 

X All «uoh aro inoludoa in Table II (see p. 802 below) except tho height ol the right orbit (O 3 , jR) . As 
tho height of tho loft orbit was found to be an unrollablo moasuremontt it appeared safer to class 
with those of that kind and data for it are given in Table III. 
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be larger than these, bub fchoir differences maybe compared with V2 x (p.e. to 
give an estimate of whether they are signi6cant or not. The differenco divided by 
tills quantity is greater than 3 in the case of the male 100 H^jL (84), (8'6) and 

J (3’9), and the female S (3*3), Nli (3'8), 100i?/H' (3‘9), GB (4*5), B (47), 

100 ir I L (47) and L (4*9). The ratio is greatest for the last comparison, and if it 
is assumed that for this the standard deviations of the component distributions 
are tho same as for the pooled distribution— which is a reasonable assumption — 
then tho female moan L for the 1924 — 25 series will bo 176*7 ±*52 and for tho 
1928 — 30 174’4 ± *43, Tho difference between these is 3*4 times its probable 
error* It will be safe to suppose that the differences between the mean measure- 
inonta of the two separate aeries are all insignificant, except possibly in the case 
of the female values for X, J?, GB and 100 irfLy and no clearly significant differ- 
ences are found for these, The conclusion that the Badari series excavated on 
tho two occasions represent the same racial type appears to be sufficiGnlly justified 
and lienee iliey have been pooled? 

This conclusion might be invalidated if clearly significant differences were 
found for any charactcivs not in Table 11, Table III gives the means for those 
characters for which identical or very similar definitiouH were used by tho two 
observers, but for which their readings on the same skulls wore found to differ 
appreciably or markedly. It will not be legitimate to pool data for those characters. 
The divergences expected” in tho lost column of tho table are those actually 
found (see Table I) between the mean nioasurcments of the two observers for the 
same skulls. The constants for tho 1924 — 25 and 1928—30 series in Table III 
are still in close agreement, and it will bo safe to assume that none indicate 
possible differentiation of tho types — paying duo regard to the divergences 
expected owing to personal equation in comparing the means — except possibly 
in tho case of the upper facial {Q^E) and nasal heights and indices, 

and in the case of the bicondylar breadth of the mandible (ii/i). The divergence 
expected in the case of the last character is only based on the comparison of 
measurements of three specimens, and hence it is quite likely to be misleading, 
and Miss Stoessiger's and Professor Derry’s readings may bo directly compamble. 
But tho measures of personal equation in the case of the other characters which 
are showing larger differences than would have been anticipated arc based on 
iideiiuato numbers of comparisons. Tho standard deviations were calculated for 
the two series separately giving the results provided in Tabic III, p. BOS, the means 
For tho 1928 — 30 series being given values which they would presumably have had 
if measured by Miss Stoessigor, 

The difference bet^yoen the male moans for G*TI is here 3*4 times its probable 
error and the difference bet^Yeen tho female means for NE^L is 3'8 times its 
probable error, while the other two differences are quite insignificant. It appears 
that the 1928 — 30 type had a significantly higher face than the 1924 — 25 type, 
though part of the observed difference may possibly be due to the fact that the 
scries were sexed by different observers. Tho discordance is not sufificiently marked 
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MoaiiB 

IStRudard Deviations 

Olmi'ficlor 

(1 

9 



9 



lfl2B-80 

1024-26 


1024-25 

192B-B0 

1024-25 

1928-80 

o‘n 

Nil, L 

GV-l±-4(t 

(34) 

4«'4+-32 

( 34 ) 

[01)-»]±‘45 

(43) 

[4O'4]±‘;J0 

(43) 

G4-B±<03 

(20) 

4rr6 + '42 
(20) 

[GO'Ol±-33 

(34) 

[47'4]i-2.3 

(34) 

3*05 ±'32 

2‘78±'23 

4-41 ±'32 

3'47±'25 

4-18+ -48 

2'B1±'30 

2'8.3±-23 

I'OOflG 


TABLE III, 

Mem Measurements of two Badari series, from Headings by Miss Sioossiger {S.) 
and Professor Derry {!),), bekoeen wldck Agreement is 'not etepeoied viving to 
Hmonal Equation, 


Ohftraoter 

6 

9 

Divorgenco 

oxpeolod 

(a-B.) 

1024-26 (B.) 


11)24—25 (0.) 

1828-30 (D.) 

Q'U 

N}I,L 

Oi,Ji 

Oi,R 

0„L 

PL 

100 G'lllOB 
100 NBINn,L 
ICO o.iiOt',ii 
100 Oi!Oi',L 

W| 

07*1 (34) 
48-4 (34) 
38*4 (33) 

32*0 (34) 
32*1 (33) 
84“ *0 (33) 
70*9 (34) 
5V8 (34) 
83*3 (33) 

109*5 (30) 

1 

B4-8 (20) 
4rf0 (20) 
37'0 (20) 

31-3 (21) 
31*4 08) 
(20) 
71-7 ill) 
61*8(20) 
83*4(20) 

105*2(10) 

05-2 (34) 
40*8 (34) 
37*2 (32) 
30*3 (32) 
32-2 (32 
31*9 (33} 
8r*2 (33) 
70*5 (33) 
51-9 (34) 
80*6 (32) 
87-8 (32) 
104*1 (30) 

±*6 
+ •8 

+•2 

±*5 

+0“*6? 

-1-4? 


to render the pooling of the series unjustifiable. Table IV gives the means for the 
remaining measurements taken by Professor Dorey on the 1928 — 30 series and for 
similar, but differently defined, measurements taken on the 1924—25 series by 
Miss Stoessiger. It is clear that entirely fallacious conohisions would have boon 
reached if some of these corresponding pairs had been supposed comparable, 

5. The Nature of the Badwti Series. Certain features of the Badari series can 
be estimated from the data given in Tables 11— lY above. The characters’ for 
which pooled means are given (Table II) have constants based on fairly adequate 
numbers of skulls and the sex ratios (male meaii/female mean) for the absoiuto 
measurements are found to be unusually small, though of the same order as those 













Further Remirh on the Jiadnri Cnmla 
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TA15LE IV. 

Mtuni MeimiremetUs of im> Ikidari t'-ierien foi; currvapondiiii/ 
but iliffcrcntbj defined (Jliimiclei's. 


Trof. l)orry*H 
mcHunrcmetiiH 

11(2H aO(l)«try) 

CurrcHponditm 
hut diftetfutly 
deihmd 
liiomoirio 
lucuaiirmiirnUH 

11)21— 2ri (StmisHiger) 

B 


(f 

¥ 

Moiiact) IrmiHvorHn arc 

UiJH'l (11) 

2«3‘0 (32) 


302'!) (31) 

208*8 (20) 

Anrlculiu* 1 might 

lUi'V (11) 

lll-H (:W) 

on 

Hl-()(31) 

1U8-(J (Ul) 


iW-.O (<lO) 

iii-a (:);i) 

OL 

(33) 

023! (20) 

Intororhital 1 tread th 

ai -7 (•«») 

21-1 (32) 

I)V 

22 •1 (32) 

2(WI (21) 

KK) Olmrd JJi 

!)7M (.Kl) 

97*7 (:w) 

- 



Bigoiiial bmMltl» 

«!•(! (.in) 

«r>*H hw) 


W« (32) 

HVr2 (21) 

Max, himilth of irnmn ... 

‘]2‘d (3ii) 

dO’2 (83) 


. . 


Length nf cor pUH 

711*0 {Mi) 

7fi-3 (33) 

<\,i 

7(!*2 (33) 

71*1 (19) 

Length of mnniMv 

(11 -1 (3H) 

r.&‘0 (33) 

rl 

ft7'0 (33) 

r»8-2(lH) 

Mandihulur angle 

U7“‘7 (11) 

12) ‘-0 (33) 

Ml 

)20''-0 (31) 

128 *8 (10) 


obsbrvcd for other HorioH*. Owing bo the difficulty of noxing Uus Iktlnri Horiefl, 
it would be unwiec to attach much importance to this rcHulu The nieiiit ceiilmlic 
and bveaflth-Wight indices arc about one unit less tor the male than for blvs fomak 
series, as is usually found. Other expected relations arc limb the feiiuilo orbital 
index (Table III) and mandibular angle (Table IV) aiN^ greater than the male 
values. It is probttblo that tho difibronees belwoen tho inoaim for iho two soxos 
in the case of all tho other indices and of tlse profile angle arc ijuito insignificant. 
There is ovory reason to believe that the mule and female 8erie.s represent the 
same racial type. 

Sexual comparisons in variability can only bo imulc in the case of the 18 
characters dealt with in Table II. If coefficients of variation are used for the 
absolute moasuremeuts and standard deviations for the indice.s, it is found that 
for 15 of these the malo variability is the greater. Dividing the dilTorence of tho 
constants by its probable error gives values over 3 in tho case of X (fl'l), U' (3*3), 
jS'i (3'4), Ss (3'4), L (5’3) and IT (5’6), while for all of these it is the male vari» 
ability which is tho greater. A similar clear propoiuloraiico of male over feirmlo 
variability has been observed in the ciwo of tho long Egyptian E uerica tif the 
26th— 30bli Dynasty skulls, but for other Egyptian and non-Egyptian series it 
has boon for more usual to find a closet approach to sexual etjuality in this respect. 
The material suggests that there are racial difforencos between sexual dilTeroncea 
in variability and the Badavi typo appears to be close to one extreme of the range. 
It is possible that inaccuracies in soxing have favoured the last conclusion. 

* Sox mti03 for so von calvarUl moasuromonts aro (jfvon In JHometnkat Yol. xxv. (1908), p. 260 in 
the case of the Kornia, tho M Egyptian and tho ToUa nogro mm, Tho liadavi valuoa (or oach oliaraotor 
aro Bmallor than any shown thero, though tho dlKcronoo botwocn tho Batlarl and tho npxl smallest 
sox ratio is small in evory oase, its maximum value being ‘009, 
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A compariaon of tho variability of the Badari and other series is of particular 
iritoi'cst since it is beliovcd that wo are dealing with the earliest cranial sample 
of any length which has been obtained from any part of the world *, It is implied, 
or distinctly stated, in a good deal of tlie litoratui‘o of physical anthropology that 
proHcnt-day populations ai’o racially far more heterogeneous, and hence far more 
variable, than those which existed at the beginning of the Christian ora, say, and 
that by going back further in time we must approach closer and closer to that 
ideal and undefined population which may be called a " pure ” race. There appears 
to be no valid reason for attempting to divide the Badari series into sub-samples 
which would show leaser variabilities than tho total sample. It is reasonable to 
assume that the people represented formed pai’t of an intermarrying group which 
could not be divided into racial components owing to their complete inter-mixture 
for several generations. The biomotrician accepts such a group as representing a 
racially homogeneous type, and comparisons may be made with other samples 
presumed to have been drawn at random from similarly constituted populations. 
Tho Badari variabilities for the Ifi cranial charnctora in Tabic 11 (omitting tho 
mandibiilav mensurements hi and rb') arc compared below with those of tho long 
Egyptian scries, using coefficients of variation for the absolute measurements 
and standard deviations for the indices ; 

Male, — ^Badari variabilities greater 11 characters, Egyptian E greater 6; 
differences exceeding three times their probable errors li (3’2, Badari greater). 

Female. — Badari variabilities greater 7 characters, Egyptian E greater 9 ; 
differences exceeding three times their probable errors 100 WfL (3’2), L (4i‘2), 
iSis (‘li'o), U (4‘8), 8i (5'G), tho Egyptian E being the greater in these five cases, 

It appears that tho male Badari series is slightly more variable than the 
male Egyptian E, hut for the females the position is reversed and the difference 
is more significant. The Egyptian E has been compared with several other cranial 
sci’ic ‘3 in a similar way, and it has been found that its variability is slightly less 
than those of samples from different parts of the world which are presumed to 
represent racially homogeneous populations. The following comparison is between 
tho Badari constants and those given for the Farringdon Street English series which 
wt\8 obtained from a single liondon cemetery used in the seventeenth century f, no 
selection of specimens on which mcasuroments could bo taken having been made : 

Male. — Badari variabilities greater 4 characters, Farringdon Street greater 12; 
(lifferoncos exceeding throe times their probable errors Gli (8’1, Farringdon Street 
grontor). 

* fcJiG Jftfcor ot Taslan roimins, tho Badari is gonoraJlj conBldercd to bo tho feDoond 

oUtosl cultui'o ot pvedynasUo Kgypt known. If tho beginning of dynaflUo times is dated at 8000 a.c. and 
tho length of tho pretty nastio period is estimated as a minimum of 2000 years, then tho Badari people 
inuab havo livod as long ago as 4000 b.c, ami probably oarUci*, Moat autiiorltie? apparently agree in 
making thorn an to-date all European neolithie cultures by a considerable period, Bee, for example, 
Miles BnrkUt and V. Gordon Obildo; ‘*A Chronological Table of Prehistory. vi. (1932), 
pp, X86— 205. 

i Beatrix G, E. Hooko, “A Third Study of the English Skull with special roferonoc to the Farringdon 
Street Oi'ania.’* I^iomctrlkaj VoL xviii. (1926), pp. 1 — 65. 
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Further Ilonarhs on ike Tiadnri Crania 


F«iiml(j.“~Jla(liiri variiibilitioa greater 2 charactorH, Farring<lott Stroot greater 14i j 
tlifTcrences ()xco(!«liiig tliree liincH their probable crrom Lit (Jb'l:), FB (3’6), 
ir (4,-8). .S' (5-8). 100 H'lL (6-0). Si (7’0), U (7 7), h (« «), the b’erringOon Street 
being the greater in these nine cases. 

While there appears to be no marked diflerence in variability l)utweun th(> two 
male .scries, the If’arringflon Street female mmst be coii.sidoro(l to In* very .signifi- 
caiitly more variable than tho Hndari female serie-s, 'I'lie last concUisioti is likely 
to convey a false impression, however, since it may suggest that the one scries is 
much more variable than the other. To obtain some measure of the order of tho 
difference, the Farringdon Street constant was divided by tho lladari constant in 
the case of each character, and then the average.of tlicso ratio.s was found for tho 
11) cbaruclers. This was also done in the ca.so of the other three compar'isons above 
and tho results are: with F.gyptian E, male 0‘0.'52, female r07ll; with Farriiig<lori 
iStroet, mole r08(), female l‘28l. Judging in this way, tho English female variability 
is thus of the order 1‘3 times the Hiidai’i female variability, which is an oxlra- 
ordinarily low ratio, since wo are hern dealing with series accepted iw ropre-senbing 
racially l\omogcn<:ous types which show a div<!rgftiico in variability approaching 
the uiaximuin found among such series*. Tn the last 6000 years ther(i appears 
to have been little change in the variability of racial iiopnlatioiis, ainl it is safe to 
conclude, perhaps, that "pure" types mucli less variable than any found to-day 
have only existed in that period in the imaginations of some autUropelogi8t.s. 

0. Ttaoial OovipaiHsom. Moan cranial mcasuronieuts based on 80 or more 
male apeciraens have been oolloeted for 180 series vepre-senting racial types from 
different parts of tho world, excluding many available for ancient Egypt and 
Europe to prevent these regions being over-reprosontod. It is found that the 
Baclari means arc quite dose to the intor-rncial avomges (i.o. tho unweighted 
averages of tho serial means), except in tho case of: B which is snrall, though 
12 out of 150 means are smaller; JJ' small, but 7 out of 126 smaller; /small, hut 
2 out of 141 smaller; U small, but 14 out of 116 smaller; lOQBIL low, but 17 out 
of 150 lower; 100 B/H' low, but 16 out of 148 lower; Nil, L small, but 19 out of 
144 smaller ; Oa small, but 4 out of 148 smaller (than Sloessigor’s mean 31'5) ; 

large, but 17 out of 08 larger. The Ba<lari typo is thus seen to have ool- 
varial and facial breadths which are nnuauall}', but not oxtromely, small, wliilo its 
calvarial antoro-posterior lengths (apart from tho arc from bregma to lambda) 
and heights are not at all oxcoptional. Tho horizontol circumforonico ( U) i» hence 

* 'I'hettt apiioftts to bo only ono owntul sorlos, lor wWoli tho conBlnnlB hiivo botut pnWiBhofl, whlob 
is auptootsbiy leas variable than tho Xa.larl ami Egyptian K, Tills in ono of Guanolio Bkulla inoasurod 
by Prof. E. A. Hooton ("Tho Anoiont InbnbltanU of tUo Canary Islands. " ffarvnrd J/rka}i Stiiiliei, 
Vol. vn. 1826). Data lot 12 of tlio 16 otaninl ohamolora in Tabla II above are given. Dividing tho 
Tonorlfo oonslants— cocnioionts of variation for nbsolnto moaBuromonta and standard dsviations for 
indioos — by the Badari valves qWos for those a moan male ratio 0'914 ond a moan fomalo 1‘040. 
It is not surprising to And that tlio population of a Bmall island shows pooullnrly sinoll variation sinoo 
inbreeding must have boen common. Most European sampies — whether derived from single comotorlos 
or from aovcral oomoterics believed to l.avc boon used by olosoly related groups of peopla— show 
vaiiabilites which are close to the Farringdon Street values. 
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small and bho cephalic index low, Capacities could not be found directly owing to 
the fragility of the skulls, but the average for them must be unusually small. The 
facial skeleton has unusually small heights. Comparative material for the man- 
dible is scanty, but bho Badari bicondylar breadth appears to be the smallest 
male moan recorded, thus agreeing with the conclusion that the breadths of the 
cranium are unusually small. Comparisons between the Badari means for single 
characters and those available for other ancient Egyptian series have been made 
by Miss Stoessiger^, and it has been shown that the Badari type diverges 
slightly from tliem in being more prognathous and in having a higher nasal i[ndex, 
In these respects it is more negroid, 

The racial relationships of the Badari type can be judged better from coeffi- 
cients of racial likeness. There are 27 reduced values, of which several have been 
previously published, in Table V below and the male means given by Miss Stoes- 
siger were used in computing all these constants* New means based on larger 
numbers of skulls are now available for 12 of the characters used in computing 
tho coefficients, but these are all very close to Miss Stoeaaiger s means, and by 
using hors in all cases we have all 31 means based on approximately tho same 
numbers which is an advantage, As would have been anticipated, the closest 
connections are found with other Predynastio Egyptian aeries. The dynastic series 
are further removed, and typos more similar bo tho Badari than some of them 
are found in i^bysainia to-day and also among the criminal classes in Cairo (Sydney 
Smith). All other African types with which comparisons have been made are 
more widely removed from the Badari type. Miss Stoeasiger found that there is an 
extraordinarily close similarity between the last and some Indian types of cranium, 
and tho revised coefficients in Table V confirm her conclusion, A comparison of 
bho reduced coefficients there with several hundred others, published and un- 
published, suggests the following conclusions : 

(i) The Badari type resembles most closely those of the other Predynaatic 
Egyptian series available, Its connections with these are as close as those normally 
found between different samples representing the populations of the same country 
at different times, but in the same era. None are so close that the Badari and 
any other prodynastic series can bo supposed to ropresont precisely the same 
population f, Tho Badari resembles the other early predynastic series more 
closely than it does the late predynastic series. With advancing time tho type 
in tho predynastic ora was changing by becoming less prognathous and by ac- 
quiring slightly lower nasal and higher cephalic indices. A slow progression in 
tho same direction appears to have continued throughout the whole of the dynastic 
ora and down to Soman times in Upper and Middle Egypt at least The later of 
the known Egyptian types for this period differ quite markedly from the Badari 

"" Loc, ciL p. 124. 

t This BGoms to be tho safest conolusion to draw in spite of tho fact that an insignificant ooofiloient 
of racial likcncsB is found between the Badari male moans and those of the Early Predynastic series 
from Abydoe, El Amrah and Hon moaaurcd by Thomson and Moclver; only 14 of the 31 measuremeata 
\iaed whenever possible in computing the coofflolonts are ayallahlo for the latter. 
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TABLE T- 



Sfesns and coefficient given by CfoDett: Ibid. VoL xrv. (Id33), pp. 261 and --/O. 

Me&ris i^lven by Sidney Smith in Jmmal of Jnarowy, ToL ljc - (1926), p. 123. 

Means or references and coefficients given by Kitsoa, Burmetriha^ Vol. xxm. (1931 )j pp. 285 — 298. 
Means or references given by Woo and Moranti IHd. Vo!, rov. (1932), pp. 114 118. 

Means in Tbid^ VoL xx®. fl928), pp. 370 — 371- 
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type in being less prognathous, and in having lower nasal but higher cephalic 
indices. 

(ii) Close connections can bo found between these later Egyptian types and ' 
some representing Europeati populations in contemporary or later times, but the" 
Badavi and other Predynastie Egyptian types hear no close resemblance to any 
recorded for a European population other than that of modern Sardinians. Tho 
connection between the Badari and Sardinian series is not very close, but it is 
closer than that found between the Predynastic and some late Dynastic Egyptian 
scries. 

(iii) Connections of the same order are found between the Badari and all the 
modern Indian scries available, the most intimate being with a Dravidian series, 
The other Predynastic Egyptian types are rather further removed from the Indian, 
and between the last and the Dynastic Egyptians no close resemblances are found. 

(iv) A wider gap separates all the Egyptian finm African negro types, but the 
resemblances between these and the Badari and other Predynastic types are appre- 
ciably closer than those between the negro and late Dynastic Egyptian types. 

The interpretation of the observed situation in terms of racial descent must 
necessarily be hazardous in the present state of our knowledge, and far more 
material than that available at present may be needed in order to reveal the 
actual relationships, which are almost certainly complex, between the populations 
represented Meanwhile it is of intocest to note that the Badari racial type, which 
is believed to be the earliest of which we have any adequate knowledge of a 
statistical kind, is also peculiarly generalised. 
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THK llATIO OF TUB MBAH OBVIATION TO THE BTANDAEO 
DEVIATION AS A TEST OF NOEEADITY. 


By II. G. GEARY, M.So. 


The problem to be coimldored in thia paper ia the following. A ftamplo of ;i' 
olementf) with mcaeurea a\, iBa, ia drawn at random from a univerao which 
is presumed contijiuous; to dotermino from tho sample whether the nuivcrae may 
he rogaixled as normal, that is to any wlmthor tho probability of drawing therefrom 

an element, measuring from to « + when S.r ia amall, ia 


<r V2w 


~e 






Two COSOS are considored; (i) that in which tho universal mean a may be presumed 
known, but tho standard deviation x is unknown, and (ii) that in which both tho 
moan and standard deviation are unknown. 

The usual method of deahng with this prohiem, anil that which in principle is 
adopted hero, is that of devising a functi<m, or functions, ol' tho sample variables 
«i, «a, %i which ossuiuo characteristic values for infinite HomplcH (i.o. ft'»= co ) 
drawn from a normal universe. Wo try to find tho actual or approximate froquericy 
distributions, for different sizes of sample, on tho assumption that tho unknown 
parent universe is normal. If, for the actual sample, the values of such functions 
are very improbable, wo decide that tho univemo from which the samplo was drawn 
is not normal. 

It is quito obvious that in problotns of this kind we can only determine 
“necessary" (and nefBufTiciont”) conditions. We may hope to bo in a position 
to say that tho parent universe was not A ; wo can nevor say on tiro evidotico of 
tho limited sample alono that it probably was drawn from a imivorso 11 In tho 
first place, the number of indepsndmt tests which may bo applied is strictly 
limited : it cannot exceed n', tho number in the samplo, when tho parent universe 
is completely known. In fact, if n‘ algebraically indopendont functions of tho n' 
variables be constructed, all other functions of tho variables will bo algebraically 
related to these n' functions, and their frequency distributions will in consequence 
be absolutely determined by the multiple frequency distribution of the n' functions. 
If all the v! tests showed that the given sample could be regarded as not im- 
probably having been drawn from a universe J9, it could equally plausibly bo 
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regax'ded oa having been di'awn from an infinity of other universes differing from B 
(in functional form, or in the values of the parameters) to a greater or leaser extent 
according as v! is small or largo. 

The range of choice of possible tests of normality is extensive, Clearly it is 
desirable that the test functions should satisfy the following conditions ; 

(i) They should be as simple as possible, not only for convenience of calculation 
but because the simpler they are the more likely is it that, their frequency distri- 
butions, or at least their moments and Thiele semi-invariants, can be determined. 

(ii) They should be symmetrical in the sampled variables so as to avoid bias. 

(iii) When n* tends towards infinity they should assume values pharactcristio 
of the normal universe. 

(iv) They should be independent of the unknown parameters « and <t [see (1) 
above], in tho sense of being invariant for the transformation 

a,/ = = 1, 2, .... )i'). 

llifchei'fco* tho functions and /3a» with 

/3i = W/m4®, ^a=m4/m4^ 

ti' ^ n* n 

and n'?n 2 — S — 5)®, — S — a;)® n'm 4 « S n' w = S , 

{ssl ital isl i-1 

have been used for testing normality. They obviously satisfy conditions (ii) and (iv) 
above. With regard to (i), they are possibly the simplest functions of the sample 
moments which satisfy the other conditions. Their numerical computation is not 
difficult. With regard to condition (lii), V/3i and assume the values zero and S 
respectively when n' tends towards infinity. 

From the work of 0. 0. Craig and R. A. Fisher the lower moments of V/3i and 
^2 for normal samples may be regarded as completely determined for all values of n\ 
R. A, Fisher f has given the exact values of the second, fourth and sixth Thiele 
semi-invariants of — tho odd semi-invariants arc of course zero, since V]8i is 
symmetrically distributed for normal samples. These values show that for quite 
small values of n' tho fourth and sixth semi-invariants approach closely to their 
normal values zero. V;3i cannot, however, bo regarded aa an efficient best of 
normality, Infinite samples drawn from all symmetrical universes will give a 
zero value of /3i, Accordingly it is only a tost of symmetry and cannot bo expected 
to distinguish the normal from other symmetrical universes. 

I have used the formulae for the and of ^2 for normal samples, which 
E. S. Pearson} has derived from R. A. Fisher's results, in the computation of the 
following table. 

* [Tho P, applied, and ore available. Ed.] 

t "The Moments of the Bistiibutioni for Normal Samples of Measures of Daparture from Normality, ” 
Proo, Boyal Society of Loiulont Series A, Vol. exxx. p. 22, 

{ "Notes on Tests for Normality,” Siometrika^ Vol, xxn. Parts III and IV. 
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A New Text of Nn'maliij/ 

. TABLE A. 

Values of fJii and Jia of fia (tVormal itainplcs). 


of 

Hf\niplo a' 

fff, 

11, 

n 

0*71 

2*1) L 

U 

1*48 

0*01 

m 1 

PVO 

B*03 

m 

VIW) 

8*80 

fii 

l*fi7 

B*3B 

101 


6*75 


Even in Huinplcs of 101 the vnluo of Jh in 1’27 and the value of Ha is G'70, very 
far removed from the normal vahios 0 and 3 respectively. Eurfchcrmoro it is 
evident that the ftppr<tacli to normality of the distribution of /Sj only improves 
very slowly with inerenRiiig size of sample. As the prospect of obtaining the exact 
or even approximate fretpiency distributions for fia for all values of Ji' seems 
remote, and as the distribution of Hi samples canintt be prosuinod normal, 

it appears desirable to try to dovise other tesla which do not Huller from those 
disadvantages. 

The value of the mean deviation d for in finite normal samples is 


1 ( 1 00 /2 

d <= — p=sr l.i! — «1 e die »« a / ~ 

£L^/.? = -79788'15f)0«.... 

0- V vr 


80 that 


The teat which will now bo examined is that of ostimating dja- from the sample 
and attempting to dotermino the probability, or improbability, that the parent 

universe was normal from the difforcnco between the estimate and • 


Moments of w„. 

Suppose that, in the first place, the mean of the jiarent normal universo is zero. 
Later on the reduction of the most general case of the univomal mean unknown 
to tliis case will be discussed. A iiindom sample of n is drawn with measures 
yiiVii -’>>Vn, aiid the estimate of d/a is taken to be 

” |y I/® ™ 

with ns* a Sy,*. 

lb will bo evident at once that 

Furthermore the frequency distribution of will obviously be independent of cr, 
the unknown universal standard deviation, which in consequence may bo presumed 
unity, ^Yith□ut loss of generality. 
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'I'ho probiiliUty of obtaining the given sample is then 



Ohnngo the variables into generalised polar coordinates (p; <|S.o, <^i, ... 
and for brevity write s, fin sin c, for cos^^. Then 


Vi — pSn-aSn-3 ••• 




80 that 


ys — Cl 

• • I 

y»-l ~ p^n—i Cn-3 
IJn-pGn-i 


(3), 


and the integral element becomes 

p’*~*c"''J8^oSiS^lS?’'S</>3....C2%-2 (4), 

from wliicli it follows that p(=Vn8) and the n~l polar angles are mutually 
independent. After the transformation, Wu, given by (2), is a function of the polar 
unglc.s only and therefore independent of .v in normal samples. Indioatingaa before 
universal mean values by square brackets, it follows that 


[|y|''] = [«««''«'’] = N*’'] M. 

nr [w/l‘=[|i/|*’]^M. 

whore p is any whole number, so that the moments (fixed origin) of w„ are known 
wlion tho corresponding moments of |y| and s are known. Now, from (4), the 
frequency distribution of s is 

»g^ 

Ge ® (0 ^ 8 < aj ), 

HO that the universal moments of s aro os follows: 




!l±l 




Sj 


^ [s7] = + ^ j-^ej (« + 2 )(w + 4) (?i + 6) 


etc. 

and 
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A Nm Test of NormalUif 


with 

i C? f C ^ A'* ' 
Jo 

Uh, 

or (for n even) 

t ?i! 71* 

“'{(i«)i)*2^ 

/!■ 
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1,1 l_ . 17 

whence = ^ aon*’*'!®''- (C). 

The xiniverwil moinentH of jy] as SlyJ nmy be determined very caeily wnce. 

/o ta> „k! 

1 (j) ~ l) (y -{})... 3’1 when p is even, 

(p “ 1) (p - 3) . .. 4‘2 when p is odd, 


and since the variables are mutually itulepondont. Tlie first eight moinoiits, nit', 
of III avc att follows'. 


>«.'»5Plj,|l = lstly,ll = y;>« 

+ «*«») 


where 


7n»' » -3 (2% + 3jta + a*!!®) 

?r 

m/ «= (3ni + (8a* + 3) itj + 6a* n® + a^iu) 

nif = “j (8wi + 3l>na + (20a* + 1 6) it® + 10a® iii + u* w®) 

71 

m®' « \ jlBiu + (88tt® + 4B)«a -t* (ICSrt® + 16) n® -I* (‘lOa* + 4Ba») lu 

7t 

+ 16a*nj + a"«e) 

nu ,' « -i (48iii + 483na + 7 (04a® + 76) n® + 105 (5a* + 1) n* 

+ 35 (2a* + 3tt*) fit + 2ltt*}Jol- a’n®} 
nig' !l06ni + (1280a* + 735) + (4562a® + 630) n® 

+ (1668a* + 2940a® + 106) n® + (1330a* + 420tt®) ng 
+ (112a® + 210a*) n® + 28a®«7 + a®n8] 

111 - Ha = H (h — 1)» n® » h (n — 1) (n — 2), etc. 
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Iho TnoHventa, /t/, of Wn may be writtoii clown ati once from (6), (6) and (7) aince 

Fiimlly bho Tliiclci aomi-invnriants Xt of tu„ can bo found from the recurrence 
formnlao 

fiz == ^ifii -t- Xjs, 

(^9 = + Aa, 

fi4 ~ +3Xay«i' + 

etc. 

On account of the intervention of the exponential in the formula for s/, it is 
not poasiblo to give simple rational expressions for the X<. such as R. A. Fisher 
liiw given for the semi-invariants of liia functions kijkii and kifk^^ (very similar to 
V/9i and 0^). The calculation of bho acini-in variants of for any particular values 
of n, step by step as indicated above, is a lengthy process but presents no parti- 
cular difHculby. As the value of Xa (equal to the square of the standard deviation) 
is quite small even for low values of n (see Table JJ below), and as Xjt appears to 
bo of thn some order of magnitude ns Xa*/**, it is neoesmry to work to many places 
of decimals in order to obtain sufHcicntly accurate values for the higher semi- 
invariants. The valncs of the first four soiui-invariants and of and for 
certain sizes of samples arc given in the following table, 


TABLE B, 

Seni-invanants, eto., of 


Sizo 0 ! 
Bamplo n 
(=»'-!) 

Xi 

h 



11201 


Q 

•838026 

‘00017082 

^•00027074 

‘000006184 j 

-0-66 

3‘10 

10 

•818040 

•00375296 

^ '00010G96 

‘000003B67 

-0‘47 

3*26 

26 

•806901 

•0010781)0 , 

- ‘00002250 , 

‘000000461 , 

-0’33 

3*10 

50 

•801884 

•0008C990 

»■ •OOOOOOIG 

■000000072 

-0^24 

3-10 

100 

•700882 

•000442780 

~ -00000161 

•000000010 

-0'17 

3-05 


Even for small samples, the values of V7ii n.nd JSa are quite near the normal 
values, The values of for p-3, i, B and 8 for samples of 10 are as 

follows, correct to two decimal places : 

Xj/Xjl = _ 0 - 4 , 7 , X 4 /X 2 * = + 0'26, 

Xg/Xa^ = - 010, Xfl/Xa® = - 0'29. 

From this investigation it appeal’s very likely tiiat, for quite small samples 
drawn at random from a normal universe with mean zero, the distribution of 10 ,, is 
fairly close to normal, 
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A jYeio Tent of Normality 


Tho Oonoral Case. 

In llio foregoinj,' lumlyHiH it luis been fiHuiunetl Unit tho imivorHiiI meiin of tbo 
parent noruml uiiiveiHc 1 h known to bo zero. Thin caKt! Iwh some praollcul iinpovtnnuc. 
It occiira when tim sample variables are UK!m8clvo.s tiilVeronceH of pairs of variables 
drawn from tins sumo universe. In the general case if ibo n' riuidom and iiitlo* 
pentlonb olwervatioiiH were «:i , ic* , . . . .t„' we iiiighli tak(} yi »» ivi — , yj » .tj "• etc. 

(if «' wore oven), fi<i that if the x'h are nortuitliy diatribulod so are the y's, but with 
universal mean zero, and the Wn <*f ibe i/'s might be used to test normality. It is 
evident, however, that this procedure would not miflicicntly utilise the information 
to bo derived from the sample of ic'a. 

The simplest transformation is of course 

= = 1 , 2 , 

and in fact it is implicit in tho tests Vfii and It has the groat advnulagc of 
being symmetrical, but cannot be used in the calcul(iU«}i of ?c„ becau.so the y’a, 
while normally distributed with mean zero, are uot mutually indepeinlent. 

The properlio.s of an inberesliug Iramsforination will now be examined *. .Suppose 
that tho n' is's are arranged in mndoin oiUer, for exainph! ii\ llie order in whicli 
they were drawn. Lot 




* This tr&nsfornmtion has boon given by William Bumsido in his Theory of ProMHUiy (Cnmbvidgo 
University Press, 1928, p. 97). Pr Karl Pearson kindly informs mo Hint it is dno to llchnort (1876). 
Its gooraetrietti properties indioafco Us fundamental Importance. T?or example, wiven tho four 
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Tlio structure of the transformation is evident: 2/1 i‘epresents the difference 
(to a numerical Aictor) between the moan of the first two observations and the 
second, 2/a the difference (to a numerical factor) between the mean of the first 
throe obsorvati^s and the third, etc. The transformation is completed by setting 

equal to Quite apart from its mathematical implications, which will 

presently be examined, the method of analysis of the primary data is therefore a 
very natural one. 

The new variables yi, j/a, have the following properties: 

(i) They arc normally distributed with the same standard deviation as the afs. 

(ii) The universal mean of each of the variables j/i, j/a, j/n-i is zero, 

(iii) Each pair of the first n' - 1 variables arc imcorrclatecl and accordingly, 
since they are normally distributed, they are independent, 

(iv) The transformation is orthogonal, i.c. = or 

S 1/i® = S == 

i=i f=*i 

with - 1 . 

The n vaidablos yi satisfy all tho conditions specified in the previous section 
and accordingly we take 



as the test of normality. 

The advantages of regarded as a function of the original variables (o^ are 
as follows: lihe it assumes a characteristic value for infinite normal random 
samples; the values of its semi-invariants indicate that its distribution is far 
closer to the normal, oven for moderate samples, than that of /Sa ; and as will 
appear in the following section its frequency distribution can be determined for all 
normal samples. Jts principal disadvantage is that it is not symmetrical in the 
original variables, which means that in general it will assume different values for 
the vf\ permutations of the coi. Consequently there is a risk not present in the use 
of ^2 that an abnormal value of may indicate an unrepresentative permutation 
of tho sample and not a non-normal parent universe. Accordingly it would seem 
advisable in all eases to mndomiso the sample a few times and to calculate Wn for 
each permutation. The mean or median value of the different -Wn’s might then be 
taken irs tho repmsenbativo valno for tho purpose of determining the probability of 
normality. 

Another course meriting practical and algebraical investigation is that of taking 

plfviies ir, = 0, a*a=0, .T3=0, aJ4=:0 in tho j/-8paoo for 2/4=5 constant aro tho skies of tho regular tetrahedron 
with oontL‘6 of gmvity at tho origin, one sido parallel to the plane j/g-O, one vortex on the 1/3-axis and 
one odge pamllol to the j/j-axls. This transformation is probably the most symmetrioal orthogonal 

trail sfornmlion of variables, one of which is which could bo devised. 



318 


A New Test of NonmilUi/ 

inabeflul of «/„. It may be ahown that 

and, of course : Lim w,,' Lim w„, 

and 10 /. c symmotricji! function of the Xi, lois a iniifiiic value for each sainpio. 
It is ovidoub that for iiunleraloly eiml HUiaplca blic vabjc of ic„' will nob differ 
much from the values of «i„ for the (UlTercnt |)eriii«tationH. From work lu present 
in progress it appears that in moderately siztsl samples the distribution of w,/ is 
very similar to that of Wn- the values of the first three momenta and 

of ill for these test functions are compared in the following tabhs : 



Mcftn X, 

Htatulanl 
Dovirttlou a/x, 

Third 
Xfoiniint Xd 

V/h 


•HOlU 

•om 

- •(SKHXttSri 

-ffyi 


*B0W 

1 

®02»r> 

-- -OOCKJOnKI 

-0’55l 


No Bignlficanco attaches to the e(|uality of the meaiw: ihoy have becai made 
80 by choice of constants. To tho degree of accuracy indicated, it is very likely 
that for samples of more than 40 the probability iwints for shown on Table F 
below may bo taken as applying to w„’. 

When transformation (8) has been applied to tlie variables a,- the distribution of 

«n «= ylx 

is given by G sin”"® 0 (tt > 0,, - j ^ 0 ) 

with 

This is not an efficient test of normality or even for asymmetry in tho parent 
univorso because the value of y, and hence of Un, will bo small for .samples drawn 
from any univoreo. v„ might, however, be used to test the *' reprosentativeness " 
of the permutation of tho «' variables x/: if the value <»f u,, is not abnormal, then 
tho permutation is probably ropresontativo. 

If the parent universe wore not normal, the efticionoy of tho w„ tost would bo 
joopai'clisfid if as n result of transformation tho distributittns of the transformed 
variables yj wore brought appreciably closer Ut normality. It is fairly evident that 
in general this will not occur. If a bo tho univemtU mean of the an, the value of 
the Ath transformed variable y* will toad towards « -**(-1 with incrouaing k, It may 
bo shown that if the pth semi-invariant of tho variables «,• is X,„ the pth semi- 
invariant of tho transformed variable y* is 



from which it follows that if the as/s aro symmetrically distributed, so arc the y^B. 
The character of the distribution has not been modified fundamentally by the 
transformation. 
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The Frequency Distribution of Theoretical Aspects. 

The probability of obtaining a given value of 

is equal to 2’‘ titnc.s the probability of obtaining that value with positive values of 
the variables yi. The frequency distribution of can therefore be found by 
confining attention to the region 

3/<>0 (i = l, 2, 

which on transformation into generalised polar coordinates corresponds to the 
region 

(i = 0, 1, 2, ... n-2). 

■Now VaWji = Cn_8 + (0a_8 + Sn_3 (Cjj-j + , . , 

where, as before, cj and Si represent cos and' sin I'espectivcly. 

For a given value of w,,, since Wn-x cli 

Vvtw,, < On-i + Vn - 1 «„_a, 


or, on dividing across by ijn and setting 

C08«-i, 


COS /Q = ■«;„, 


wo find cos - a) > cos 

whence the limiting values of ^n-i are given by 

a + /3>^«_a>a~/3. 


It may bo shown that a + /9 > so that the condition a + /S > may be ignored. 


The condition Wn-i>-p^=-, on a similar analysis, yields the following limiting 
Va — 1 


values of 

j + 7; 

with cos 7 5= I w«. These conditions only apply when 


or in practice for very small samples. 

Since the polar angles <f)i are all independent for normal samples, the joint 
probability of Wn^i and is given by 


‘S a/»— 1 hlOn—x i 
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.1 jVeAO Test of Noromlity 


wlioi'o /„ i(w„..i) niprcHCM^H the frwjnoncy of iw„_i luxl where the 

constunb is UotonniiiiJtl by 

0',1 9 C4fi!^ri-«'= !• 

Jo 

Now, when in lixwl, 

v^n S w„ >M Vw - 1 . a 8w„ ..i , 

jvnd, on Hiibstitviliiig for the iniegral ohoiient becomes 

6',,-ff^-™ Hn-iU\ (w.i-i) Sw„. 

Tl)o frn(}Uon<iy disiribuLion of is ucconUnply found from fchal of by fcho 
intofi[ral itoratiou fornmia 

fn (^^«) ^ h-I (9)i 

... ’/nX0n’~C„..3 

with w„_l ~ -7--.- ^ 

Vn - 1 Srt-a 

When lOn < the value of iho fmiclion /„-.i 1) is zero licfcweon the limits 

cos + 7^ nnfl cos - 7^ . 

A limitiiiff value of w„_i vegardod oa a function of ^„_a (with fixiul) is found 
by setting 

dvi„-i n 


which gives <j„_j =. —5 — . 

vnw„ 

This is found to yield a minimum value of Wn-i ; whence, on substitution and 
reduction 

If W„®* whore p is an integer loss than n, this condition gives 

wVi >(?)-!)/(« - O- 

It will presently be shown that for 71- = 3 tho freiiucncy distribution of wa is ropro- 
sonted by difforont functions in the intervals 

1 > wa ss VS 

and V3>W3>VJ 

roapectively. From this property and from tho foregoing iteration formula it may 
bo deduced that the froquonoy distribution of has n different functional form in 
each of tho intervals 

0 ^ = 2 . 3 .. ...n). 
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Form of /„(w„) near = If/^n, 

The function assumee its minimum value 1/Vw when n — 1 of the variables 
yi are zero, and one is not zero. Suppose that yi is the non-zero variable and that 
the other n - 1 variables are so small that their squares are negligible. Eestricting 
tho variables to their positive values, the joint probability of i/i, ya, ... may be 
written 

/ /2\» -Ih! 

as it may be assumed without loss of generality that the standard deviation of the 
variables is unity. Now 

»» == Syi/Vni/i, 

whence - 1/2 - ... - yn-i with v„ « Vnw,, - 1. 

Ohango the variable in the integral element so that 

Ht = ytSv„ 

and integrate for positive values of tho variables. The element of probability for 
in the neighbourhood of *= 0 ^i.e. is found to be 

/ f" -Ih-* , P"*'! t fVi-Va— -Vfi-a , f>’nVi-V»—-Vn-i , 

(»-2)l 

The last expression represents the probability of near % ^ 0 when a 
particular variable is presumed not zerOi Since any of the n variables may bo 

presumed not zero to give the value of the probability of t/n is n times the 
foregoing expression, Changing to the original variable Wn the probability of lUn 
in the neighbourhood finally 


n + l 




TT’ 


■W3 («,-2)l 


^nj 


Swn, 


Perm of fn {wn) near = 1, 

Another integral iteration formula for/H(iy 3 ,) will now bo derived which, while 
more complicated in manner of derivation than (9), seems more amenable to alge- 
braical treatment. As before, let n) be the normal variables with 

mean zero and standard deviation unity. *Our attention maybe confined to tho 
positive region of the y^ space. In succession transform the variables ortho- 
gonally using transformation (8) and the variables into generalised polar 
coordinates do, ... 6^^^, so that 
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A iVaw Ted of N^ormaWif 


'L'Koii .nitico Uu\ ifi 5: 0 luul nd =3 lis,® » »'*, 

N*] I , 

w “• =>e<w0„,j, 

?« 

ttiid till) inlDKi’ul oloiiifiil of tint itf {HiHilivii valuim of lliti iji, numely, 

(\/w) ® 

bucoiiiDH (\/w) 

The scgrogiition of ihc faolor 

imniediivlely exprcsmlile in fcorma of w,, luia Uuih boon onVutcil, uml Llw probability 
of 0„^i uiny be formally act down an 

a (10) 

(c7„_a iiidiuatoa cot<l„, j), the fuiictiou /'n-a 0'\i“s) being given by 

iVaCcbi-a) ” I hdOi ... #2:f, <W„.3 (11 ). 

fo 

with if„« (4rt-l)! 

mul thu donmin of iulogration J), coiTCHpondiiig to 

2, ao ?0i 

18 given by 

iVi-a (■ ' • (- ^ + :^) + i/pi) + - Jo) iS: o') Vn ^ 

»n-a (««-3 (■ • ■ Si (~ -pi + ;rb) V 12 ) ’Jo) *'■ f,f ^ 


(“ V vQt^lT)) '*■ v«' ^ ® 


/n~l 

V — "■««. 




ii-om (8'). Dividing across by tho positive s„_j, It will be observed that all the 
terms except the Inst of each of tho inequaliliGR arc free of tho angle d„-a (and 

honco of w„) and the last term becomes This accounts for tho form of (10). 

Furthorrnoie it may easily bo shown that for all values of the angles do, fli. d „_3 
the minimum value of the left-hand terms of the inequalities, for d„_a fixed, is 

/n - 1 , O^n-o 
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so fcliat if (;i „_2 satisfies the inequality 

c<„-a> Vn-1 or c „_2 = 

T 

Ifhe domain of integiulion D becomes 

277 > ^0 ^ 0, 

TT^di^O (?i-3)), 

and the function becomes a constant* It follows that the p7*obahility of 

= cos ivhm given hy 

the conniant being given hy 

J.„^a [ 6d6 ^ 2^ 

Jo 

Adverting to the general case, it will be observed that if, after dividing all the 
inequalities except the last by the positive quantity o. new angle 

given by 

rxi' /l/ 

.( 12 ) 




^ ^^n-2 


^/?^ — 1 Vti (n — i) ^n~3 

is introduced, the form of the resulting n - 1 inequalities is identical with that 
of the original n inequalities and hence it follows that the function 
given by (It), may be written as 


ir 


’^n-s) *!*-3 (l^)i 

c <'„_3 being given by (12). This is the iteration formula required. It wilUnow be 
util ised to determi ne the form of P „_2 (ctn~a)> and hence the frequency of w„ when 
/n — 1 /« - 2 . 


in fact that the derivative 

jF/„_a being a constant. This will be proved by induction, Let it be assumed that 


1, i.c. that for 

/n-'^Z ^ t 

/w-3. 

^ n--3 ^ < 

V w~i’ 

n-3«-s) = ^«-8(l 

^n-aV 

n-2; 


Now it may bo proved that if — c „„2 ^ v/ “ — Iben it follows that 

V Tir 
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A Nm TcM of Normalitu 


which ia o<ntiv(ih;iit, lo a /” Also lh<s fuiiclioii is miiml lo a 

y ii * ' 2 

, i.i‘. whoii s/ll ~2. Tho liwl iiusqualily 

yields the fol|i>win}( limits for 

c„-at5;cos(a4- /3), 

Cb„}5»co»(«-^), 
with cos « w - l/(n - 1) and cos ^ » cln~t}fn “* 1 . 

Henco, from (13), 


- * Fn^2 ^ tt-« I ^rt-3 + I «-~a (ci n-a) rt~a} « 

Uiflforentiatiug acrOBB vvitli roapoct Co noting Chat the iiitogml (jlGtnont 

of the second integral vanishes at the limits of integration, wo find 

On substitution for ct'rt_8 in the latter integral, upon reduction it is found to bo 
of the form (to a constant factor) 

!lLrJ5 

■**1 

which (to a constant factor) is equal to 

(«i~«o)""‘. 

In this cose 

«i - (Bo = cos (a - /3) - cos (a + /9) «=» 2 sin a sin /9 

„ 0 /« U -'2) / 

~ W (,r-:T)*A^ ” ,r--i j • 

It follows that (to a constant factor) (cfn-j) ^ equal to 

All tho constants liavo been dotorminccl, and the final result is as follows : the 
prohahility of w„ - cos 0 when ,J > Wn > /sj ~~ is 


prohahility of iii„ = cos ( 


(2'‘-®w(n-2)f««-i/ 


0 

rH 

1 

k H-l) 


fit 


An-i\ 8in“' 
Jo 


dm ^ sin""® BIB, 
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Frequency Distributions for n = 2» 3, 4 and 6 . 

The foregoing general propositions coiupletely determine the prohabilibies of «/„ 
for ^ 2 and ?i “ 3 as follows : 


1 > 


1 ^ 4 8^2 

V2 TT Vi 'W 


11 = 3, 


4 


1 ^ Wa ^ V§ ' 4Sit^a> 

VI ^ > V4 : 4 (^1 — - cos'”^ 

\ TT 


^3 \ 


The probabilities of when ^4^-7^ are as follows : 

00 

1 > ^4 > Vf ‘ — 81^ 

TT 


witli =s sin 0, The form of the probability function has also been determined 
for the third interval, namely Vf >Wn> VJ) l^ut perhaps the details need not be 
given. The first derivative of Fi (otj) was found to be 




3-(!<aV’ 


(Compare with the frequency distrihution of Wa in the second intervol.) It was 
found possible l.o integrate this exprossion so as to give the following expression 
for the probability of W 4 in the interval 

: ^(^^co8^--sin^--2-/3co3(?co3"^4y 3^_°oot ^ 

with cos 0 - Wi. 

?i = 5, 


The probabilities of % in the fii*st two intervals arc as follows : 

X ^ : 24 (1 - M/j*) Sws, 

: ^^27r-XOcoB-'"^ + 6cot^>yi--^^)sin*0SwB, 

with cos 

It seems not unlikely that further investigation would have given more 
symmetrical expression to the iteration and other formulae in this section, and 
that exact values for the frequencies for some values of n >4 and some intervals 
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New Tent of Normalitu 


-- tnijijliL hiivo hmi Thu comiiUcabuti oxj)ruH.si()nH oblainetl 

uvon for 7 i ==? 4 and n 5 HUiygijat howevur that Huch fonnulau would hu uxcuodingly 
cumbDrsotuu. Tho prcBunt pajasr linus thu jiractiuul objcctivu of durivinijf iIhs aotual 
niiUKoncnl [)robabiliiiuH of for munpluH of dilVorunt nizoB, and it will bu .shown 
that ihu 11 ‘HnlUs m far obtaiuad are adequato foi' Uiia purpoHO 

Computation of Frequency TabloB for 

In Table C will bo foiuul ihu ordinatea, and in Table I) the unnuilative proba- 
hiliticB of vfn for n = 2 to n ^ 10 iiudtmivu for certain vuIuoh of TIicm) values 
wore more («' lt‘8B arbitrarily ficleckd, the pivotal point jus very cIoho 

/2 

to th(^ moan for infinite HainploH, and the interval of *0^1 m about on(‘dialf 

(jf the Hlandard deviation for 7 i = 10 and therefons lens than half i\u) atandard 
deviation for ?i < 10, The valneB of the ordinaten for 7/ 2, t] and 4 and for 

/n™2 

%i >\/ ‘^■'■“Ure the actual vahniH calculated from the formnhuj in the laat 

ficclion. The remniiiiug onUiiatoa wore coiupulictl by ujtproxiiituti! iiiUigmliDti from 
the intogriil itoration forirmla (();. For instance, in llm ciilciiliiLitni of llio oniinaUiH 
for the (lilfoi’onk valucH of wj, tho inUigriil oloinciit on lluj i‘iglit-hiiti<l HitUi wiw 
regarded as a funcfciuii of comjba (i.u. Cs) and its viduoa fonuil at inlorvala of '05 
starling with cos (^3 = 0. The values of fiiwt) wore fouiul by OHCiilatory iiitor- 
polalion* (used in life table construction) from tbe previouHly nscertaiiifd values 
of /i ('SG), ('83), etc.; the vnliu'H of/ 4 (w,|) for W 4 >\/} were tlic actual values 
which wore easily calculated. 

Finally the values of tho ordinate for each selected value of tvt (i.e, *47, ‘50, etc,) 
were found by approximate integratioti by dividing tlio values of tho integral 
element into contiguous grouiJS of 3, 4 or B and applying the Ihmiliar formulae to 
each group. Special methods wore used near tho upper limits of co.s^aaiul near 
the limits of tho regions where /((Wi) is -/.oro.as at those limits tho values of orntps 
wore not imilliplos of ’O-o. As a check on the work tho value of tho integral 

/a/I 

was compiUod by approximato integration and fouml to etpuU O’DOl), which wbh 
sufficiently close to unity. 

Without adjusting tho ordinates to allow for this slight <li8cropancy the calcula- 
tion of the ordinates for tho frequency of was proceeded with in an analogous 
manner, and so on to 71^30. At each stage the proximity of the total probability 
to unity waa checked; tho actual totals ranged from 0’995 to 1001 (without any 
adjustment), The work, which involves about 1000 interpolations, w^vs arduous, 
but systematic. 

* Seo Supplomcnt to tho Seventy -/{/Ih /innual lieport nf the Jieffislrvr-ifcneral of Tilrths^ Deaths fUirf 
MarHages in England and Part I— Lifo Tables, p, 50. 
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TABLE 0, 

Ordinates of the Frequency Distvihiition of 



3 

2 

4 

8 

5 

4 

(3 

5 

7 

6 

8 

7 

9 

8 

10 

9 

11 

10 

1*00 

CO 

4 

0 

0 

0 

0 

0 

0 

0 

‘08 

0-3983 

4 

2-0270 

•9504 

*4275 

•1882 

•0814 

•0348 

•0147 

•05 

4-0776 

4 

31806 


1-0531 

1-1408 

*7740 

*6190 


•02 

3-2487 

4 

3-9920 

iEial 

3*2698 

2-8246 

2-3794 


1*6318 

‘89 

2*7924 

4 

4*0444 

4*9340 

4*7041 

4*6066 

4-3849 

4*1346 

3-88 

•86 

2-4951 

4 

4-9178 

6-1070 

51093 

6-6470 

5-79 

5*86 

6*92 

•88 

2*2828 

.4 

4‘0B09 

4'G789 

5-2092 

5-63 

5-92 



•80 

2-1221 

2-7019 

3-2978 

3-9074 

4-34 

4-74 

6-13 

5-47 

6*82 

•77 

1-0955 

1-0062 

2‘5574 

2-01 

3-2t 

3-52 

3-75 

3*98 

^m\ 

74 

1*8930 

1*4049 

1-8525 

1*99 

2- 17 

2*30 

2-.10 

2*60 

2*67 

•71 

1-8081 

1 -0310 

1-1779 

1-28 

1-32 

1*30 

1-38 

1-37 

1-37 

•OB 


:7320 

-7135 

•777 

*767 

•740 

•707 


-643 

•05 

— 

•4810 

•4302 

•403 

-306 

*370 

•336 

•302 

•270 

•02 

— 

■2G47 

•2517 

•224 

•201 

•168 

•144 

•123 

•102 

•59 

— 

•0744. 

-1290 

•112 

-0930 

•0728 

1 

•0808 

1 

•0446 


•56 




‘0532 

•0404 




•0164 

-0104 

*53 

— 

— 

•0124 

•0181 


•0091 



•0024 

•50 

— 


0 

•oo-io 






•47 

— 



— 

•0004 

•0007 





•44 

( Lower 1 

— 

— 

— 

— 

•0000 

Hpi 



HU 

liinit \ 
of J 

{•7071) 

(•B773) 

(•5000) 

1 

(■4472) 

(*4082) 


(-3036) 

(•3333) 

(•3162) 


In Table D the cumulative probabilities shown for and n = 3 and for 

— - o,vQ the actual values calculated from the formulae in the last section. 
y n 

The remainder of the table was computed by approximate integration, the formula 
used being based upon that for oscillatory interpolabion, i,o., for unit interval, 

f ^ (r* + 13 (% "h ih) "" Ws)) 

s/O 

a formula of some interest in itself. The slight discrepancies in the total proba- 
bilities wore distributed proportionately over the calculated frequencies. 

As a final check, it was calculated from Table D that the mean value of w/io, 
depending for its accuracy on all the mterpolations from ?i = 5 to 7^-10, was 
0'8177 compared with the actual value of 0’8180 given in Table E, 

From the values of V5i and J ?2 given in the latter table it might have been 
anticipated that the Second Approximation to the Law of Error, namely 
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4 

5 

i\ 

7 

rt 

9 

10 
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♦2 
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4 

5 

0 

7 

8 

9 

10 

IMX> 
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0 

0 

0 

0 

0 

0 

0 

0 

•1)8 

•2551 

•mm 

•0271 

•(K)96 

•(X)34 

•a)i3 

•(KK)5 

•0002 

■WX)1 

•1)5 

•4043 

•2(X)0 

‘1000 

•onwi 

'0335 

•0103 

•0112 

•oooo 

*0039 



■3200 

•2147 

•1405 

'1071 

•0777 

•0578 

■0420 

•0314 

•fif) 

'f)02H 

•Mf)0 

•3115 

•2803 

'22115 

•1000 

•16«I) 

‘1335 

•1133 

•80 

•0811) 

•5GOO 

•41)10 

•4330 

•anrio 

•34W) 

'3141 

•2H57 

•2023 

•83 

•761)1 

•flHOO 

•0203 

•OHIO 

•6404 

•6176 

•4928 

•4712 

•4531) 

•HO 

•8103 


•73(ta 

•71CKI 

•0000 

•0745 

•(UlOH 

•omx) 

■0433 

•77 

•RBIO 

•8535 

•8240 

•81.80 

•8043 

•7088 

■"O.-’iO 

•7920 

•7008 

•74 

*1)31)3 

•1)027 

•H007 

•8860 

•HH40 

•8868 

•8872 

•H891 

•8020 

•71 

•DOm 

•1)300 

*9301 

•034(1 ' 

•9304 

•9390 

•0131 

•9400 

•95U0 

-Cft 



•0030 

•0061 

•9072 

•9707 

•0736 

■9705 

•0701 

•05 

— 

•0834 

•1)807 

■0821 

•0842 

•0808 

■0887 

'9iK)ri 
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■02 

— 

•01)45 

•1)008 

•onir. 

•0921) 

•0016 

•096(1 

•9900 

■9973 

•61) 


•01)03 

•!)I)G4 

•0064 

■1)1)71 

•9079 

•1)1)84 

*9089 

■9902 

•5tt 
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— 
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•i)999 

l'(XX)0 

•00 



1*0000 

•0901) 
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1-(HK)0 

l'(KXK) 
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•47 
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*— 
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— 

1-0000 

I'OOOO 

l-OtXK) 

l‘(H)00 

l*O0CK) 

l-OOOO 

(•7071) 

(•6773) 

(•5(KK)) 

^•4478) 

(*4082) 

(•0780) 

(•UMift) 

(•3333) 

(•3102) 

of Wf^) ) 








(ff heve indicating tho standard deviation of tu), would fvirnish a clwse approxi- 
mation to tlm nctvml distriliution. It is oxtromoly fortunate and somewhat un- 
expected bliab, ns shown in the diagram, tho correapondonce is very satisfactory 
for samples of only 10. On this diagiam tho normal curve, with tho actual moan 
and standard deviation of wm, is shown for tho purposes of contrast ntnl com- 
parison. Circles (0) only mark the curve for tho Secoml A|)proximati(«), as tho 
ordinates of tho latter curve are boo close to tliosi! of the actual (liHtribuLioii to 
permit of accurate drawing. 

Tho correspondence between tho Second Approximation and tho actual dis- 
tribution is brought out concisely in Table K, p, 880, which shows tho 1 % and 
6% 'probability points for tlio rcspectivo distributions. [By dolinition, the upper 
1 % probability point is tho value of iOio above which lies 1 % of tho total frequency.] 

Thorn is scarcely any significant difference between tho probability points as 
calculated by those two systems. While Table B shows that the value of Bt does 
not decrease continuously with increasing size of sample, it does so after a certain 
value of tt and never differs much from the normal value of 3. ^Phero can bo no 
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roaaonablo doubt that llio Second Approximntioii will yiidd siilliciontly accumto 
1 % and fiyf) l>rob)ii)ility jioinlH for HHiiipluH of U(--aH.') mid ovcu’. On UiiH iWHimip- 
lion the follosviiig Inblu lias Ixton calculated : 

TAHLIO F. 

The 1 ^ ((Md a pi'dbiilnlUif puails of »’» . 
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liniii 
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ill 

Deviation 



i.f ti;„ 

Upper 
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fjowur 

Lowor 

of uv 


Ilf 10, ^ 




17„ 

ft •>! 

hi 

K nj 

** h> 

17., 




ri 

r> 

1 

■080 

•054 

'(;o(i 

•020 

•1172 

'8385 

'0780 

n 

10 

1 

■oil 

'011 

'710 

•(550 

'3102 

'8180 

•iKllS 

10 

10 

1 

•J)10 

•801 

'720 

•077 

•2riHl 

'8113 

•05111 

21 

20 

1 

'002 

•H70 

'728 

•091 

'2230 


•015 1 

20 

25 

1 

■«92 

■870 

'731 

*701 

'2000 

•HOfill 

•0110 

31 

30 

1 

•884 

'804 

•730 

•700 

'1820 

•K(l|(! 

•0^17f) 

30 

30 

1 

•878 

'850 i 

'743 

'715 

'KiUO 

•ansfi 

•0350 

41 

40 

1 

•873 

'855 

•710 

'720 

•1581 

•Hf)20 

•03-JK 

40 

45 

1 

•8(50 

'851 

•740 

•725 

'Mill 

•H023 

•0310 

ni 

50 

1 

•805 

'849 

•751 

•72H 

•1414 

•ttOia 

•0205 

70 

75 

1 

•853 

'839 

'750 

'741 

'1155 

•wwn 

•02-12 

101 

100 

1 

♦840 

'834 

'704 

•748 

'lUOO 

■7f)!)!l 

•0210 

noi 

500 

1 

•820 

'814 

■783 

•770 

•0147 

•7«s:t 

•(K)f)5 

1001 

KKH) 

1 

•813 

'800 

'787 

•782 

'0310 

•7fl«l 
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OonolUBlon. 

It ifl a Himpic matter to devise thooretieal nniversoa whicli random samples 
will identify as probably non-normal by the w„ test and to dotorinino rouglily from 
Table F the sixes of Ibo aam])le3 tcqvvivcd. For cxivmplo, tbo value of the ratio of 
mean deviation to standard deviation (in infinite random samples) for the rectangular 
distribution 

JS/B (+l>»5s-l) 

/o 

is ^ = '8()6, so that, with no presumption of knowledge about the nature of the 
distribution, samples of about 76 might bo required in order tliat in tho majority 
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of oases Uio valuos of Wn found would lie above the upper 1 ^ probability point. 
Tho values of the ratio.s (in infinite samples) for the distributions 

w(TT^ ie-WSa: (+oo>fl!>-oo) 

which bear superficial resomblances to the normal, are - = ’637 and -4; = •707 

TT VS 

respectively, and samples of about 26 and 50 respectively would usually be required 
to indicate their non-normality. It is important to observe, however, that the teat 
will often react for far smaller samples. These three universes are symmetrical. 
In cases where asymmetry is suspected a count of 4- signs and — signs of the 
transformed variables yi in moderate sized samples (say of 50 to 100) may reveal 
such iisymmofcry. The number of signs should of coume be distributed in the ‘^point 
binomial'* ^ 

for normal samples. 

Tlie efficiency of Wn for testing normality with the types of samples actually 
occurring i>s now a matter for practical investigation, The indications are that 
in practice it will not often react for samples of less than, say, 50. In using it we 
arc manifestly liable to what J, Neymau and E. S, Pearson* have called ‘^Errors 
of Typo II/’ i.o* of accepting an hypothesis JIq (in this case that the universe is 
normal) when some alternative is true. Tho question arises: if fails to identify 
non-normality for a sample known to bo derived from a non-normal universe will 
any other general method prove effective ? In other words, an "‘existence theorem" 
for tests of normality seems to be required: a theorem which, while not necessarily 
indicating the form of the test or tests, will at least establish the “maximum 
sensitivity" (with a suitable definition of “sensitivity") however approximately 
and with whatever simplification in the conditions of the problem. This may be 
(juite small for small samples ; it is manifestly nil for samples of 2. As shown by 
11. A, Fisherf for V/3i in normal samples of 3 and in the present paper for «/ 2 , the 
distributions are wholly or partially U-shaped, and in consequence they reveal no 
region of improbability. On the other hand Wn must identify non-normality in 

indefinitely large samples, unless the universe has the normal value of for the 

ratio of mean deviation to standard deviation. The only important non-normal 
distribution which assumes tho normal value for the ratio appears to be the Second 
Approximation to Ukj Ijaw of Error which also gives the normal value of 3 for (3^ 
in infinite samples. 

Summary. 

The values of tho moments and of Viii and of the distribution of for 
normal samples indicate that impracticably large samples would be required in 
order that the distribution would be presumed normal As the frequency distribu- 
tion of /3a is unknown and as V/3i is to be regarded as a tost of asymmetry rather 


* *‘Tho Testing ot Stiitistical Hypotheses hi Boh\tion to I^robabilitica a ” Proceedinfja of the 
Cambridge Philosophical Society ^ Vo), xxix. Part 4, p. 493. 

I Op. c4., p. 20. 




than (if noniiiility, wn lire coiistraincil tn nciik in-w incnHiin's (if iKiriiialily. 'llui 
tnmiirc] coiisiikircil in this ini[H;r is l lit; ratiu of the mean (leviniion lo the HtiiiKliinl 
(kiviiitioti calenliilml bm the aample, wliieh ratio in iniiniUi riimloin HiniijiloH 
/2 


ir 


Two ciisiiH lire eoimideroil i (i) ihiit in wliieh the oxiierimontnl teehninne in hiicli 
that the iiniverHiil inenii may be pruHiiindii known ami lienee, by a ehiiiif{o of origin, 
prcHinid zero; (ii) the general case of both niiiverwi! ineiiii iimt Hlamlard (levialioii 
imknowii. In the firat case, if the Raniple tmiasiirea arc yi, ya, % we, take 




1 


I I m mm tm | 


In the second ciiac, if the Hiiniplc incasnres are ai, iCj, ... a*,,*, arrange, d in raniloin 
order, we take 


B I " f* 

v«(--i Vi(t‘i4) 


ifii 


In thi.s disc w„ has not an iinii|ue value for each Kainple and it in miggested 
tentatively (pemling further work) that for moderately ai'/ed HamploH the fmicLiou 





bo used instead of w„> The frcijucncy distribution of Wn may be regarded as 
complcloly doterinined for all normal samples. From Tublc F niiiy he ilotenniiied 
the approximate improbability of the value of found from a given sample 
occiiiTing if the sample wore drawn at random from a normal iuiivcr.se. 
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A GOMPARISON OF A AND MR GEARY'S w, CRITERIA. 

By E. S. PEARSON, D.So. 

I. The Choice of altei^ndive Tests. 

In the development of statistical sampling theory it has often happened that 
more than one test of a given hypothesis is available. Generally on theoretical 
grounds it is possible to specify which of these tests is the most efficient; but it 
may happen that owing to mathematical difficulties in putting the ideal test into 
working form or to practical difficulties arising from the extent of computation 
involved, the statistician will choose to employ a second best but simpler test, In 
the case of testing the hypothesis that a sample has been drawn from a normally 
distributed population, it seems likely that for large samples and when only small 
departures from normality are in quostion, the most efficient critoia will be based 
on the moment coefficients of the sample, e.g. on the values of and /Sa*. While, 
however, the sampling moments of these quantities are known*, it has not so far 
been possible to determine the actual sampling distributions from which the 
probability integral could be obtained exactly. 

In earlier papers in this Journal t I suggested that empirical curves having 
the correct first four moment coefficients might be used as approximations to 
the unknown true distributions, and gave tables of 57o levels of 

probability for V)0i and /3a, which have since been republished in Tables for 
Statisiidaiis and Biometrmans, Part II (Table XXXYII Us). The sampling distri- 
bution’ of being symmetrical and not very Icptokurtic presents relatively little 

difficulty, and a recent investigation by K. Willing J. suggests that the tables 
previously given cannot be far in error, A test on is however only sensitive to 
lack of symmetry, and the adequacy of the tables for the 6“/, a.nd 1 “A limits for 
/3a is at present more doubtful, since the moment coefficients indicate a very skew 
and leptokurtic distribution which it is difficult to approximate to with confidence 
from a knowledge of four moment coefficients only. 

II, 0. Geary in his interesting paper above has therefore suggested an alterna- 
tive criterion, which is based on the ratio of the mean deviation to the standard 


* B. A. Pisher, Broc. -?%. Soc. Series A, Vol. 180 (19.10), pp. 16-28. 

+ Biomeltika, Vol. mi. {1930), pp. 289-249, artd pp. 428-424. 

t Biomettika, Vol. xxvii. (1936), pp. 269-271. Mr Williiuns hiis oxlendea my tables for down to 
a' a 20. 



aU4 Oouqiarluoii of ft: and of w„ Crilevui 

deviation. Tlii.s criterion wliicli, us shown hclmv, is si'iisilive lt» cliiinj^'cs in tlie 
population /iJa lew the iiiivanlajre thut 

(!) it yieltls a more iiiiinuf'eablc simipliiiff (iislribiition, fetr wiiieh lie luus Inion 
iilile to provide lul)li;.s of perenituge liniila: 

(2) ifc involves Whs Ironlilc in valciilulinn, Hinee Un*. mean deviation ia move 
readily olituiiied than tlie fourth inunient. 

In ftsaesaiiif' the value of these alternative le.sls it i.s neceiwnry to bear in mind 
two riHk.s of error in judginenb: 

Typo I, that of rejecting the hypi'llnwH lesied when it is true, i.e. of deeiding 
the population in not nornml when it is; 

Typo H, that of failing loileleet departnn! from nurmalily when it really cxiets 
in the population, 

In the COSO of no utlenipt was made in my provioim paper to calculiito 
probability levels for jkIOO because of the v(‘ry high vnliies of li\{lh) and 
ihifti), nnd before Inrlliev invi'Hligalimi ia eomplelml, the limits given for samples 
of less than 200 or 1)00 must hi! regarded ns only njiproxiiimle. hfr Ooiiry has how- 
ovcT boon able to obtain preciso leveW for his ratio «■„ and reiKirls that investiga- 
tions at present in iirogrc.ss give reasons for believing that for n' >40 the more 
generally useful criterion w,/ will have the same sampling dislrilnition as «»#. Ifis 
test thci'cfoni 08 far os it coucerim kurloslH rather Hum asymmetry does provide a 
reliable control of the error of Type 1. Itselliciency in dealing with ihe ether typo 
of error can bo most readily jmigeil on the hiisis of Hom<< numerical iitveKtigatiiins. 
Snob investigatioiiH liavebccu carried out after eitusnllalUm with Mr (.luary*; the 
work has been rather lengthy ns it seemed desirable to compute values for v^i inul 
/3x as well as for w„', <uid in scane cases w„. 

2. The Kvpenmental Sampling, 

The problem to be dealt with is that of comparing tlie relative odiciency 
of Wn, Wi/i V)Si and /3i in controlling erreas of Type II, i.e. in detceling departure 
from normality in the sampled jmpulatioii. Samples were diuwn with the help of 
Tippett’s Itandom Sampling Numherst from the seven diOferent popnlatinns, which 
wo shown in Table I. Farther details of the experiment arc given in mi Appendix 
to this paper. 

Tlie populations II, III, IV, VI mid VII have boon used in nnumlmr of [Hovious 
sampling oxpoi'imcntst; I and V, the reclmigntm’ mid dinibln ex]i(»nuiitial popnla* 
tions are referred to by Geary on p. 1180 of his paper. Population XV was derived 
from the equation 

y = yo(l 4-a;V (1). 

* My apologies aro iliio to Mr Heary lor Dio (lolay in llio puMieaUon ol )i\h iiapor wli’ich Imw roHiittoO, 
but I l\opo tlmt he will regattl Iho work an worth whilo. Tho iieavy conipwlution has bcon wndertakeu 
by Btudonta in tho Dopartmonb of Applied Btatistica, UnivcrBily Colloge, IjOndou, and In particular by 
Mias 0* M. Thompson* 

I Tracts for Compuim, Mo. xv. 

For an account of thoso distributions sec also J, M, lo Boux, Biometrika^ Yol. xxiii. (1081), 

pp. 168-161. 
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When the distribution law is very Icptokurtic there is inevitably a certain 
(liffcrcncc between the moments of the probability distribution represented by the 
Random Number Scale (adjusted to a total of 10,000) used in sampling and the 
moments of the theoretical law. It is the former that have been entered in Table I. 
Forexamplo, for the double exponential curvo/82=6'0 and (Mean deviatiori)/(Standard 
deviation) “Wh = •707; but for the sampling scale used /9a = 6'88 and w„= 700. 


TABLE I. 
Populations sampled. 


No. 

Type 


Pi 

Mean deviation 

StaqciarS deviation 

I 

Rocbangular 

0»0 

1*8 

86G 

II 

roftr.son Typo 11 

0*0 

2*G 

‘818 

in 

), » VII 

0*0 

4*1 

‘768 

IV 

„ n VII 

O’O 

70 

•734 

V 

Double Kxpoiionfcial 

0*0 

5*9 

‘700 

VI 

Pearson Typo III 

0*7 

3*75 1 

•780 

VII 

» j» I 

1*0 

3*8 

•797 


Again the law of equation (1), p, 334, above has /J2as9’0, while for the sampling 
scale (Sa =* 7’06 ; the clilfcrenco arises owing to the practical difficulty of representing 
adequately for sampling purposes a curve of this form. These points are referred 
to again in the Appendix, 


The sampling may be divided into three groups. 

Series A, 

Six samples of «'= 50* were drawn from each of the populations II, III, VI 
and VII. If the 60 values of the variable x are denoted by %, aia, ... Xio, then 
Geary’s criterion maybe calculated from then = n'-l = 49 values ofy obtained 
by the transformation of bis equation (8). By random re-arrangements of the 50 
x's, four series of p's were obtained, and hence four different values of for each 
of tho six samples from the four populations. Samples of 60 were also obtained from 
a Notinnl population and treated in the same manner. Each series of 60 values of 
® gave a single value of 



X \xi~x\ 

<=i 



Mean deviation 
Standard deviation 


( 2 ) 


where ® is the mean value of x in the sample. Table II contains all these values 
of to„ and w,!, which have also been plotted in Fig, 1. On this diagram the lower 


* n' will bo used lor the sample size to conform with Geary's notation. 
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(h)inpnrwni t>f ft: aiui ft/nK, (h'ite.via 


TAULK tl. 


{<ntnplm »f 'lO ; of wv and v>.'. 



N,B> U) b, d nnd d nro four random nrrangomonUi of Iho wtiiio 60 (iltttut'valionH. 


and upper 6 7o and 17 o probability limits and the moan level have boon drawn t 
follows: 

Ijower limits; 67,, ‘HI, l”/^ •72B. 

Upper limits: 6 7o *849, 1 7o *866. 

Mean level '802. 
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Fig.I . Values of & u>Ix in Samples op 50 . 

POPULATIONS 
SAMPLED 

IL 

( 0 ^ 0 , 2 * 6 ) 


NORMAL 

(o-o,3*o) 


n 

(00,4)) 


yi 

(0‘7» 375 ) 


yii 

(l-O»3*0) 


The figures are taken from Geary s Table F. The diagram shows clearly that: 

(a) The four values of w,i vary very considerably about 

(b) w,/ cannot bo taken as rcprcacnlabivc of it sometimes lies outaulo the 
range of the four values, 

( 0 ) When the population is not Normal very few of the sample points fall 
beyond oven the 5 Vo Hmils, so that departures from normality of this order could 
rarely bo detected with samples as small as 50. As far as can bo judged from this 
small experience the chance of detection appears on the whole lo bo no greater 
using Wn than 

The labour involved in the calculation of even a single value of is very 
'considerable, and since for n' as large as 60 there is every reason to believe that 
follows closely the same sampling distribution as Wn) it appears that this 
simpler criterion can be used; in the later experiments therefore Wji alone has 
been calculated. 
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a38 Coniparmm of /3, and of ^o,^ Criteria 

In the eiisu of popiiIntioiiH VI and VII the ratio of nnnm deviulion lo Htiiiidaici 
deviation wan ‘VS!) and ’Vi)? roapectiively, din((nnj< only very Mlijrlitly from the 
Normal value of Vg/ir « ■7!)M. It was tlieroforc not to he cxi>ectt;cl that the vi„' t(!.st 
wouhl he edieient in iheae cuKe.s. In the case <if populaliotiH II and III tlio ration 
arc ’HIM and ■7li8 respectively, Imt (!vnn liercs owiiifr (o tin; flinall .si'/t; of Hainple, 
only 2 (Hit of (i and 1 out of 0, respectiviily, of the Hainph; value.s of w,/ are Heim to 
fall beyond the fi "/„ iimils. 

The values of '/fti and $2 wore also calculukd for each of the six sainples; for 
these criteria of course no change occurs on rearranging the .r’s. The reKiilts arc 
shown in Table III and plotted in It’ig. 2, where f)"/,, I***' apprn- 

priato for samples from a Normal jiopidation have lieeii inserted*. 'I'lu* V/A test 

TAHLE III. 


Valnc‘/i of Vffi ami 0% in Samples uf oO. 


Siiinplu 

No. 

Vopillrtlloii 11 

rupulutioii III 

PnpuUUon VI 

PoinUalion YU 


Pi 

fp] 

p* 

n/A 

Ih 

Jpi 

P-: 

1 


i'on2 

*481 

3*763 

*184 

2*f>ia 

1*080 

3*0(10 

8 

*201 

8- 128 

*718 

4*IH1 

-903 

3*2«!l 

I'l3l 

3*ft27 

a 

*215 

2-309 

-■511 

2*51 7 

•H50 

8*984 

•()71 

8*915 

4 

*2U3 

S-'282 

*294 

2*fl3l 

*175 

2 •580 


8*93 1 

0 

*282 

2-332 

•434 

3-054 

-743 

3*203 


3*001 

(i 

•101 

2‘30B 

*900 

5*(M5 

*409 

8*30) 


3M27 

Moim 

+ -M0 

2*219 

•h-2fl8 

3*0R() 

■1*535 

8-812 

+ •0(19 

3*308 


is reasonably cdicicnfc in detecting the skewness of [wpiilationa VI and VII; for the 
otlier two cases (II ami III) where the 0t test would be appropriate, no limits are 
available. Since however for a'* .*50, <rf^ <= 'CO approximately, it is doubtful whether 
significant departures from normality could be established in the case of any single 
sample even if the true sampling distribution were known. It is of interest to note 
fchafi in all but 2 of the 24 samples, is loss than the corresponding population 
value. Thia bias which appears also in the other experiments will bo referred lo 
again below. 

Sems B. 

A second experiment consisted in drawing six samples of 300 from each of the 
two symmetrical Nonmormal populations II and III. In this case tlm and 17„ 
limits for 0^ previously calculated are probably fairly accurate, so that a satisfactory 
comparison of the 0^ and tests is possible. The results are shown in Table IV, 
p. 340, and Fig. 3, 

* Tboso «rc obtainccl from my table alictidy referred lo, Hiomclrika, Vol. xxn. (1030—1081), y. 248. 
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I'ho correlation between the two criteria is extremely high*, so that a decision 
based on iv knowledge of w„' is not likoly to diifer much from that based on /3a and 
vice versa. There is certainly a suggestion as indicated in tlie following tabic that 
Pi is ftoincwliat more efficient in detecting lack of normality than «%', but with only 
six samples available the evidence is far from conclusive. The mean values of pi 
are slightly less and the mean values of w,/ slightly more than the population 
values given in Tabic I, but tluj bias is fftr less than in the .samples of 60 (Series A) 
and 76 (Scries C). 

TABLE V. 


Samples o/300; Oomparison of Gnte^na. 



Population II 

Population III 


Using/?. 

Using 

Using /Sj 

Using w,/ 

Nuiiiber of xAntpIo points: 





Within 5 limits 

0 

2 

0 

2 

JldLwcon f> 7o 1 7o 

2 

0 

3 

2 

lloyoml 1 7^ 

4 

1 4 

1 

3 

2 


varies of course about zero, but the standard error increases ns the population 
hGComo.s more leptokurbicf and the values for the Ist and 6bh samples for population 
III (+’490 and -’456) fall far outside the Vf HniiCs (f '329) for a Normal 
population. This does not however mean that the V/Si best should be used in this 
ctise, sineo the modal value of fpi is zero. 

Seties G, 

In this case ten samples of 76 were drawn from each of the populations I, IV 
and V; the populations differ more from the Normal than in the preceding case 
but the samples arc considerably smaller. Values of V/3i, /9a and wf are shown in 
Table VI. p, 343, and the last two are plotted in the form of a correlation diagram 
in Fig. 4. In this case no reliable S"/* and limits for /9a are available. As a 
rough indication of their position, however, the procedure adopted in ray earlier paper 
has been followed, i.e, the first four moment coefficients appropriate for j/=76 
have been calculated | and the probability levels obtained by quadrature of the 
Pearson Typo IV curve having these moments. The results were as follows; 

Lowor limits: l“/o 

Upper limits; 57o 17o 

* See Mr Geary's Sootion III boiow. 

t First approximation values of the standard errors ot |9, and p., for samples from difforont Pearson 
typo curves may bo obtained from Tahleifor StalUlic'um and mornetrichfit, Pact i. Tables XXXVII and 

xxxvm. 

? The fovmniao used are (6) to (8) of my paper In Biontelriha, Vol. xxin, (1031), p. 428, which give 
mean A=2-022, <rp,=0'610, j;,{ft)=l'971, J},(/3j)= 7-400, The oalonlatlons were kindly undertaken by 

Ml’ K, WilUanis, 
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Coinparimi of and of w„ Oritona 


Fig. 4'. Comparison of t < m Samples or 76, 



SCALE OF 


Turning to the diagram it is Hocn that there is again n high correlation heUveon 
tho two critoria /3» and w,,', which is less intonso for the loptokiirtic populations 
than for the rectangular, Counts of tlio [winls (ailing boymiil dilTurent liiniIrS leads 
to Table VII on Uie opposite page, analogous to Table V. lu view of the 
uncertainty of tho position of the /Sj limits, it would not be justifiable to make 
any critical comparison of relative ofiicioncy of tho two tests in this enso, but there 
is certainly no evidence that the w»' test is less ollioient than tho /9a test. 

A noticeable feature of Table VI is the bias both in /Sj and Wn for sainplos 
from Icptokurtic populations. For the ease of normal populations this bins can bo 

Ap I 1 A, ■ - ^ 

corrected by the uao of multiplying factora (exactly for /9a) and e 

(approximately for w„'), but these factors will cleai’ly differ for other populations. 
It will be seen that for Population IV the mean of the 10 sample values of /9s 





Nuinbor of flamplo pointa : 

i'niitg 

Between 5 7o ^ 7o 
Boyoml 1 7«> Hmits 


1 1 

0 1 

4 8 


TABLE VIIL 


Samples of Gompai*ison of OritericL 









































:J44 (’(imjKO'ii^on of /i, and ofw„ Crilcna 

(4G1) falls short of tho imimlalhm val«« (7-1) hy owr The, hui« ia w,,', 

luiro ill Hie. ojiiKiHite tliieelion, is rolalivoly of imieli less itnporUtiiee. In tlie Hinno 
wuy, wliile it will In* seen Unit the stniitlrinl error of inerraseK as ihe iioimlation 
bccoines more le[il<iknrtie, lliis inereiwe is very (leliiiitely less tliun tliat in the 
Htantlarrl error of /Ig. Is;t llie remler exiuiiiiie, for c<xample, llu! sets of 10 sample.s 
in llie 'rallies on p. .‘MG. 'riui results j'iveli tlnne »f 

inodenite size w,,' provides u belter esliinate limn 03 of its correspond itijf 
{inpulntion piinuiieU'r. The problnnm of eHlimalion anil of li-.slinj^ llie liyjiolhesiH 
of normality are not however identical, and iiiHch more work is necessary before 
a final compariHon of the iiierilH of those two criteria can be made. 

3 . CohcImww. 

(1) III testinj' for ilepiirlure from normality it would no doubt be desirable to 
have afiiiij'lo test Honmtive Imtli as regardH .skewnes.s and kurloHis. Ah tliis is not 
available it is ncccH-sary to a[)ply two sejiaralB tests. 

(2) 'i'o detect skownes-s the be.st criterion would appear to be \^ 0 i, for wliicli 
tables of ri”/* and probability levels, believed to be HnlUeienlly aeenrate for all 
ordinary jinrposea are available f. 

(3) Ah a test of whether the ]iopiilatiou sampled is plalykurtic or le[itoknrlic, 
either /9a. w„ or w,,' may bo imed. ()ul of thc.se there are strong' practical grouiulH 
for choosing w,/, tlio ratio of mean deviation to slandurd deviation, iinleKH the 
sample is very largo when may be used. The reasoiiH for this are ns folhiWH: 

{«) Until fnrtlier invoHtigation hius been carried out, the ace.urncy of llie tiibluH 
of 67o and l7o probability levels for 0t cannot bo establiHlicd. 

(b) While the sampling distribution of it'„ is known and acciimle tables have 
been given by Mr Geary, the calculation of this criteriun is very iroulilcHoiiie except 
in the case where the population nicnii in given. 

(c) Tliero are strong grounds for bolloving that if n'>40, «/„' may lie referred 
to the w/„ tnble.H of 5°j^ and 1 °/^ probability levels. 

(d) 'i'bo cidculation of w,/ is filmightforward and slvorter than that of if the 
data are gruuped no approximate adjustment to obtain the mean deviation may lie 
used]:, 

" This bIftH may bo oxiilnincil as follows. The lilnh value of /}„ for l)i« illMriliiUion taw of isjiiatlon (1), 
is duo to Iho very bus draviii-tint IsIIk. TIio ohaiico tiuwover of olibiiiiiiiK nii oliHorvation falllns in thoso 
lulls in snnuiloH even ns Itirno ns 70 Is sninll, so llinl llio sumiilo liavo ii very skew HnmiiHiiK dislrllni. 
lion Willi modo well below tlio iwiiulnlioii vnliw. Tlio aUniiinrd error is however iiiBiiite. 

t Tahlcf for SUititiiciiinii ami Miiiulrtciaiiii, I’nrl n, Tnliio XXXVIIM* (or u'sfiO, 7, 1, 100.,.oto. nnd 
niomclriia, Yol. xxvii, (lOIll), pp. 209—271, for ii'=;Qfl, 90, ...90, 100. 

t If Ibo oentro of the group conlnining tlio mean, 5, of the saniplo lie lakeii as the ori||ln of «, if ii, 
obaocvatlons (all Into llio tlU group having central value aj , II Og observations fall inlo the group con- ■ 
taining tlio moan and if the mean is at a distance 0 from the origin (~ i whore tUo unit is tlio 

group breadth, tlion wo may luko os an approximation 

2iI(|.t,- * 1 = 2 : 11 , |.r,).t.{flximm1)cr ot observations in groups below Iho origin group) 

- \0 X number ot observations in giDups above llio migln group) -H iin {.) + Ift). 
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{e) Tiioro ia clear experimental evidence that in the case of leptokurtie popula- 
tions the sample /3a provides a biased estimate of the population value. This bias 
is far smaller in the case of w,/. 

(4) A high negative correlation exists between the sample values of and 
to,,' *. This means that in testing the hypothesis of normality, in any given -case 
a conclusion drawn from the value of one criterion is unlikely to differ much from 
that which would be drawn from a knowledge of the other. If the uncertainty 
regarding the probability levels of /8a could be removed, it is likely that for large 
samples this criterion would be found somewhat more efficient than w„' in detecting 
departure from normality. This point cannot however be regarded at present as 
jRstoblished. 

* See Scotion III added by Mr Qcavy giving the value for this oonrotaUon when the popaletion aampled 
13 Normal. 


[Notb. The object of publishing the following Appendix containing 72 reiidom 
samples of various sizes from diverse forms of curves is to put into the, hands of 
those desiring to test other, old or new, criteria ready-made samples and save them 
from the heavy labour of obtaining afresh their own samples. Ed.] 



APPENDIX. 


FULL DATA (JONUKIININU i'Ol’ULATIONH AND HAMPLK.4 UHED JN 
A I'Al'Ell !jy li, H. VKAUHON KNTITI.KD: "A COMI'AUISON OF /J, 

AND MU (}KARV'.H (JKITRUIA.” 

Eor the purpose of fiiturn rcferoiico aiul comparison, it hius ftpjwnred usoful to 
publish in this appendix full details uf the populations sampled and the method of 
sampling, and also to give the complete data of the Ramplen Iheinselve.a. 

In sampling with Tippett’s Kandoin NuinhcrH {Tracis for Omqmterfi, No. XV) 
fcho method of procedure described on pp. iv- -v of the intriKluction to Iho Tract 
has been employed. The frequency distributions of the 10,000 niimbors repre- 
Bonting each population are shown in Table X, except in the case of Population I 
(Rectangular); here the sampling was arranged so that there was an topial chanc^y 
(i.c. of tho variable, x, assuming valnes - 10, ... ~ 1, 0, 1, ...*}• 10. This was 

effected by assigning tho numhera 01—03 to ayw-lO, 04—00 Im .'Tw-IS, 
... 97—09 to iK=> + 16, omitting tho nnniher 00 from considomtioii. 

In apportioning the 10,000 numbers it is iimvitablo tbnb diOkmlty slioiild arise 
in the case of very leptokurtic distributions, This diOmulty was disciwsed in a 
note contributed to Dr !c Roux’s paper, to which the nyader is ruforred *. It means 
that the actual impulalions sampled cannot correspond exactly to those <lcfined by 
tho theoretical curves, but from tho poitit of view of tho presont investigation this 
is of no conscquonco, sinco the objective has bocti to investigate the edicicnoy of 
various criteria in detecting certain wide departures fixun normality. 

The frequency constants shown in Table IX have been wilculntcd from tho 
actual distributions sampled, i.e. from those given in Tabhi X, without apjilying 

TABLE IX. 

Frequency Constanta of Campled Populalma, 



1 

11 

Notmat 

III 

IV 

V 

VI 

VII 

Moan 

O'OOO 

O'OOO 

In 

0-000 

0*000 

0*000 

0*142 

nn 

Standard Deviation 

0‘B2-2 

10*64.1 



0*46.') 

,T64« 

r>’W)8 


Moan Deviation 

8'2St) 

8*029 

||S|^ 


4*767 

'2*.183 

3-061 


t/j3i 

IIBBIIII 



0*000 


0*000 

0*701 

HBBIl 

ft 



m 

4*110 

7*062 

5*884 

.3*726 

■n 


* Bip»ie(rlto, Vol. xxin. pp, 168—169. 
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any correclionfl for grouping or abruptness except in the case of the mean deviation 
where the expression given in the footnote } on p. 344 above was used. The unit 
einployed in the case of the moan, standard deviation and mean deviation is the 
unit of a) shown on the ic-scales of Tablo X. It will be seen that this varies from 
about } to -jlj of the standard deviation; it would, no doubt, have been desirable to 
arrange a finer grouping unit in the case of Populations III— VI, but the data 
were collected from sampling experiments initiated at different times and with 
different objectives. 

The sampling results are shown in Tables XI— IIII; for Experiment A, the 
50 individual values of x are recorded for each sample. These values are tabled in 
a completely random order; in fact the order is that used in calculating the first 
of the 4 sols of values of given in Table 11, The rearrangements needed to 
obtain the other 3 values of % were carried out by writing the 50 ic-values on 
.small counters, thoroughly mixing and drawing out randomly in order, 

For Experiments B and C the tables show the frequency of occurrence in each 
sample of the different values of x, Thus in Table XII the columns each total 
300 and in Table XIII they total 76. 

The sample frequency constants tabled in the preceding paper have been 
calculated directly from these figures without further grouping. No Sheppard’s 
Corrections have been applied, either to the second or fourth moments; the mean 
deviation was calculated from the expression given on p. 344 above*. 

* Jurthoi' roflecticin auggeats that if Shoppard’a OorrccUona aro not uaod, the correction to the mean 
deviation to adjust tlie contribution from the central group is not really juetidablo, The consislent 
course would, no doubt, liavo been to suppose that x could asaumo certain discrete values only; the 
resulting alterations to the values of the mean deviation would, however, he loo small to he of practical 
significance. 
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IV 
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3'IH 

m 
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-12 

1 

• 17 
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+ 23 

02 
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3f>7 
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11 

11 

to 

215 
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57 
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31)1 
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1)05 

10 
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If.B. KuP Fopiilation I {Rectangular] see special reroroinre in text 
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TABLE XII. 

EiKpei'iment B. Frequency of Different Values of x in Samples of 300 . 
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NOTE ON THE OOERELATION BETWEEN /3, AND V. 

By ll 0 . GEARY. M.Sc. 


In the present state of our knowledge, the problem of determining which of 
two tests of normality is the more efficient, can be dealt with only by numerical 
methods. Having obtained the probability points for the rival tests for normal 
samples of different sizes, we should calculate the values of each of the test functions 
for a largo number of distributions actually found in practical work and ascertain 
which of the tests gives the greater number of values lying in the respective regions 
of improbability for normal samples. As between the Pt and w' tests*, investigation 
mii.st be confined to samples so lai’go that one may have confidence in tho probability 
points for /9a for normal samples, determined by E..S. Peamon. 

Dr Pearson’s discovery, illustrated on Figs. 3 and 4 of his paper, of marked 
statistical relatioamhips between /9a and «/ in samples drawn from different parent 
universes, has obviously an important bearing on this problem, If there wore a 
rigid algebraical relation between the tests, they would be equally efficient. Tho 
analysis which follows is subject to tho qualification that tho statistical relation- 
ship may bo closer than the coefficient of correlation indicates. The coefficient of 
correlation — I will bo found only when the relation is linear. Fig, 4 suggests that 
the relationship between /0a and w* for samples of given size from a given parent 
population may approximate rather to a curvilinear type, 

Tho only universes for which an algebraical relation subsists between /3a and w' 
are those in which there are two categories only— measuring say 1 and 0, Suppose 
that tho sample proportions are p (measuring 1) and q (measuring 0). Then 

mi - p, 


The mean deviation 


«ia ^ pq, 

TOi=p{j'(l — Spy). 

d = 2pq. 


Then «/ » d/Vwia == 2 VpQ, 

and /3a =■ « l/p(/ - 3, 

80 Uiat -• 3. 

Accordingly as w' inorcasos /9a diminishes. 

In large samples tho sots of values of the elements which minimise /3a maximise 
w', and vice versa. If the j/f vepresent the deviations from the sample mean, then 


9* 




(%iV 


Vw'Syf' 


♦ [At tho doairo of Mr Geary I Imvo left w' standing throughout this soolionj ulthough in the first 
section of his papor he has invariably used It ^Yith tho appropriate subsoript, hero dropped* Ed*] 
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Note (m the Correlation hctioeen / 3 , au<l it>' 


'.m 


If the siuaiilo in 8(» lai-^u Ihnt tho ij'h iniiy be consideted independent*, the 
minimum vulue of /jj, iminely 1, ia found \vlien 

which givoH llui m(u%mum value 1 of w'. The inaxinnun value of nninely n\ 

and Lite niiniitniiii value -I-: of w' arc found for tho following HcrioK (»f values of 
vn' 

the w's : 

y.+ o. 

yit“0(A;4»h 

E. S. Pearson’s Tabic I clearly indicates a tendency in tire seven univci'scs (to 
which the normal with jSa® 3 and w' = ‘YDS might bo added to give an eighth) for 
a high /9a to accompany a low w' and vice voma. 

Tho currolfttion butwoon ami w' for novuml samples may be determined as 
follows, If the sample of a' = rr H- 1 is 

®li ®a> ®n'> 


then 

and 


, 2 1 — S I /n+ i (I 

to t= J— ' ■■ =a a / - 

V»(TJH-l)tf V 71 g 

^ _ (a + 1) S 1 «( - S 1^ _ /a I- 1\* m<4 
' “ I”;). J A,* ' 


with s‘=»ilS !«:<— Sj*, 

Indicating by miuare brackets, [ ], universal means about fixcrl origin, tho 
ceofiiciont of correlation required is 

iTjt-crfi, 

Tho values of [/Qj] and are knownf: 

rfli- 8’^ . a 2<t(a + l)(a-l)(a-2) 

a + 2’ (a + 2)‘(«+4r(a + 6)"' 

Since n/' and s are independent, 




W’ 

1.1 1 . 17 

wi ih [s] « 6 " 4» 2 TP ■ 2o 5? liaiii " [««]! «. i , 

.»d W] - y 1 [.i-j . (i + 5 ^ ;^) . 

The last of those formulae is duo to UolmertJ. Tho value of o-iv will bo found from 


* A solution ot Iho problem of dotomining tbesots of vahioB of tho «' variales whioh give limiting 
Yflluoa of and w' (or all eizos of samploa, and the rcspcctivo HmUing valiioB, would have some 
mathematical interest. 

+ Beadily derivabW Irora foimnlao given hy:R. A, ]?lBlior, Proc. 2iot/fd Sociill/, Loudon^ Series A, ISO 
(1931), p. 26. + ABlrotiomifc/te Nacltric/i(en, Bd. 88, No. 2096 (1870), 
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'J'herc remains the calculation of 


in which 
Also 




[dnh] = {(« + 3 ) M + 7i(ni-l) 

S'! “ — .«| and ya— 

TJio distribution of yi ia 

z \/I « ^ yi > 0 ). 


with 
so that 






Tho joint distribution of and i/a is 
ie' ^ g ~ 8jrp^(!/i‘ 

TTOr® Vl — p* ( 




SyiSya. 


Tho value of p, the coefficient of correlation between isi—S and xa-sd, is — . 
From thia dislvibulioia it has been found that the value of is 


All tho data aro now available. Upon reduction tho coefficient of correlation r 
between w* and normal samples takes tho simple form 


/2 (n-l)(n-2) 

V 7rMn(7? + 2)(u + 8)or 


V 7r[5]n(7? -f- 2)(u + 8)cr^flrp/ 

The values of [s\ o-v and in tho denominator have been given above. The 
presence of the factors n-l and n - 2 in the numerator might have been 
antioipateeb If either were missing, r would assu me th e impossible value 
CO in samples of 2 or 3, since tho factors Vf? — 1 and — 2 occur in in the 
denominator. In samples of 2, of course, both and tc' assume the same value 
1 for all samples, while /3a assumes the same value f for all samples of 3. 

When n lends towards infinity the coofficiont of correlation tends towards 

= - ‘7673 . . ■ . 

Vl2^(7r^ 3) 

The values of v for certain sizes of sample are as follows : 


Siafo of Sample, ii* 

6 


26 

Coeffioiont of Correlation, r 

--•921 

-•861 

-•800 

1 
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ON TIU'; ViVLlDITY OK A OKHTAIH KKAHHUN’K KoilMULA. 

15V JAN WIJ^NIKWMKI. 

§ 1. In till) tiu)inoir''Oii iht) <tf ihti Iiitliifiiw? iJ" O.Uf^gorii'H 

on Citrrclntion" priiitcJ in ViJ, iX- of limndrika (pp. lit) l» i'.lft) Karl l'our«on 
innki'S Minu! HlntonioiitH which mtoin h» nwl 

'I'ho nolalionn liro iw followH; vuiialih;,') .r, i/j llio (;!n!«“)uurk« af th« carroaponil- 
ing ohusH inlervulH ('z, Oy. Tlio firni sl,ut,i'uu>ut wo hIihII considitr i« tlw iiKHniufttion 
that in tiiwh olaHoJuU'i'Vtil tht> ucinal iirithiiwlw avorug)' of iho varinlilo a- nr y in 
({(pia! l« tlu! oom'Hpoitdiiig oloMH-ntark Of fliis i« lui uppraxiiiiii- 

tion only utitl within itn dogmi of iiontracy only ImldH iJn; cimniiig rarinitla (i) nf 
tiu! piipur mfciTiMl to: 






.(i). 


It is morn than aiiro that) Karl Pisarson wiw awiiro of |J»‘ approxitnulivo (diaracMn' 
of fnvin (i) whctv proiwsiiig it; w nwroly point to this cirtnnmtano.o. in couuecUon 
with tlio ninnci'ical uxainplc that will follow. 

'i'ha wain pint of tho pwsont notn is to show tin;. linnUsl validity of ftuotlwy 
formula of the memoir diacnased, viz. form (ix); 


(ix) is baaed upon (iv) and (viii), 


r 




(iv). 

r„ 

‘yOt V ~ 

^yOy 



Tho derivation of (iv)i8 tho following (to (piolo P(*nrson‘H words); '‘...sinw! iv given 
(B will have a conatant claas-nmrk, tho correlation of y ami 6* for a cmiKlant « t« 
aero; that ia to aay that tho partial correlation coeflioient 

'^^0x ~' ’^'iy'^zOx 


^P\lOx 




:(}" 


.(a). 


^2. Formula (n) and its derivation need a thoroughgoing discussion. First, 
we shall make some observations concerning partial correlation in general. Accord- 
ing to the writer’s view, partial comlation may bo given two interpretations: the 
"layer” interpretation and the “projection” interpretation. 

First, wo shall present the more usual "layer" interpretation, Suppose we are 
dealing with the variables «, v, i. The points having coordinates mj, Vi, ti are 
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in a three-dimensional aj^ace. Now if we want to find the partial 
corrolaiion between u and v we divide the apace into layers by means of planes 
piirulhd to the u, v piano. In each layer the variability of t is greatly rediicetl so 
that wo eousider it negligible. Within each layer we make a projection of the 
Uiy Vi, ti ])ointH <)!i a plane parallel to the u, v plane and calcnlato the correlation 
fcjund for the distribution of the projected points (of course the projection is made 
pevpoudiculavly to the said plane). At last, we compute a kind of average* of 
the correlation coefficionis in each layer and this is the partial correlation coefficient, 
provided the regreasions of ti on t and of y on < are linear* If they are not strictly 
so, the partial correlation coefficient calculated according to the familiar formulae 
is at any rate an approximation to the coefficient calculated in the mariner 
described above. 

The ** projection^* interpretation is arrived at from the former when wo assume 
that layova are made thinner and thinner. Instead of making a projection within 
each layer wc make ono of all iiu U points on the u, v plane. But the projection 
is no more perpendicular to this plane. It is made in such a manner that the 
coovdinaicH of each projected point arc Ui — Vit Vi — Vi where and % are values 
obtained from regression equatiousf on t If we assume those equations to be 
linear, we again get the classical formula (Tup - ^ (1 (1 ~ rV) equivalent 

to tho simple correlation coefficient calculated for the projected points. If t is a 
discrete variable and the layers arc made so thin as to comprise only one value of 
i, tho "layer** and tho “projection** interpretations are identical. 

§8. Now wo can analyse the special case of Tho distribution of the 
Vit Oaii (f^'i points is very peculiar indeed. Assume that cc and y are continuous 
variables, i,e. they can take any given value within tho field of variation. Cxt on 
the other hand, can take only special values. Moreover, is a definite function 
of viz. 

a. =/.[!] + 1 ih), 

\Yhei’u [«] means fclio largest iiiloger smaller than z, and k is the class-interval. 

l^nr this reason all y{, C*e, a?i points must bo situated on plane “stripes” 
parallel to the a-, y piano, liach "stripe” is bounded by two parallel straight lines 
which are dotorminod as follows: 

Ox~0(gi'i and >'c = Cu; — ^/i. 

Tlic "layer" interpretation fails in this cose completely. As a matter of fact it is 
only natural to take ®-laycra identical with its class-intervals. Then within each 

» This Itintl of avomgo resembles whiif Irving Fisher terms “aggregetie average." In our ease, 
ilonoting with Hh anil the arithmetic averages ol ti and r for tho layer k, we have 

SS («,-%) 

ki ^ 

t In goiieral, lliese oquations nootl not be perfetlly tulfllloil. 
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layer all poiutH will 1!*^ on a Hlnvi^ht lifio |uirullel to the ,y-uxiH, Thin iiioaim that 
the covreUaion eocflkieut for u layi‘.r Iku^oum'h imdifmiLu and m is the tiartial 
congelation coollieiont etdculated ueconling lo Uic "layer*' inUjtpretiition. 

We wonld ohuin thv^ mm reHv\lt from the "pn^jeclKm’* interpretiUieu if we 
aflRumed tliut the valiicH of arc detenu ii led fnnn e<jUaiiou (/d» whiidi is r<?filly 
the (ume. Hy Oxi meant the value of O^i olitaimsl frnin a r<«gi'e.HHion rspiution. 

It Heems that the only way to get for a delinite value is to siart from the 
projection” iuterpvclatiou aud to uttauuut 

- 

cr^ 

when! Jl/jt )ii«l Me, ihitiole Ihe urithiiieue averngeH of .i- luid 0, i'OH|ieolively. As 
wo ftUled, oflch j/j, Cxt.ori iioinl must lie ou a ''.Hliijx!'' conliiriniii}' lu the (lescrip- 
lion given ulx>ve, More pavtituilavly, fuv a given a;; nil i««uIh lie ou iv Hlmighl line 
which is defined by cc^n'i, «« deUu’miiied from ((>}. Such a slmighl lino 

is, of course, eifcuaied ou a given "stiiite" mul iMirallel to its bouiidarieH. Wliafc will 
be the projection of the points lying on such u line, on tlii! »/, O, plaiiu Tho 
projcctionfl will have a common G* coordiimlo wnml to CVi-Cf,.-, when! (?„• is 
determined from (o), and y's (xpial lo - where ?/,■ is IoiiikI from the regression 
equation of y on x. As takes dilTerorit vuliu's* the projecUid jroiiils will 

nob lie on one straight line parallel to tho y-iixis (as in the .“layer” inler[irelation 
easel. If V Ifl nob a onc'Ynlucd function of a;, tho projoctwl alwvj will nob lie 
on one straight line parallel to the C‘,-axis i««l, eonHcqrventlyi xpyp, will take a 
definite value. If tho regression of y and x is strictly linear, tho mutlioinatieal 
expectation of for each (7ri — 6'ii is zero and therefore grPjo, will (((jiml zero, 

If the regression is only “pmctically’’ linear, as is iwsiiuK'd hy Pearson, erpration (a) 
still will give a good approximation. 

Tho conclusion is that (iv) is true provided the regression of y on a; is linear, 
This is a sufficionb condition but not absolutely necassary. We can fanuy cases 
where the regression in question is not strictly linear and yet xpno,^^- 


|4, Tho derivation of (viii) is sitnilav’, namely, PearHon assmncH that tho 
coiTelation of O'* and 0^ for a constant y is zero and, aecordiugly, 


VPOtOg 


^'0,ay~'1'vVx^y0, 


vat 0 


00. 


In order to oxamiuo tho vivlidiby of (cl) wo shall start from the “p>rojocti()n" iiilor' 
pyotatvon and asaumo that U^c anti 0j,( arc dolorminod from equations analogous 
to (o). 


The distribution of tho O*,-, 0„j, y,- pointe in space is still moro peculiar than 
in the foregoing case. Each point lies on a rectilinear segment jjarallel to the 
j/-axi8 and limited by two points, having tho coordinates 0*=G*i; 0»^0yr, 

* It ,T is ft oontinvous Yftviftbto C„j - C,j is also ono. Foi yawticftl purncscs we iwvy asaumo, howovov , 
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y- ± P (supposing the class-intervals of x and of y to be the same). For a 
given Cyi all such segments lie on a plane “stripe^’ analogous to those described in 
the preceding paragmph. Tho difference is that in the former case the points lay 
distribiitotl more or less evenly throughout the stripe while in the present one they 
can occupy only dobci’inined positions on rectilinear segments parallel to the 
2 /-axis. 

Correspondingly the projection of the Oyi, yi points on the 0^, plane 
will differ from that of the former case. Let us denote, for the sake of simplicity, 


- Oyi - dyi == Gyi - Mq^ - VyO^ — ^ (j/( - My) {o\ 

(Ty 

Ma^-ryo^~^{yi‘-^My) (/), 

from wliich follows 

w 


{g) is evidently linear with respect to w. For the whole stripe we have a constant 
Cy and for each segment within a stripe a constant Gx* Therefore the projection 
of tho segments of a stripe will bo a set of segments parallel to each other and 
having the same field of variation of u (because the field of variation of y is the 
same for all segments, viz, from Gy-lh to Oy + ih). As VyOy is positive and near 
to UJiity, the angular coefficients of tho projected segments will depend mainly 
on Vyo^, 
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Charfc 1. DigSribuUoJi of observations from n, numerloftl exampJe. 

Data projected according to equations (<j) and (/), The dots on this chart do not number 75* ns they 
should, because some of thorn ropresenb sovoral observations. 
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On (he Valhiit}/ of a certain I^eareon’s Formula 


All RugmwitH of our Oifilribniioii will also givi; a hoI of jinrallol Hoginents*, but 
the segmentH takon fr()ni dilTiTtuit afrija-a will havo Ikikls of variation of « of the 
same longtli, bo bo euro, yot eomowliufc Hliiftctl — Hiippowj both and y,- in (e) 


iiicroaHi! by h, tlum lu will inerwrao by k - /'„ey • 


What will be the correlation calculated for th<! projected tlifitributioji? Otf-hand 
wo cannot aay anything. If the points wore dintributed evenly in each segment, 
the correlation would suredy follow the sign of 7'yc^, the absolute value of p 
approaching zero ns the uiunber of segments for each 0„ would increase. But the 
promise given above is not general; indeed, if we really have to do with "broad 
categories,” we might expect, that the correlation britween y imd 0, will be 
oUservable alreatly within given y-intorvals, i,e, for a given C'y. The coefficient of 
correlation for the. points thus projected is evidently 


This ennuot bo zero e.xcopt when 
or 


~ '/'i 

rVCi" 0 


’Vfllr 


'uOf 


0 


(h). 


(j). 

.(*). 


Thus wo arc brought back to our starting point, (k) is clearly cipiivtdonfc to (viii). 
Thoreforo wc see that Pom-son's contention (viii) cannot bo generally proved in an 
analytical way. In the best case wo can regard (viii) as an approximation of 
unknown precision. The application of the reasoning used at tho end of is here 
impossible us the regression of (7* on y will woi, in general, bo strictly linear; 
consequently, the mathematical expectation of Ond-dxi for a given Oyi-Gyi will 
not necessarily equal f.cio. Eapjccially, if some observations are distributed in such 
a manner that in a certain number of y-rows one coll only is filled in each, tho 
aforesaid mathematical oxpcctaticm cannot bo generally zero. In such cases the 
sign of {h) will surely follow that of 

Tho above conclusions cun also bo derived from a discussion of (k). If tlie 
distribution is strch as jjisb described ro^ot should nearly equal OiJ the other 
hand, we may expect that in such cases tho classification is really done in "broad 
categories,'' thus tho value of Vyc^ will bo comparatively small and tho left-hand 
side of (k) will be ]) 08 itive instead of zero. Wo may also resort to tho graphic 
presentation given in Chart 3. Suppose in some y-rows ono cel! only is filled in 
each, tlicn this will bo surely that cell through which passes tho lino of regression 
of Ox, on y, this regression being asanmod linear. Tho poiata of this cell, when 
projected, will lie on a sogment passing near to tho (0, 0) pminfc. If the bulk of the 


* Sitoh a projection is shown In Chart 1. It can bo clearly scon that tho projected points form 
fh set of pnnvllol segments. (Siucly any veasoiiablo teat for ontUorfi would throw out the ftvo points to the 
left and tho single point to tho right of Chart 1 ? B)).] 
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observations belongs to such cells we shall have a picture like that in Chart 2— 
viz. a great mass of points situated on a narrow stripe passing near to the origin 
of the system. Those points will clearly contribute to produce a correlation coeffi- 
cient of large numerical value and of the sign of ro^Ox- Ifi on the other hand, the 
majority of points belong to other cells, their projections will give a picture of the 
scattered points in Chart 2, those points contributing to lower the numerical 
value of 



Chart 2, Distvibution of observations from the numorioal example, Original data. 

It should also be noticed that our conclusions would be unchanged if instead of 
(e) we simply took = Oyi— yt. 

§6. To sum up; Peai'son’s formulae (viii) and (ix) are not generally true, and 
their degree of approximation is unknown. How serious blunders can arise, in 
extreme cases, from their application, the following example will show: 
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Oft the VulidUj/ of a certain Pearmn's Formula 

Nime}'ir,al Ea’amiile. W(i will Htudy the distribution of rural districts in a 
ceiiuin Polish county according to the number of dwcdling houses {Stutidiqm de 
la Pologne piiblit'ic par rOdice Centiul do Statiatiquo de la U 6 p. Polonaise, S 6 rio 
H, fnsc. K -b, pp. 11 — 12 . Arrondisaeincnt do Chodziez, cominiinos rmales, Noiubre 
d(* IwUinmiils d’hahitation). tr-dala from 1321 consus.'y-dala from 1931 conHUS. 'i’ho 
original data are given in the table below : 


.r 


.r 

1/ 

X 

.V 

X 

!/ 

X 



22 

5 

0 

33 

30 

11) 

17 

36 

35 

41 

42 

50 

57 

02 

61 

40 

40 

30 

31 

r>2 

50 

41 

44 

41 

42 

28 

28 

21 

26 

m 

30 

00 

70 

8 

0 

83 

82 

31 

33 

24 

24 

13 

13 

37 

32 

73 

70 

114 

135 

Ba 

»4 

18 

IB 

120 

134 

54 

51 

30 

31 

34 

30 

20 

2(» 

34 

31 

55 

57 

105 

118 

20 

22 

« 

0 

26 

27 

4(i i 

50 

13 

13 

37 

41 

20 

20 

32 

27 

30 1 

33 

70 

72 

20 

IH 

2H 

30 

176 

172 

40 

50 

33 

32 

10 

0 

8 

8 

44 

43 

105 

107 

56 

56 

m 

05 

no 

54 ' 

57 

00 

Ui) 

OH 

24 

23 

51 

52 

01 

50 

6 

0 

50 

47 

125 

122 

32 

32 

165 

171) 

43 

41 

24 

21 

62 

80 

123 

no 

10 

10 

47 

42 

20 

20 

21 

21 


The data are ako charted and given in graphic form (Chart 2 ), The crosa-clasaifica- 
tion haa boon oxocuted in intervals of twenty houses, including tho upper class-limit. 
The figurea given in tho graph arc the frequencies in the aoverni colk. 


The values of tho parameters of tho distribution aro: 



X 

Cx 

?/ 

Oy 

Arithmoticj average M 

47’93 

48T0 

48-7I 

48'63 

Standard deviation cr 

36-92 

36-6C 

37*46 

36*84 

i\r»75, ^sri/ 


r*(7, = ‘987l. 

=.*9877, 

r„c, = ‘9810. 


All r’s ore computed directly, i,c. making no uso of tho (pioLed Pearson’s formulae. 
Now in tho light of this example we slmll tost tho validity both of the formulae 
mentioned and of tho limitations wo suggested. The particular oxamplo we chose 
seems to bo well adapted for this purpose. 

Mx and Mox differ widely, so formula (i) cannot bo expected to give good results. 
Indeed, r'xp^’* actually comes out greater than 11 On tho other hand, tho 
difforonce between M,, and is rather slight and correspondingly r'yOy = ‘9837, 
which is nob far from tho value calculated directly, 

As tho regression of 3 / oi) ® is very nearly linear, form (iv) should give correct 
results. As a matter of fact, I'yOxh'xOx = '9938. This discrepancy between this value 

' Wo donota 1)7 r' those cooOlcienta whioh are onloulatcd indirectly, i.e. ty tncans of Pearson’s 
fotmuloB. 
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and the one given above ia within the margin of error due to rounding off 
decimals, 


Hocausc of the existence of many i/-row8 containing only one cell that is not 
empty, fortnulao (viii) and (ix) must register failures. Thus xpoyOic instead of zero 
equals -OSe, royOxIinox^vOy) > 1 1 which happens to he in the 

right direction, but wo wonder whether one would not hesitate to use ^'’s greater 
than unity. 

Lastly, wo shall test Pearson’s formula (xv) devised for the case when, as 
usually, wc know very little about the distribution within class intervals. 


.jn - — 1 . 
^ vOz ^ 


_hl_ 


,(xv). 


where h is the ckssdnterval. Hero again VayOz}{'>'"(coz‘>'"yOy) > !• 

One might object that the differences between theory and application are so 
minute as not to deserve attention, but the corrections to crude coefficients as 
proposed by Pearson are themselves, in general, of a rather small order. 



ON THK (:OlilU<XmON8 FOR lUtOAI) CATEGOKIKH, BEING 
A NOTE ON ME WISNIEWSKI’S iMJCMOlK. 


Uv K. TEaUSON. 

1 PHOPosE to (liRciisfi Mr Wiiiiiiowjfki'fl criticism of my method of correcting for 
broud categories, by dealing fimt with the iiuinerical cxiuiiplo which he [irovidcs. 
I nmy slate that I consider that oxatnplc a very oxtremo one to test tlie accuracy 
of niy coiTCCtlons upon, and the reasons for this will appear in the coursu of iny 
analysis. 

Mr WiAniowsIci s data consist of the iiiiinher.s of inhahiUsl honaes in certain 
rural^ districts or arrontlisseinents in Poland at the date of two ccuisuhch. There is 
no district without a house, the lowest number being five, and the dislributioiiH 
at both cenauses are crowded into tijy ranges 5 to (10. Thus the frociuoiKjy distri- 
butions of the two variates aro both oxtromoly skew, we are. igmtraiit of where 
they start, and the sample consists of 76 rural districts only, so that the Htandard 
errors of the constants involved arc very large, and no allnwauco is made for any 
of theso peculiarities. I'hc cnao is, however, said to bo singularly snitahlo foi' 
testing iny formulae. 

In iablo I the actual data aro given, where I must remark lliat the groups 
of 20 houses arc iiicludojl in tho group 0 to 20, and the group 20 to ‘K) iloes not 
includo the 20 and does include tho 40 ami so on. 

Hence, if this discrete series is to be replaced by a continuous variate we must 
take our groups to bo 2()‘B to 40’6 and so on, Mr Wisniewski does not appear to 
notice that my formulae are deduced on tho assuinplion of conlinnom and not 
(liscroto variables. Even when we replace discrete by continuous variables the 
start of tho continuous variables is left in tho air. Now I show in my original 
paper that my correction for the correlation cocfliciont reduces to Shuppard’s 
correction, when the sub-ranges arc all equal, as they aro in this ease (except tho 
doubtful first category) and when wo accept the hypothesis of Bhoppard, i.o. Ihut 
high cwtact at tlw^ iemimls of tho dislnbution holds. Now in Mr WiAniewski’a 
data thore is no high contact at the zero ends of the fret|ucncy distributions, but 
on the contrary groat abruptness. Ihmce tho standard deviations involved in tho 

value of the- correlation must bo corrected in a manner dillerent from that involved 
in taking 



a relation which depends on tho high contact hypothesis. It is overlooking this 

point winch loads him to obtain a corrected correlation coefficient slightly over 
unity, 
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l^ildiig ihc (lata as given in Table I and working with the 75 individual cases, 
I find, w being the horizontal and y the vortical variato, 

Means a? = 4.7 ’933,333, y ^ 43706,667, 

Standard Deviations 

or^ -- 35*91 4,466, o-y 37*454,959, 

rrodiict Moment Coefficient = 1336*353,777, 
providing the correlation coefBciont 

*993,442. 

Mr Wi.4nicwski gives the values 

5;^ 47*93, y = 4871, - 35*92, ay = 37*45, = *9934, 

which nearly agree with the above values, although they are taken to an inade- 
qtiato number of figures having regard to later work. 

Now the problem before us is to obtain these results, or results close fco them 
from a contracted table, i.e. one of broad categories, and so save the tedious process 
of dealing with Llio individual 75 entries in computing the coefficients. But the 
corrections for grouping observations together have hitherto been based on con- 
iinuiiy of the variates, except in those proposed by H. 0. Carver for grouping 
discrete variates*, and these fail in the present case, ns we shall see, precisely as 
Sheppard’s fail, and for the same reason— they disregard the abruptness. In order 
accordingly to correct the contracted tabic we are bound to suppose the frequencies 
represented on it result from the sampling of a continuous distribution. In the 
next place wc are at liberty to choose our grouping, and the safest grouping 
experience shows is that which starts close to the lowest observation in the data ; 
in this case 5, 5. Let us take our grouping accordingly in sub-ranges of 20 from 
4*6. Wc then reach Table IL 


TABLE II. 

o^-variato 











0)1 the Oorrectio)if) for Broad Oatcgoriea 

Tlic peculinr imture of the diatriljutioii upon wliicli Mr WiSniewski pri)i)0scs to 
lest my correutions will now bo obvious to llio reader. There is oxtrumo abnipt- 
iicas nt the low end of the range for both v(irial(!.s, and the usual, or iShoppard’s 
con’cctions, arc bound to fail. However, let us see how the results work out. We 
will take our working axes through I34-6, 34’6, and our working unit 20 houses. 
Summations being from working origin. We find 

7>ff*S'(ai») = .T673..‘)!«. ,S’ (y*) - imG.OOG, 

and VK-SfCicy) » 3-52, and =» 3'52 - T02<1, = 3'<H7(). 

Hence, innking no corrections, wo have 

= 3-470,933, = 3'444.267 , - xy « 3'417 6, 

1-803,044, o-„ « r«56,«74, cr*ffy== 3-457,575. 

Accordingly the crude uncorrcclcd r^y is given by 

30i (jxyl^x^y^ 988,438. 

Now Sheppard has shown that if the Hub*rnngca are eipial and sufiicioully sumll 
US compared with <Tg and <r„* and there is high contact at both ends for continuous 
variates, then f/jt,, requires no correction and I'j (sub-rango)* must bo subtracted 
from tr*® and o-y®. I have shown that under like couditioiw tny eluss index cor- 

/ /t® ~ / it® 

lections t'^Ox “nd t\ay reduce to y' 1 — , and v 1 “ jgg. 2 ' where h and k are 

the ffi anti y aub-rauges respectively. These load if the eoiidilions staled above 
be supposed to hold to precisely the same result as Shepiiard's corrections. 

Using Sheppard, wo find 

0 -* = 1-840,6433, <r„ « l-833,2860, ir, (r„ « 3-374,240, 

and accordingly 

Vxy ■= 3*4176/3‘374,240 = 1-012,85. 

Thus these corrections fail, and tho reason for failure lies not so inuoli in the fact 
that h is more than half o-*, as in tho absence of high contact at tlie stiirt of tho 
ranges of both « and y. Before wo turn to tho correction for abruptness, lot us see 
what Carver’s formulae will provide. 

Now if there be u disoroto values in the sub-range, Carver subtracts 


1 (l 


1 ^ \ 

i2v 

u®J 121 

406/ 


from tbo standard deviation squared, i.o. '0831,2600 instead of -0833,3333, like 
Sheppard. This gives us 

(r* = 1-840,6999, try « 1-833,3418, and <r«(ry== 3-374,4487. 

Thus the corrected = 3-4176/3-374,4487 = 1-012,78. 


* This ia certainly not lulfllled in t.ho preaent data. 
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We see again that the correlation is greater than unity, and with twenty 
discrete values in the sub-range Carver’s formula scarcely improves on Sheppard’s, 
which treats them as continuous. Thus the failure does not arise from treating 
discrete grouping as continuous. 

The .source of error clearly lies in neglecting the abruptness. Allowance for 
abruptness has been made by Pairman and Pearson* and pub into a convenient 
form by Sandonf, but possibly the best summary is that provided in Part II, 
p. cxciii of the Tables for Statisticians and Biometrioians, Assuming high contact 
at the end of the range and moments to be taken about the start, we have to 
correct the moans and the standard deviations of the two variates by the formulae 

H-i ==> n' “ ■= h' - 


whore 


ll,163ni - 12,666«s + 1 0.176«8 - 4f,586?i4 + 863n6 
60,480iV 

1,830% — 4,368% + 4,110% ~ IjOGZni + 380% 
60,480^7 ■ 


Hero 111, '>hi >*4 Uj are the first five sub-frequencies from the abrupt 
terminal, and N is the total frequency = 75 in our case. Noting, that for ai, 

-111 = 22, 112 = 23, %=14, % = 5, 'ns = 3, 

andthabofy, Wi = 21, % = 26, % = 13, % = 6, % = 3, 

wo find + •0172,9960, aiH2,»= -'0024,4797, 

+ '0070,6688, „H2,a= - '0066.7901. 

Accordingly, = 2'6 — '32 — '0172,9960 = 2T627,0040, 

«= 2'5 - '32 - '0070,5688 = 2'1729,4312. 

The corresponding values from the origin (2'6, 2'5) aro 

= - -8372,9960, = - -3270,6688, 

and accordingly the corrected is given by 

qxv--^S (xy) - X #1" = 3'52 - '1103,1616 = 3'4096,8386. 

Again 

*1/2 ' = tV <S («*) + 6 ^ + 6'26 = 3*6733,3333 - 1'60 + 6'25 = 8'2233,8333, 

*jua' “ 8-2233,3333 - 0833,3333 - (- '0024,4797) = 8'1424,4797. 

= W '-y* “ 8'1424,4797 - 4'6772,7302 = 3'4661,7495, 
and cTj, =s 1*8614,9804. 

Again 

^^Sii/) + 6 ^ + 6'26 = 3'6466,6667 - 1'60 + 0'26 = 8-1966, 6667. 

= 8-1966,6667 - '0833,3333 + '0066,7901 = 8'1190,1234, 

<r„* = - #1'* = 8-1190,1234 - 4'7216,8180 = 3'3973,3054, 

(Ty 1‘8431,8489» 


* BiometHka-t Vol, xih pp, 233, 289, 
f Biovietrika^ Vol, xvi. pp* 193—196. 
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and fchlB difft'in fnnn tho Irin* valiKs by •U00,!5S1. ]Cv(;n this might Imvo 

been got rid of hail a more elabonilo attempt boon inude to detorniino tin* probable 
start <)f Ibo marginal frcfjueucy distribntionM. 


Now lot na oxamino wliat Mr Wianiowaki baa dmi«. He bogina by iwauming 
that my clatB-marlrs (?* and f*„ are the mid|a*inlH of tlm Hub-rnngea. On the very 
first page of my memoir, I start by saying lliat I am going to tak<i the mean ie, of 
the group of intlivitlualH in tins «th class as my cInHS-inurk. I then piwcod later 
in the memoir to discuss the conditions under which it is possible to loplaco blm 
Bummations involving x„ yt by corre.H|Kmding suminalioiiH of the jnidpoints m,, j/t 
of the Bub-rnngos as clasa-marks. Mr Wisniewski pays tio attention to ibeso 
conditions, never enriiiiring wbetbor they are salislied or not, and llms rcmclies 
corrected values of the corrclalinn which exceed unity, which they may oiusily do 
im the uncorrcctcd correlation of his snitablo caso is already dlBH and ovtir. I can 
only think that he has not nwl, or if ho has done, not understood lluj imuwiing 
of my memoir. On pp, 120 and 128 it is slated that the vanisliing of certain 
summations depends upon high contact at the terminals or on the truth of Shep- 
pard’s hypothoais. When this hypttthosia does not hold, then, ns is w(dl known, 
corrections have to bo made for "abruptness.” 

It 18 idlo to say how umiHahlo these formulae are if w(‘ take as an illustration 
a case expressly excluded by the author of them. But iu these oxcludeil cases, 
if proper correctiona arc made for th(j incaiiH and slandard dciviations, we find that 
the short table gives a result close to the trm; value obtained from the full data. 

Mr Wiiaiewald never tells us what he means by a " class-mark.” I nntlcrstnnd by 
it a berm which is common to every individual in a broad category, and any <piantity 
may bo used as the class-mark which is constant for every member in the group. 
Thus the mean x of the group may bo used, or the miil-poitib of the sub-range, or 
the median of the values of « in the sub-rango. I start itiy (lisciusHinu by saying I will 
take the first of these as convenient, but pass on in the course of tho paper to consider 
the conditions under which wo may nso other values to represent the " class-mark." 

I now come to the criticism of my forrmilao and the degree of their approxi- 
mation, using of course the value of (?« for which they are cHtablishod, 

In tho fimt place, let us cousidor Formula (i) of tho previous memoir 






(i). 


Let ® and C» (=> ®,) bo measured from tho mean of tho variate x, and let n, bo 
tho frequency in tho stb class, Z a summation within tho class, and S a summation 
for all classes. Then by definition 

Ntr^crg^ N<r„<Toj, o’kO'ox o-jO-o, <r* ' 
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The formula is thus absolutely true and not approximative at all, and Mr Wi^- 
nlowaki’s remark '*It is sure that Karl Pearson was aware of the approximative 
cliaracter of this formula (i) '' appears somewhat wide of the mark. 

Let us turn now to a second formula for the partial correlation of 

Oa! “ 9. 

Mr Wisniewski gives a somewJmfc lengthy diacuegion of the meaning of a partial 
correlation coefficient*, I should interpret the lelationship here with discrete (g 
and y to be as follows : If we pick out for a given co all the correspouditig t/’s and s, 
then the product moment S (y ~y®) — (5{c)ar=cmiBt.) must vanish. This it clearly 

docs. For Ox is a constant when on is constant, and S {y) = both factors of the 
product being independent for constant x. There is accordingly, in my mind, no 
doubt of the absolute truth of 

In the same manner 

is absolutely true, for the correlation of two constant quantities is zero. The 
question then arises as to how far we may replace these partial correlation co- 
efficients by the customary expansion formulae for linear regression. This is 
discussed at considerable length in my memoir, and involves the relationship 
between tho three following summations 


whore n,i is the frequency in bhe na cell, i.c. that common to the sth column and 
<th row, X,, yt am the midpoints of the sth column and ith row, and ®„ are the 
means of the ic-constants of the sth column and of the y-consbants of bhe <bh row, 
namely, they are what I term on the fijst page of my memoir €)> and Cy, the class 
indices. 

On p. 123, the fundamental equation (xvii) is reached, namely t, 


S 




\N <r* erj 


or, in our present notation, 




*’*(/ ~ 




.(xvii), 


I'Oxa, 






^ (xvii bis), 


(Tx (Ty 


which amounts to saying 
when that partial correlation coefficient is expressed in the ordinary linear form}, 


m^'OxOf ~ ^ 


* As far as I can follow Mr WWnlewski, Ue is only indioatinfl: the difforsnoo long reaognised by 
biometnoittna lotwcon < singular ’ and ‘ plural * partial cori'fllations. 

AU qacmtiticfi arc for the remainder of this note to be measured from the means of the <» and y 
vfiriates. t See footnote p. 118 oi my momoir, 
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;(';n Onlhr (’mrtt'linmfm' Hrmul ('nlnjarirH 

I5nt iir*’ r-n'lihoft*. nmli r witi. ji /„!?) will h,, ^ 

r^MV- aj.j.roxiniati-it I- t»i«' lni>- r. ^lis ^ 

Tii<' *»>»;!' '“H' t ! .*! Ih^sU . ii<l mI ||i(< t„i!i| 

),*•, t ill whirli Ilf ,SlM’|ti»:ir»l «-ri. ,itf ivj. .juul*<. 'I’hii tMiiditioii 

hm Ih .'Ii »’iUtri-ly « -t iii»t( <1 liy \ViNi.ii'w?.ki, mill In* tw a 

suiUliln rtniii|'l«' a «!'* f f*’ al>r)iiiti(. ^« r.f « liixli .mliir fil. i.ik- ti-nnimil 

wrWh jlit..r.iiia.yili‘<fnlm!i"ii..' 

(iij In isvii/'iii wt' lia\i' intwIaTc atf.iiiiKil (liat ill*’ of (/, 

..r f'j, ».o j- ••TV an* lini-ir. IV ri'^ffwioii of x on (.« (tiid r>f y oil iiro a ficriim 
..jf '>11 ’iv' liii'‘». 'I’fii' ro^^riwioiiH '-f (\ au'l on x nini y r.'-jH'olivoly an; 
f? 4 !ncA)M-i, lint iiiiil|ii'Miin of Uii' in-.vln lioing on W ajuiroaohiii^i more anil 
oo»r«< iirxrly l>' snli-rn«xi ii h ami k aro r«‘iln( < il llul those iln 

fo.j f„r roin orti im*. Tiio only awni(i|(i ion i.f I inttilo i« that 

»f 4 r on y boo loji of I* 12:i of iny imanoir). Uy tho iiatnro .<f lhni>»s ihis niiml he 
rt-fw ly hiHilhd in ^li" WistiiottphrH oxaiiiiili*. 

iM»> I"s liar*,* any olln r iimih' in ih'>hiriiij^ (xvii /nsf)t Vc*!, inn* that 

S 9 a«inn no' o forml I" hy Mr Wi'iniowitld, ( j.vii />i»| m a n-iy a|i|iroxiniale foniiula, 
Jnii II ih’i« nils on (‘“irlh onh’i" I'mi" ls'in),( n«*j{hKihh‘ 11.1 foii(|H»n'i| with Mocoinl 
onh r !!«’nii!*. ‘I'lw l^'fin in ini' iilioii i« 

S' f— '''*1 ■" “'"i\ 

57 it V.V n, Ilf /' 

KYahintiiiK this U^riii iiiiini’rically far Mr Wisniowslit’a ilatti, we fmii ilmt it 
ajnoiiiit<» aiii*rr»*iiTiiil«b* <•*' ’flWIS, or will only infhii-iico iho fourth ilciiinial {iIikh! 
in the iMnelnlinii ciKiflicieiit, whih* the Sl»'|jjnml corr<rlioiiH will niiHlify the socontl 
«(iffirual jrlacc. Awnliiigly w»i> inay coimiHer tmr iwiilta to Imi Miiniciciitly n])|)roxi- 
male, if we iirjjUwl ihii fourth nrth'r l*’rtii in this oxainiih' im «n^/{if«teil on j>, 122 
of lh»’ momnir. 

U fallows that lh« ri'iwm for Mr Wisniewski's ifeiiinjj eorreclioim ivhich raise 
the eomfrUtl C'ltTelnlh'U unity lies in his ovorliMiking the coinlititin (i) of 
Dp|4y|tig the fornitila fxviitw), namely, ihnl there niimt he high eoiiUiet at both 
lerminala of the margiiml Uilak When the |ir(i|»T eoririaionn for aliriintmiiHi are 
made in ihe means mnl sUndaiil diivinUons, then the eoeflteieiit of eorndutinn dims 
nitJ oxm'd iinily. hut nn thu contrary is cIoho (o the vnliui ohtained hy tho long 
procitssai 

It may Is* «« "''''1 rtiialiiMi of (xvii) to the ehisrdy apiiroxiinato 
foriiuiltt 

..(xvin). 


• B*«inA in M l«r M llie lire! **1 iiroviilw nnoilier cnsjr iiro'it of (i). We Iwve : .Mean vahio of -r for 

s iipiwi f* »»<;, (Mil ii alM "I'’®® renriHislon w lliiear.!£^txf;^. Acwmliimli’ >•*?* luvwl equal 
n fVf 
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Both formulne follow at once, if we assume linear i-ogressions to hold for all the 
variables w, y, C^, Gy. But those not being all linear, my memoir discusses the 
hypotheses under which they Avill hold with a very considerable degree of approxi- 
mation, namely, (i) high contact, (ii) the regressions of x and y linear, and (iii) the 
product and 8<juares of •'O negligible as compared with those 

quantities tlieinsolves. Under these conditions, (xviii) will now bo shown to be an 
appvoxivnafce as (xvii his). 

Starting from (xvii) and using the approximate expressions x, and yi in terms 
of®, and yi on p, 119 of my memoir, we can at once write it in the form 
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In tiho second sinnmabion we may replace aa^ by <7^, for 
and the neglected in a turn of the fourth order. Accordingly the 

third summation is negligible, and even in Mr Wisniewski*s case only contributes 
roughly 'OOOr? to the right-hand side of the equation. 

Now consider the first summation, keeping t constant or sticking to a definite y, 
mean a) for a given yt = 3ff^y but if a? and y have linear regression, then 

^1/ 

and tlie first summation becomes 




'1 + ^^, 


> 1 


If there be high contact at the terminals, and in this case only, the firat sum- 
mation vanishes, and the second and thii-d equal unity. Accordingly, neglecting as 
before terms of the fourth order of small quantities, the first summation becomes 


1 /c* 

which is equal to 

12 tr/ V '^12 o-»® 12 cr/ ff, 

21-2 
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to our (lej(r()« oi' approximation. TIhia 



orifinRil)*, nwr«fl,=ivo,, 

which nro to be proved. In other words, with our ttflRnin[)tioii« wo gob the two 
relations 

^VOx-l'zid'xCt “'I'J 

as close approximations; these relations are those of linear regression singular 
partial correlation cdelflcieiits. 

Tho conditions of these results holding are stated in my original momoir, the 
most important one being tliul of liigh terndiial contacts, which has boon ontij-ely 
overlooked by Mr Wisniewski. It bus long been known that with very high cor- 
relations I'xOf and may occasionally over correct. But in almost every case 
where they do so, it will be seen, or it may b(! simpeclod, that there is ahrupliiess 
at some one or other terminal which must be allowed for. Wo have shown how this 
may be done in the example selected ns an illustration of failure by Mr Wisniewski. 
I have, however, to thank him for his paper, becausi! it him oimhlcd me to em- 
phasise again the conditions under whicli my formulne aro approximations, mid to 
indicate those formulne which are absolutely true. It seoins to rno on ro-rendiiig 
my memoir that I have clearly therein stated these points, hut if Mr Wiiiuicwski 
has nob grasped them, others may likewise fail to do so. I sliould welcome any 
alternative means of correction for broad categories when high contact fails, but 
more than twenty years' experience has shown me that the class index corrections 
give very reasonable results when high contact limits tho frequency distribution.' 
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Anglo-Saxon Skulls from Bidford-on-Avon 

1. Intmludion. Tins baiics wliicih ur‘! the .sulijiuH of tliiH conunniiicjilioii woiv, 
first bmiiglit to in Jiiiui 1921 (luiing tliu niiltinf» of n new isiud at Uidford- 
on Avon, Warwu-kshiic!. In tlio courHU of this work a nuinbiu* of Hkobiloiia wcao 
disiiiturrod aloiif' with various artifdos which iinlicnlcd the aiU‘, of an Anglo-Bnxoii 
(functor)’. iSulwe(|U(!ntly it was rovciilcd that the culLinj' for the road travursod 
an (‘xtciiHivo i‘('incl(‘i'y, Init in 1921 Iho cireninstancoH wore hhcIj that no acenrato 
note was jn’CHcrvod «f tho {awitiojj of llio various j^mves. *l'lio »)i»all nnnjbor of 
boruis avuiiablc as the result of this initial discovery wens nniroly colloclod t(»gcllu’i’, 
many broken in the ctairse (»f the dij'ging, and, siiau! Lius relation of tlie limb and 
other bones to the skulls wns not deUH’tnined, the exact niiuiber of fjraves opened 
during 1921 cannot b(! accurately known. 

Arrangoments wore made, howevta-, for a controlled excavation of the site, 
which WAS carried out during the following smiimtaH of 1922 and l!)2!l. Details of 
the methods and course of tho excavations, with a discussirm of the site, its relation 
to other Anglo-Saxon cometerics and of the evidtnice which suggests that the 
Bidford Cemetery is to bo assigiK'd to the early part of the sixth eentury, are to 
bo found in two |mblioations in Arckiuiidugia* by Mr John Iluniplireys and liis 
colUvbovatovs in the \v>>rk of excavation, 'I’he livst of these pajwrs includes a map 
of Bidford showing the exact site of tho cemetery which is thus deserila'd ; “The 
excavation took place on a situ at the back of the High Street, on the north si<Ie, 
in a gravel platoaii about 100 yards from the present hank of the river Avon, 
160 yards from the Roman Rycknild Street, and 200 yards from tin; old ford, 
which lies to the east of the church, The site is on the extreme wesbirii border of 
Warwickshire, wit)»in a mile of the Woi'castei’shire boundary,” Tljoru ar<i also 
plans of the cemetery, a table giving details of tho individual gravi:s and of 
the grave furniture found with each interment, and three oxcelicnt photographs 
of skeletons and grave fiirnitnro in situ. Tho paper.s in Archaeoluffia arc mainly 
<iecupied with a detailed and splendidly illustnvted description of tlie archaeological 
material provided in abundance by the excavations; and we cannot do better, for 
the purpose of linking the archaeological to tho atithrojjoiogical side of the discovery, 
than quote the paragraph in which the («ithor,s Hummed up tho results of their 
detailed work. 

" The evidence brought to light at 111(160x1, judging by tho size of the graveyard 
already explored, the number of Imdies, and tlus wiudlh and variety of the grave 
fnrnituve, suggests a much earlier sottlement in tho heart of Uni Midlands than 
has generally been admitted, and the great number of crtunatioii buriala docs not 
agree with tho theory that the proportion of cremation buritds ducroa.ses the 
further tho settlements advanced up the valleys of the Thames and its trilnitnries, 
Tlie materials show so strong a resemblance to those found in the Anglo-Saxon 
settlements in the Tliamcs valley and its head-waters, that we are forced to 
conclude that tho West Saxons, after penetrating the Cotswolds, descended into 

* “An Anglo-Saxon Cemotory ufc Bid ford- on -Avon, WuvwKjkftbirc,” l»y Humphreys, J*, Hylsml* 
J. Wm Barnard, E. A. B., Wcllstood, F. C., and Burnell, T. G. fohi/mf, 1921, i.xxuu 

“ Second Boport on tho FxcavatlonB.” /dew, ibid, 1926, i.xxjv, 
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lliti Avon valley, and established themselves on the north bank of the river Avon 
at Bidford quite early in the sixth century.’* 

** Notes on the Cranial and other Skeletal Characters** have already been 
published as Appendices to the general accounts in Ardmologia^ and the purpose 
of the present paper is to provide data and measurements which may be of use to 
those who may in the future essay the task of surveying all Anglo-Saxon remains 
discovered in England and cooi'dinnting the scattered evidence of the physical 
features and interrelations of the* various groups in different parts of the country*. 

Acknowledgments of support by the Society of Antiquarians, the Birmingham 
Amhaeological Society, and the University of Birmingham, and also to those who 
personally assisted the work, by giving help at Bidford, by contributions to the 
Excavation Fund, or by assistance in amhaeological matters, have already been 
made in detail in the papers in Arohaeologia 

2. Nxmher of Interments, A perusal of the two papers in Arohaeologid makes 
it obvious that the Bidford Cemeteiy, from the archaeological point of view, must 
take an important place in the list of Anglo-Saxon discoveries. A preliminary 
statement of the numbers of skeletons which it has yielded will show that it is 
ocpuiliy important in its anthropological aspect, In the table that follows, the 
probable ago and sex distribution of the better-preserved remains are indicated; 
fclio number of interments represented by fragmentary bones only and the number 
of urns found are also stated. 


Bidford-on-Avon ( 1921 - 22 - 28 ). 
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^ Contour ttaolugs of six (SJ ot the Bidfoid slfulla have already hm\ published by Professor F, C, 
PavaouB^ «* Ao(^lo«Saxon Skull Contours,*’ iioyat Anthrop. l7istUiUef Occtmonal Popprs, No, 9, 192S. 
'rmciugs of twolvQ (12) others avo available in the Uibrnry of the Department of Anatomy, Dnivorslly of 
Birminglmm. All thfise are indioated in the table of individual measurements. Tables of measure- 
iiioiits of tit a limb bones aro also available In the Pajpartraent of Anatomy, University of Birminghani, 
[The contour tmciiiga referred to above are ot no service for comparison ^Yith the long series ol contours 
publifihed in Biometvika^ as the former are dhpto{fra 2 >hia^ and scare not true contours, i.e, plane sections 
of the skull. Bo.] 
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Tlu! totiil iiumbur of inlurmuntH iiiu;ov«ic(l during llu; (.‘XOnviilioiiH of 1!)22 uiul 
iui (loturijiiiiffl liy lliu discfivury of woll-prtwrvrd skololmiH, of fmgiiitintiu')' 
boiiCH, and of uniH, waa 22(1, Tbo grand loliil of H7H iu reuobod l)y adding S'l for 
the number of interments represented by tha boin-H which were erdleeied in U)21 *, 
during tbe eulting of tbc mud wiiieh led to the diaeovery of the eenietcry, and 
120 for the mininuun number of urns discovered in frugmeiilary eoiulition tbmugh" 
out the [leriod of tlie cxcavatioim. Tim number assigned to skeletons di.scovered in 
1921 is also a minimum figure, sinee no record of the position (»f each skeleton 
was made and the bones wore ndxrsl ; so that it bas not been possible t<i assemble 
the skedetons with any certainty. The niimboi' is in fact derived fr<im the minimum 
number of individuals determined frmn tbo sktdla and mandibloB alone, und ngreefl 
fairly well with the extent of tbo urea exeavalcd ami the average spacing of inter- 
inonta determined in Ibc controlled area in l!)22--2!b The total number of 
interinentH excavated in 1022~-2;i, which yirdded uilult boiicH in a reasonably 
fit alato for accurate nkserviitions and measiirenumls, was about 4.1. 

3. f-lexing of Hones, The sexing of Um bones bus presented the usual diflicnlty, 
from the purely oBltudogical of view, of tlu! residuum of doubtful speeitnous. 
Where wliolo skeletons have been pixwrved tbe pelvic botU's have been taken as 
the moat truatworthy indicators, and tbo information Ihiis obtained of tbo range 
of variation of the other bones in skeletons of practically curtuiu sox hms been 
used to guide tho decision where pelvic bones wore not available. It )i«s indeed 
been found that secondary sex characters am very well umrked, A furtluu' and 
valuable check baa been utilised in the ebnractcr ol’ the grave furnitunj whore 
recoidcd, and tbia evidence alone law been taken for tbo i)urpM.si.! of tho tidilo in 
a number of inatancea. In no instance has there been serious emillicl between the 
archaeological data and tho oateologicul indicatious ; the pioportiou of tbe sexes 
shown in the table may therefore bo taken as apimtxiimitely correct. A number 
which remain doubtful are indicated as auch in tbo tables, but a aex diagnosis 
has been supplied for the doubtful skulls of which tneusuremeiUs could bo taken. 

4. Age Distnbidton. The systoin that bus been adopted i» to place tbe adults 
in gi’oupa according to itidicationa supplied principally by the wearing of tbe teeth 
and tho state of the ciuiiia! sutures, nml to group tin.! younger slcolotons arouml 
tho ages 0, 12 and 20, according to the state of lliti (U'uption of tbo teeth and the 
condition of the epiphysial juncliona, Ileyoiid a curtain point tho duterininution 
of ago must naturally bo approximnlo only. Tbo eruption of tho loolli und tho 
condition of tho opipliysea are fcrustwortlty guides up to nmturity, but beyond that 
point only a rough grouping is possible. It is in any case pn)babl (5 lluit, on the 
average, age changes would bo earlier and more pronounced than In tbo skeletons 
of modern people. Tho largest number of .skeletons is found in tho " Mature " 
class— fully adult with moderate wearing of tbo teeth and still open cranial 
sutures, The ‘‘Matured” class includes those that show coinmoncing signs of 

♦ The skulls discovered in 1821 iwc designated by loiters in the Appendix Tables; llioso fouud in 1822 
and 1928 by numbetiB, 



J. C. Brash and M. Yound 


377 


ageing Biicli as the closure of the cranial sutures associated with increased wear 
and loss of teeth ; and those in which these signs are unequivocal are placed in 
the “ Old” class, which includes a fair pi'oportion of the whole. 

T-he youngest skeleton is that of an infant of about nine months. It is not 
possible to say what the extreme range of age may have been, but we may assume 
that most of the “ Mature ” and the Matui’e + ” classes would be between 26 and 
40. Although the majority fall into these two classes, it is obvious that there is 
a considerable proportion of young persons and an appreciable number of old. 

Apart from all other evidence, the conclusion that is inevitable, from a con- 
sideration of the total number of individuals represented and their age and sex 
distribution, is that we are dealing here with the burial place of a community; 
But in the absence of evidence of the length of time during which the cemetery 
wos used and of knowledge of tho probable death-rate, it is not possible to estimate 
and hazardous to speculate about the size of tho community of which it was 
undoubtedly the burial place. 

6. The Mode of Burial and the Depth of the Braves, In rhost of the burials 
it was possible to determine tho position in which the body had been interred. 
In tho majority the grave had been made sufficiently long to allow the body to be 
placed in it at full length, but in some the skull was found to bo pressed down 
upon tho trunk and the foot bones lay alongside the bones of the leg ns if the 
body had been pressed into a grave too short for it. There appears to have been 
no exception to tho rule that tho bodies were buried lying on the back, sometimes 
with an inclination to the left side. The skull was usually found inclined to the 
left, though in not a few it was turned to the right. In a considerable number 
tho legs had boon crossed at the ankles, generally the right over the left ; and 
in the male burials certainly the position of tho arras was fairly constant. The 
right arm was found to be bent at the elbow, the band usually folded over the 
chest, but in some skeletons resting on the right shoulder with the elbow fully 
fioxed. The left arm, in contrast, was usually found extended by the side, the hand 
in some instances resting on the left thigh or , on the lower part of the trunk. 
The different attitude of the two arms is to he explained by the presence of the 
spear on tho right side, tho right arm being naturally folded over it to retain it in 
position. It is oven probable, when the right hand was found to be in the vicinity 
of tho right Hhouldor, that tho spear had actually been placed in the grasp of the 
hand. {Archaeologia, 1924, Figs. 2 and 3.) 

The average depth of burial was found to be about 3 ft., the minimum being 
2 ft. and the maximum 6 ft. 

6, Onentation of the Ch'aves. Full details of the orientation of the interments 
are to be found in the Arohaeologia publications and in the maps accompanying 
them. Here it need only be mentioned that some 70 % of the bodies were found 
with their feet pointing between N.W. and N.E., and that the direction between 
S. and N.W. appeared to have been carefully avoided. In the part of the cemetery 
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that is judged to be of later dote, fcloTO appeavH to Imve been a diHtinct tendency 
to the k and W. piiHition; anil tb«;re ia no doubt that thi» orientation is asHocialed 
with u coinpiirative lack, and, in sonic inatatieca, a complete iibHonco of grave 
furniture. 

7. (have Fiirniliire. 'I’he apear head, the shield umbo, mid the knife were 
characteri.Htic of the male internientH ; and the wonieii had been buried with their 
nceklaccH of amber and glass bcatls, and jewelled brooches. Occnsienally a small 
pot was found close to tho head of a female skeleton on the right side, and usually 
there wtis a small kuife on the breast or at the side. 

It is nil intorcHting fact that the grave furnitiue was found to bo much le.ss 
plentiful in the later stages of Lbo excavations; and Ibis is believed to rcpiusont 
the later, possibly posb-dliiistiaii, portion of the cemetery. 

b. Oiitemry Urnn. Tho iv«Hociatiori of a consiilcrable number of urn burials 
with ordinary interiiient.s is a feature usual in ceinetericH of this diiLe, and of 
very great interest and sigiiiricanci). It hius often been slaleil that urn burial 
is an Anglian, inhumation a Saxon, charaeleri.slic. Tho proporlioti of unis might 
ihcroforo bo hold to indicate the degree of Anglian admixlnro ; but in all West 
Saxon cemeteries that havo been investigated, some urii-burial.s have been found. 
At Bklford thirty-one more or loss perfect cinerary urns sverc foniid. Like tho 
interments, they wore not arranged in any definite order, but wore found scattered 
about irregularly among the skeletons. The urns wore found at an average depth 
of 2 ft., and the (act that fragments of at least 120 were found, in addition to the 
smaller number of more or less perfect sjiecimeiis, is taken to imlicatc that the urn- 
burials date from an earlier period than tho inhumntioiia It is conjectured that 
tho majority of tho urns were then broken up in making the subsequent graves. 
Tho evidence, however, is not quite conclusive that tho two methods were not in 
simultaneous use. b'ull detailed descriptions and illustrations of tho cinerary urns, 
ail of which wore hand-made, are to bo found in tho publioalioiis in Archueolof/ia, 

9. Associated Animal Itemuins. The majority of the animal bones recovered 
during the excavations were clearly of modern origin, but it is posaiblo that a few 
of tho bones of pigs, horses, sheep and oxen may bo contemporary with the human 
remains, 

10. The litaie of Preservation of tho Bones, The condition of tho bones is very 
uneven, Many of them are in excellent condition, though porcolain-liku and 
very brittle. Others sre very soft and friable, with (laking and crumbling of the 
surface. Many of these havo had to be treated with balsam varnish to prevent 
them falling to pieces. Tortious of the same skull or long bone are also frequently 
found to exhibit these extreme conditions of preservation. Tho excavaloas of the 
site attribute these facts to the varying nature of the subsoil. The general good 
preservation is thought to be due to the cxcolleiib drainage provided by the gravel 
deposit, 20 ft. in thickness, upon which the bodies rested. The accumulation of 
stagnant water was prevented, and the caloareoim nature of the gravels is held to 
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have noubraliaed acidity from the atmosphere. Scattered fchrouglioufc vvere irregular 
pockeLs of boulder clay and it is believed that the softening of many of the skulls 
and other bones svas due to contact with these clay deposits, decalcification having 
been brought about by the action of sour stagnant water unable to drain away 
from the surface of the boulder clay. 

I'ho number of skulls and other bones available for accurate study, on account 
of tho bad preservation of many of them, consequently falls far below the number 
of interments. When, in addition to this factor, there is taken into account the 
number of urn burials, it is found that from a cemetery that is estimated with 
some degree of accuracy to have contained the remains of at least 373 individuals 
there are available for tho determination of their anthropological characters the 
skulls and other bones of some 70 individuals only, 

The total number of skulls available for measurement, many of them incomplete 
in (iifTcrent respects, is 51, of which 32 are male and 19 female, 

11. Characters. There is no doubt that secondary sex characters are very 
well marked in tho skulk There are very obvious differences in the size of the 
inasboida and in tho muscular impressions in the occipital region ; and the super- 
ciliary eminences arc very extensively developed in a number of male skulls, In 
a few there is even a filling up of tho usual triangular depression between the 
superciliary eminence and the zygomatic process of the frontal bone, This is 
noticeably the case iiv No. 107 ; and in No, 36, an old male skull, much distorted, 
there is oven the appearance of a moderate torus supraorbitalia. 

12. Age Changes. There is little of special note to record with regard to the 
ago clmngos in tho skulls. It is probable, though the evidence is by no means 
decisive, that closure of the sutures commenced at a comparatively early age. The 
first sites, ns n rule, appear to be the usual ones at the lower end of tlie coronal 
suture with the pterion region generally, and the hinder part of the sagittal suture, 
though Lhoro are some exceptions, Arthritic changes in the region of the condyles 
and in the glenoid fossae are almost the rule in those skulls with extensive closure 
of tho sutures, 

13. Itemarks on Gramal Anomalies, (i) Sidure Patterns and Sutural Bones. 
The patterns of tlio sutures in gonora! are of average complexity with tho usual 
Hoallered nutural (Wormian) bones in the lambdoid suture. 

(ii) Meiopism. There aro throe examples of definite metopism in the series, 
Nos. i 7, mi 82. In two of those tho sutum is closed intornally but leaving definite 
evidence of its presence ; and in both of thorn there are also inclicationa of com- 
mencing external union. In both, ihcso signs arc distinctly in conformity with the 
age of the skulls, and union is less advanced than in the other sutures. 

(iii) Metupio Ridge. Two of the skulls, Nos. A and 106, have sUghb metopic 
ridges and in one (D) there is a marked metopic boss occupying the position of the 
glabella. 
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(iv) IHeiion, Tluin; ia only oiiu cxiimjtlo of HtjiiumoHo-fionl^l Hiiturc in the 
whole Kei'i('4~-on the left aide of Rkiill IJ- -in which the jiinelioii meuanrea 10 nini. 
Tlicre firo Heveml exmiiphia of ejiiptoric oHaicleH; Hiii^de ri^hl in No. 02, joiiuul to 
the Hiiheimid: (kmlthf right in No. G; double left in No, hO ii; nnd nlmoHt 
fiynittietriod Hingle tm both Biilim in No. HT. 

(v) Iiiterpuridal. There nro sutimd bonoH of fairly large «izo in the region (»f 
the latnbdn in a iminbor of Hkulla; n large one oeeiiijyitig the Ininbda in No. 00, 
a child ; three Hyininetrically placed in No, 107 ; three on the right, one of which 
ia Bagittal, in No, D ; four in No. 50 i ; and a aerica in No. H2. In only one nkull 
(D) are theae OH.sicle.'i large enough to bo interpreted (la portions of the interjKU'ietal 
bone. Two largo ossiclca occupy the upper half of the right ivortion of the squaniouH 
occipital and one of them o-xLcnds across the middle line, being placed itn- 
tnedialely behind the Bagittal suture. -There are in atldilion two iniporfcetly chwed 
sutures in iko occipital bone running on each sidit upwards and towards the middle 
line from below llu; asterion. 'I'hcHc indicate the separation of the inLer]HU'ictal 
from tho supraoccipital ixtrlion of the HipinmonH occipital, and the whole is an 
example of oHsification of the interparietal from sevoral centres. 

(vl) Ihegntaiio Ossicles. Them arc two line examphis of bnigmalic o.ssicle 
(os antiepiioptioum). In No. 5, a male, the ossicle lies entirely bcdiind the c<ironal 
suture, measures 27 turn, in antero-|K)t)terior leiiglli by 15 inim in maximum breadth, 
and is slightly constricted in the middle. In No. HI), female, the ossicle indents 
the lino of the coronal suture but lies almost entirely hehintl it. It inuosureB 
19 mm. in antoro-postorior length by 1*1 mm. in breadth. In neither of these! 
examples is there any sign of the union of the ossicle, lii No. H2, a inciopic skull, 
tho interfronbttl suture joins tho coronal to the right of the Bagittal amt Ihore is 
evidence of tho former presence of an anterior bregmatic ossicle which hiw iniited 
to tho left half of the frontal bono. Tho association of inetopisin with the develop- 
ment of a bregmatic ossicle is noteworthy. 

(vii) AsterioniG Ossicles, There nro also two examples of large aatorionic 
ossicles, and it is probably more than a coiticidutice that ihcsu oenur in the Hame 
two skulls as the bregmatic oesiclos -Nos. 5 and Hi). Tlujy are both on tho left 
side and show signs of uniting with the anrrouiuling bonus. 

(viii) Obelionio Dajiression. There nro live examples of a groove along tho 
sagittal suture in tho region of the obolion. In throe of these (Nos. dO, 75 i, and 
78) the groove is well marked, in one of thorn (No. 76 i) it extomlH to within 2 cm. 
of the bregma and is also continued on tho occipital bono as a sliglit deprcission 
from lambda to inion. The other two examples (Nos. 46 and 66) are alight, and in 
No. 46 it is associated with symmetrical depressions extending on each side along 
the lambdokl suture. One skull (No. C) exhibits a fairly obvious sagiital cre.st. 

(ix) Post-coronal Sulcus, There is no dohnitc example of tliiH in the whole 
series. 
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(x) Ooi'onal Ossicle, There is one example of oasicle in the coronal suture^ on 
the X’ighl fli<ie just below the temporal line; this occurs in No, 82, already noted 
as a melopiG skull with an anterior bregmatic ossicle. 

(xi) GarodGO-Olinoid Foramen. In No, 37, owing to damage to the skull, it 
may be observed that there is a complete carotico-olinoid foramen on both sides, 
It may bo noted that this is associated with symmetrical epipteric ossiclea 

(xii) Faroccipital and Paramastoid Processes. There is a paroccipital process 
in No, C and a nipplc-Uke paramaatoid pt'oeess in No. D, both on the right side. 

(xiii) Ossijied Trochlea, The trochlea is ossified in both orbits of No. 60, a 
skull which does not show any definite signs of agoing. 

(xiv) Divided Malar Bones. There is no example of divided malar in the series, 
but it may be noted that both the malars are transversely grooved in No. A. 

(xv) ]7asal Aperlnre. Some notes on the Form of the lower border of the 
anterior (pyriform) aperture of the nose will be found in the remarks appended to 
the Table of Measurements. It is worthy of mention here that a complete sharp 
limiting margin is \incommon in these skulls, that prenasal fossae are present in 
several, and that in one (No. E) there are infranasal grooves (prenasal sulci) of 
anthropoid type, 

(xvi) Asymmetry, As is the ease in any collection of skulls, there is a con- 
sldorablo amount of asymmetry to be observed, especially in the region of the base. 
It is probable that the immediate causes of asymmetry are to be found not only 
in tlie well-known asymrneti’ical dovelopraonb of the occipital lobes of the cerebrum, 
but also in individual habits in the "wear of the head” and in the use of the jaws. 
The correlation of the different points in which a skull may be asymmetrical would 
be a very interesting study; one or two points as shown in this series may be indi- 
cated. The occipital region has been noted as obviously asymmetrical in 7 skulls ; 
the left is more projecting in 6 of these, and the right in only 1. In 5 of the 
6 skulls with left occipital prominence it is also noted that the right mastoid 
process is larger than the left. Taking the skulls as a whole the mastoids are 
noted as asymmetrical in 18, and of these the right is larger in 10, the left in 8. 
The occipital Condyles are noted as asymmetrical in G skulls, the right condyle 
being anterior to the left in % the left anterior to’ the right in 4. There is, 
however, no obvious association of position of the condyle with either occipital 
prominonco or larger mastoid. The glenoid cavities have been noted as asym- 
metrical in 18 skulls and of these the right is deeper than the loft in 5, the left 
(Icopor than the right in 8. Again there is no obvious relation between these facts 
and the other asymmetrical points noticed. The last point in which asymmetry 
has been noted is in the size of the nasal bones ; this is definite in 8 skulls and 
in all but one of these the right bone is the larger and passes over the median 
plane at its frontal articulation. It may be surmised that this condition is correlated 
with forward projection of the fi-ontal bone occurring in skulls with a well-marked 
left occipital projection ; but as a matter of fact in this series asymmetry of the 
frontal bone itself is not at all obvious, and the asymmetrical nasal bones occur, 
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willi two exct'pliotis, in HkiillH which (hi mil kIiow Id’i ticni[(itul |ir(ijccliiin, and 
thcHc. two (ixiicptiniis iticliulc the mily exatnph; cif u larf(or left, iiits-il Imiiic. 

(xvti) Irrcijnlnrilif und MiiloccluitwH wf the Tedh. It slnnild In* rccoidcd litn'i' 
that tli« Hidford wrica him hwnt the Hiihjccl, (if a apecial invcatij'atiiiii tif I, Ini 
iticidctice (if iiTCf(fiI<»'iNV.M (if tlni ttitilh and nf mahmclnNhm. 'i'li(*.s<; (;(ai(liti(inH, in 
mild i>c Hcvcro dc^(rc(!, luivi* bccii fniind in iimirpi'iHiiiK nmtilii'r nf Uni Hkullii; dctailK 
mid (liMCUHaidii will ho hnintl in "The Actiohigy nf Irri'f^nlurily and Miiliicclnsidu 
of tlio Todlh'’ (Donlul Ihmrd nf the TT.K, LuoliircM, .1. (!. llrash, ami ".Soimi 
NdtcH (111 the Dentitions of Anglo-Baxim Kknils from Hidlhnl-nn-Avon with 
special reference to Mainccitisinn ” (Trniw. Jifi.iS'.O., K. (\ Sinytli, ISlIld). 

14. JMe/ J)eiic?‘iplion und Jh\<icusstm of the Principid (Umiul ('Iniraclem, 
The main ohject of Part I of this paper is to place on record aecnrali! data 
concerning tho cranial and mandibular characlers of Uio.ho nidfovd •SaxoiiH, Tim 
principal monHuronuinls of tho individual skulls that were siillicieutly well preserved 
for Utkiiig at Itnwl a uiunlier of the mcasurciimnls inclnded in the Mchcnin of 
measurement imually followed at the Hiomotrie rjidioralnry, TJniveisity t-'olloge, 
London, and in accordance with the leehiiitjue practised there are (aliulalisl in Urn 
Appendix with brief noti'S on any distinctive or pecidinr fem,nreH of pnrtieiilar skulls 
that seem worthy of mention. 

Tables of the nverugo values of ihuHU ehanictorB for the sojsimto sexes witli the 
numbers of obsorvatioim on which tho averages are Iiased are given in the text on 
pp. 300~!101. As tile numbers of skulls on which the iiieans are based rarely exceed 
and are usually considcialily below 20, the slandard deviations' -the meiismcs of 
variability — of tlie characters have not been considered sullicienlly repre-Heiilativo 
or reliable for tabulation. 

A selected series of the cranial charactcra will bo considered individually 
and in tho aggregate later, .when a comparison is made between them and the 
corresponding charaotera ip the groups of Anglo’Kaxcin skitlls from Biirwell in 
Cambridgeshire and from the London Musoiiins, but some of the more gonera! 
features of the skulls as a group will be indicated hero by roforeneu to a few of the 
principal envnial characters, 

(i) Gmnial OapuoiUj. In only 11 of tho skulls, 0 male and o female, did the 
condition of the Hpocimens warrant the risk of estimating the euhie capacity liy 
tho direct method, No. M shot having been used as a medium. These are euloi;ed in 
the tabic of moasuroments of individual skulls. For the (I male skulls the average 
cubic capacity was 1663 c,c. and for tho 6 female skulls 1378 c.c. The mean 
cajxioities for male and fomalo skulls in the series wovo also estimated from the 
product of tho serial means of thb throe dimonsions, greatest length (A), maximum 
breadth (J9) and basio-bregmatic height (//') by using Miss Hooke’s formulae *, 
namely ; 

^ 0 (in C.C.) = •000,3667yi3f/ ' + 198-87, 

? Q (in C.C.) = •000,366777//' + 199’43. 

* JOiomlrikat Yol, xvui. (1920), p. 30. 
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Tliu values thus obtained, 1595'Y for the male and 1411 c.c. for the female, are 
nithor in excess of the moan capacities obtained from the smaller numbers of 
si)ecim(!iis by the direct method*. 

(ii) Uephulic Index (100 Bjfj). Omitting one or two skulls which were obviously 
di.storted, the ccpludic indices were obtained for 29 skulls, of which 10 wore female, 
In the male.s the index ranges from 69'5 to 77‘S with a mean value of 73'6; in the 
feninlci.s the range is from 68'4 to 7C'9 with a mean of 73'8. The distribution of 
the skulls according to type ia as follows : 


Olasa 

liange 

Numbers 

Per cent. 

d 

9 

cJ and 9 

and 9 



Dolichocephalic 

-7r) 

13 

a 

19 

G6'5 

Mcsatieoplialio 

175-77*4 i 

\77*5^79’9 ! 

3 

3 

4 

0 

7 

3 

24*1 

10*3 

Bmchj'cephalic 

804* 

0 

0 

0 

0 


Nineteen of the skulls, 66 %, fall bolow the 76 mark and are therefoi's to be 
rockoned definitoly dolichocephalic; the remainder fall within the mesntisephalic 
class, not a single braohycephalic skull being included in the series. It is also of 
intorest to note that on a division of the mesaticephaiic class into two subclasses 
at 77'5, as suggested by Sir William Turner, in order to indicate the affinities in 
the intermcdiato group, the proportion that may be considered to show a distinctly 
long-headed tendency is almost 90 ^ of the total niunher, Wc are therefore clearly 
dealing with a sample of a sfci’ongiy dolichocephalic community, 

Lenyth-height Index (imiriL). The classification of the skulls according to 
this index is as follows : 


ClflBa 

1 

Kango 

Numbers 

Per c&ntir 

d 

? 

d 9 

i and 9 

(Muvmaoccplmlic 

-*70 

0 

2 

2 

ll’l 

Orthocophalio 

70-^75 

10 

2 

12 

(16-7 

Hypaiccpimlic 

75 + 

1 

3 

4 

22*2 


* [It elionUI bo rioted licro that MIbs Hooke’s formulae are based on the Biomatrio Laboratory 
inothod, which involves the use oE muxlanl seed, The results obtained by the use of shot aie not 
ooiTipatnblo with those obtained by mustard seed, witness the exaggerated values obtained by Broca’s im 
of Bliot. Nor is it logilimato to put into the product term in Miss Hooke's formulae the product of the 
serial means, for the product of the means is not the mean pveduot. Ed.J 
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Froju Uiia pdint (»f viow Uio hUiiIIh mi' pri'iliHniiimilly of lluf or(lu>cc|ihi»!in or inter- 
mediate! type. In lilt! the lon^'tli-liei^ht index nui;;eH frrnn 700 to 7(i 2 with 
a inemi mlu(! of 71'3, and in the fenudeH from lU'rW let 7(10 witli a incni) viduo 
of 724. 

Ilmgkl-breudlh /«</«* (100 /i///'). For lhi« index wo liavn t)ie foUnwing dintri- 
Inilion : 


ciftRn 

lUnK<) 


NumberH 

IVr (lent. 

it 

V 


tS rtiKi V 
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The majority thiiH fall into tins [»!aty<!hmnm‘ee[ilndic eln.'ee. In the! inide.s the, 
index rangea fvenu OH'f) t(t 10!l'3 with n m(!au value, of 102‘2 ; in tlm fe.uiah'H the. 
range ia from OCrW to ]12'2 with a mean value of lOIha. 

The imiu’CHBioii conveyed from a *<tiidy of the foreguing eranint indiiicH ia that 
wo are dealing with skulltt in whieli on the whole a low mean eojdndir, ind().v, i.e. 
dolicliocepludy, is iwwociattal with a dolinito |irt‘{MtiideiHtK!e of hrendth over height, 

It may ho recalled hero that this coiubinatinn of featnnM waa jioitilcd out by 
Sir Will Turner lus chanusleristic of his serii's of Scottish sknlls*. Ife then re- 
marked: "A striking feature of the Scottish crania, therefore, was the profsiinleianco 
of the cephalic index over the vertical index, uotwiihstmiding iheeenHuh'vahle uuaduir 
of dolichocephalic skulls in the series, and in this re8{)ect the civiiiia fus'oured the 
braohyccphnlic rather than tho doliclioccphalic tyfio. Tlui Scottish skulls iiro platy- 
ohamaecophalic.” 

Upp6^' jPciciul Index (100 O'HIQA), Acconling to the value of this index, the 
skulls may bo distributed os follows: 
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The majority of tho specimens thus show a relatively broad face. In tho males tlu 
index varies from 66-3 to 80'3 with a mean value of 72''1); in tho females the range 
is from 644 to 77T with an average of 71 'S. 


• Trana, iJoy. Soc, Edin*t Vo!, xl, Pari III. 
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38(J Skulk from llulfnrd mu'Arm 

When il wiu\ <,!r*-i'l'-4 (m Nk»,' iiO'<vsiiT-' '’I 

GO fllwciiut’iJH, HI of winch wrfo a'» r’ a» f , wco fMOjui i.* 

HuHiduntly connild'* l<» |tr«tvii|c « iintiilwT a! !> A»t, »f jin? slo’ f»f slo” osna! 

iiicasureim'nls. 

Tliofti! nitmdililcn wero in(tiw«rr<l »n nu •(•■!. with shc^ ni^lirtfjc «.f to''fwsnirT‘. 
mont now followwl «(. Iho Ihmni'tw ri»ii«ir«)«y f-vlScijr, {(..johoi, An 

coinpiiml with the t>ri|;iitHl jwhciMc wlmcli iw gn .h-tail iig /iturnffrihi, 

Vol, XIV. jtp, ‘2f»H "“'ilHt, lilt’ iiutiiStiT i«f clurarU-ri" «'l whjcjj oji fisi'.gn oi< jgSpi aie liikcn 
m ctindifiemhly ntlnwl. We arc imh-htctl i«> Dr (f M M« r^tit5 !f«r th»'< ali1*r<‘viaU-<| 
list of int,'moircmtiil« lenv iifutnlly Wikt n. Tlo* ttc jsS'» *4 th-* iicliviihml 

niantliblro nnj ^ivcn in ilelai! in iho Ai’j^iclis t'Dihl'-w 111 aiid U’l Th- (iiwin 
valuifD of lilt) chiiractrre nn-flaiiretl au'l ih* f’«»!(n«5S«4 froo ?h»!iu" wifl) (he 

Jiunibcra of olwerviiliotm »m which tin* avcnt^g m sire b'i''“»3 iri' dr-wM b-r nctlrt in 
Tftblo VI and fttr rfiiiah'H in Tiible VII. A tb'laul’d iif ibc loHudibidar 

chnwetew individiinlly nnd in tbe with ilo' rbnr;v't<>tw in 

the two HericR nf Angho.S'ngd.n inaiidibl'-* fr>’»i lbirw«di mi4 fron the D.n'bm 
MuBeimiH will la> given Inter (it|», HflH-— IH}. 
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r^t f»f tmtlino ni Anterooniorior argio of loft pariotaK \ig^b Jugular foramen very largo. 

/>n right aide. HaKktol ereH* Marked flflymmetry, Small right uaroocipibal procesB. 

Hlght patutiiMlold proccBs, MarW motopio bosB, Twee lambdoid OMioIsa, 


\^'i,rmrttelncftl nml boiw«. 

3 \j ciai. Wldl-markcd proitMal foasao, Btogn^atio obbioIo, Largo left aaterionic osuiolo. 
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iury fidgOB uniting villi aupraorhital to form incipjont toiue, 
j^*5t»mpleU? i'fttoUoO'cUnoitl foramina. Epiptorlo oBfiiolea, 


f at Umbda. 


^ycil bouca OByinmotricttl. Occipital region dii 
oiwuonio dopreifiion, TcoUi very mi 


diBtoL'icd 
mueli worn. 


United atitorlor bregmotio o««lclo, Higlit ooronol obbioIo. Small sutural hones at lambda, 
Bight cpii)Uirioo»»ioi( 5 . 

fiiasrto. Marked oceipiUl asymmetry. Slight meloplo ridge, 
nVo«, Three Iftmhdold qMqs, 
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^Q,tliropo[d (.yiH5. 

^:<nrAl boiiofl in bCl kmMoid Butnie. 
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,,T,n. Umbdoid daproaaloiMi, 
jJl.itMl Uti preimsal toBBa, 

Brortoeal fossae. 

r,iolo. Bregmatic owiolc, 19 mm. iong ulmott onti^ly '>‘>>‘*“<1 
region. 
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45*5 ^ 
44*5 i8'0* 

41-0 23 ' 0 " 

45*5 - 
41*5 

51*0 2 ^'^ 
46*0 — 
44*5 aO’O 
44‘5 *6-0 
49'0 21'0 
46-0 ao’5 
45 '5 

46-0 — 
45*5 - 
49-0 21*0 
52-5 20 ‘ 5 * 
49-0 24*0 
45'0 19‘5 

44*0 21-5* 


31*0 aS'O 28-5 28^ 

30'0 29^0 27*5 25*5 

31*5 — 27*0 

3i'0 27*5 31 ‘5 26*5 

26*0 28 -0 32*5 25'5 

36- 0 28*5 ^’0 JO'S 

32*5 28-0 30'0 270 

34*0 25‘0’^ ^‘0 20‘Q 

30*0 27'5 27*5 24'0 

32*5 28-5 30-0 30-s 

37- 0* 26*5 30'5 29*5 

31- 0 25‘5* «6*o 26 0 

32'5 29’5 26'0 26'o 

30-0 27*0 29'0 26'0 
29'D 29'0 30 >5 27’0 

32- 5* 29-3 31'5 
37*0 aS'S 30*5 27‘5 
33*0 27’0 30'0 25*0 
25*0*? 27-5 30-5 25*0 


660* — llfi‘0 

63- 0* 58-0* 125-0 

64- 0 57‘0< 123-0 

SS'O*^ 65-5^ WO'O 
66-0 590 118-0 
65*0 60'0 ii6'0 
6o‘0 57-s 130-0 
57-0 61 -0 115-0 
62'0* 67-0 115 0 
83*0* 63-0 122-0 
66-0* 66-0 105-0 
62*0 — 120-0 
58'Q “ 120*0 
68-0 6o-o 125*0 

67*0^ 67-0* 117*0 

65- 0 62*0 lao-o 
49*0 51*0 123*0 
6o‘0 68*0^ 128-0 


— 65-0 
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— 7 i '5 
70-0 85-3 
73*5 73*Q 
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66-0 -- 
63*0 74'0 
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64-0 66-5 
8 o'Q 71-0 

— 600 

— 67*0 
1 68-0 73*0 
74*0 73*5 
74'0 65*0 
81-0 78*5 

M - 


—• — 120*3 97*3 

61*2 86*9 iiB'i 95-0 51 '7 

59-8 - 114*9 55*3 


53*4 B ?'3 
63*5 96’2 

Gq-I II 0'& 

57'i 9i‘0 

58- 8 82<5 
57-9 87*9 

1 56*3 79-5 

7 a *5 — 

68*9 loo-o 

56*9 

63-6 85-5 
63*2 97*2 

59- 6 32-6 

47-1 84-1 

56-3 89-2 


nr*3 99’5 3D’7 
124*1 100*5 61 ’0 
117*8 82*7 54*2 
124*1 102-6 59-1 
107*5 87*2 . 49 '^ 
113*0 97*3 48*5 
- - 587 

ii8*4 - 47*0 


127- 3 107 * 48*3 

128- Z 99-5 48-5 
108-3 loi'i 58-1 
loS-2 97-7 04-7 
127*8 96-8 36-6? 


Thceo measuromDiiU wore taken on Ibo right fiido, 
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PART II. THK PUllWKI.l, SKULt^S. INCM'DlNl! A COMPAUlSi )N 
WITH THOSK OF t'EKTAlN OTIIKU ANOt.U SA.Xi iN SlvHlKS. 
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I’.Airr n. 

1. fnlnKlactioii, p. HBH. (Yfliiial for mA 

AMmHuroiinmt, [k Mnvin VaIih<>4 ;umI ^^f l1o< prnjHpil Tnitii.il 

Clmmcton* iumI a iVifn>tnr(wi»n wUJi ihw m lit S^*v>h 

(Iraiiia fiom l^iiir»>nlon*Avtiii fr<»iM Ua* |«, ?<!♦! t>f 

Cl fur a ao!l?<5l<‘»l Smra of (^Imnu'.UTH Hhuwiug Iho Fraluton iti whi* h liilU h nt 
thriH' C’rahml m\ luus^l iji) 1*^ Ti. Tfu 

ttflicioiita of Hneinl hikonoan inr Uio (V.iIpIaI Horim: {|) M \*. "i'Bi. 

n, ^^anIlillcH: Mutoml availnMr* fur MiMHumnonl* p. 7- Yalu ' h rnul 

of Uio prittHpnl Maiolifoilar CMhinolor^ ,uiii a ^itli Hio 

i urroHpoiidiiii^ in tho An^lo Saxon MiunhM>,it fruhn Ikiir»»r»l ♦»n Avmh and 

Uju London Mn^niiiiH^ m w*tl! a?< llu* from MniMl-iLlOf p JL*H. VnLi* h 

Ilf a for a moIooUmI Hi^rioa of Mnndiimkr (diam fvrw nhiuvm^ tin* l‘Vrdnr*M in win* li 
1)i(r«rtnn.i;« in 0i« MandiUtdiir (iniUpK nro iin»Ht t injdmHit^l: i(ij Majon, lti> Fonotlr^ 
[K dOO. U. f’oi'lViriitiitH of JUoinl idkomw for iho vMandiLulir (ij Mairv,i^ 

(ii) Kenmlort, p, 40^. 10. (Intoral hiHunfatim oiid Siimiimry, p* 401. 


APPENDIX TO PAHT 11, 

V. Individind AMc'ionironunila of the Male Aiii^hoSaxun Cranin from Hnroidl. 

VI. Individuft! Mo^iHitroinimla of Urn I'Vin.iIn An]^lo..HHxun f Vanin from llurwoll. 

Vn. liidivMual iMoAMironmiitH of tlm MaIo Anglo S>iKon MumliLW rnmi Jtnrwi U. 

VI n. IndividuAl AMenAummuiiLa of tlm IViimln Anglo S^ixmi MandihloN fnijii Dnrwoll, 

1. Inlmluclion. Huvwoll Hch lii Um iioi lli-inwt nf 0<uiiIii'i<lj{t>, mi ll»; hi>iilt'r« 
of CiunbrHlgc.sliirc aik! .SiilVolk, Tim iirt-Huiico of u limitil-|(l«(n! in lliis «ilim«.iciu 
wiiH (irHt (liBCovoml in 1HH4, wlioii r«iirL(!oii Kkoli'tmiK willi fuio'iury ol)jt't!l« wort) 
uuoiirLliud ill tlio procoHn of working llto A'icMiria I,iiin! l’it« wliioli tiro i’U(, in llio 
sido of a low oluilk hill Llial rinim lioro oul of llio Foil. Tin* hunl ixljoiiiiiig iJio |iii>i 
is luti out to ftllotinciit hoMorfi mid holoiigH In Ur iJliarloH laictui, who, in ll'‘2ri, 
requested thu Canibntlgo Anliijtiniitm Socioiy to umlortakc oxoavaliimH. TIioho 
wore cfirried out in fivo snccosHivo soiwoiiK undor ilio liinoRliuii of .MrT. (J. Loth- 
britlgo, who published interim repiirUs of his ■‘osnlts in iho ('mthrldi/a Anliijimrian 
Societt/s Gomnninicalions, Vola. xxvii, xxvui, xix mnl x.\x, ♦11)29. A 

detailed account of them appeal's in ReemU Rxcuvulwiw in Anylo-^Stuon (k’lnctcneK 
in Gamhidgeshire and Suffolk*, 

* T. C. Lethbridge. CambrU0t AttlftjimHan SiicUtji Qitarli) Now BorioH, No. III. 

Cnmbridgo, lOSi. 
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Daring the excavations about 125 graves wore exposed. The skeletal material 
was deposited in the Anatomy Museum at the University of Cambridge, and the 
grave-goods are preserved in the University Museum of Archaeology and Ethnology, 

The graves were scattered irregularly about the site, and in no case encroached 
no one anotlier ; Mr Lethbridge suggests that each may have been covered formerly 
hy a low mound or barrow, 'W’hich would have served to mark its position. The 
gmves were shallow and out in the chalk, their depLh being determined by the 
tluekncas of the soil above the chalk. In the majority, the bodies were orientated 
with heads towarfs the west, The grave-goods wore poor both in quantity and 
qiiality, and are remarkable for the fact that the ornamenta are ail of Kentish 
workmanship and belong to types known to be prevalent in Kent at the end of the 
Fagan period, 

After reviewing in detail the material from Burwell and comparing it with 
material from other Anglo-Saxon cemeteries in the neighbourhood, Mr Lethbridge 
has cojno to tlie conclusion that the Burwell cemetery is that of a Christian Anglo- 
SaXijn community of the seventh century. 

We are indebted to Professor I*L A, Harris and Dr W. L. H, Duckworth for 
granting permission and providing facilities for the moasurement of the skulls, 

2, Ci^anial Material available for Investigation and Measurement, Though the 
skeletons fcliafc were excavated were numbered aerially from 1 to 140, the number 
of adult crania that were suflScientty oomplcto after roconatr action to permit of some 
at least of their principal measurements being taken was only 67. Of this number 
45 were conaidored to bo male and 22 female, The measurements of the juvenile 
skulls, some of which were cousidorably distorted, were all excluded from the 
averages. The principal measurements of the individual cf’ania are tabulated in 
detail in the Appendices V and VI, and the mean values of the^e characters for 
mule and female groups of crania are given in Tables I and II. For the male 
scries, where the number of crania on which the mean values of characters are 
bat?ed is usually in excess of 30 and frequently in the neighbourhood of 40, the 
Hbamlard deviations and coQlHcients of variation of the different characters have 
b(}<‘n calculated; to these mean values and standard deviations their standard 
ornuH are api)cn(led. As the means of the characters in the female series are, 
with a low excoj)tioiKs, Imsed on loss than 20 observations, the standard deviations 
hav(; not been deemed suflficicntly representative for insertion in the table. For 
coinpavisun with the inoan values of the cranial characters of these Burwell Anglo- 
SaxoiiH and of the Bidford-on-Avon Anglo-Saxon skulls measured by J. 0. Brash 
and doseribod in Parti of this iniper, the corresponding moans of the Anglo-Saxon 
crania from the London Musetims which were measured and described by 0, M. 
Morant* liavo been tabulated, 

Tlio Burwell male scries of crania may be considered fairly homogeneous; since 
the .standard deviations of a selection of the principal characters are not larger than 


• njometnA*fl, Yol. xvm. (1920), p, 60. 
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3D**7 (11) 


32 

20"-88±0-55 

s'-ooto-ao 

, — 

3ir-n 

(13) 

2H"*0 (7) 


32 

ir*oa±o-o4 

s'-oato-do 


ll"-0 

03) 

ir*l (7) 

Oc, L 

42 

68-94;!: 0*44 

2*83 ±0-31 

— 

58*2 

(3ft) 

57*8 (M) 


All length mooauromonta jvro in mUUinotroff und CApiicitiea in cubic contimoUtt^. 
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TABLE 11, 

Govipm-aim Table of Mem for hniak Grmm. 


Cllmraolora 

Hur^ell 

Loudon Masounjs 

Bidlord-on-Avou 

Means 

MflanB 

MoanB 

C 

F 

L 

ii 

ir 

IF 

on 

u 

% 

(a 

s 

% 

u 

GII 

Wli 

UB 

J 

Fir 

A% n 
iv/r, L 

FB 

Ouli 

OuL 

Oi,E 

0,^1 

0, 

0{ 

al 

fnl 

finb 

100 BIL 
m)BlF 

100 irii 
loo Bjir 
mirmw 

100A7i/M ll 
100m/iV7/, L 
i(X) Niiinw 

100 Ii 

mojOuL 
fifth jM 

100 OifGi 
lP 
lF 
uA 
lB 

L $1 

L$i 

OoJ. 

[1309*1] (13) 
182*0 (21) 
182*9 (22) 
138*6 (20) 

95 ‘fl (18) 
129*3 (13) 

11 ro U) 

95*0 (13) 
305*1 (U) 
30d'7 (U) 

300 5 (10) 
124*9 (20) 
126*0 (19) 
116*6 18) 
109*3 (20) 
U4*l (20) 

90*1 (18) 

01 1*8 (U) 
109*8 (7) 

00*3 (12) 

87*2 (13) 
126*4 % 

47*3 (19 

47*3 12) 

47*3 (12) 

92*8 (11) 

41*0 (0) 

39*8 (8) 

33*3 (8) 

33*1 (8) 

4(J*2 3) 

43'3 (3 

37*6 (10) 

89*8 (8) 
39*9(13) 

20*2 (11) 

75*8 20) 

1 76*3 (10) 

1 70*0 (12) 

108*4 (12) 

, 74*8(12) 

1 51*4 (5) 

48*3 (ll 
, 48*4 (U 

48*0(11) 

81*3 (fi) 

82*2 (7) 

1 82'5 (11) 

83*4 (3 

1 86^*9 (13) 

efi'»*9 (8) 

, 73^*1 (8) 

4r'l (8) 

1 28^*8 (8) 

12'‘-3 (8) 

59*6 (18) 

[1370 •01(28) 
180-8 (82) 
ISS'O (56) 
13W(87) 

94'3 (68 

129-6 (28) 
nO'5 (19) 
»7-4(a6) 

301-7 (18) 
SeO'fi (38) 
m-4 (63) 
123'2 (87) 
116-2 (38) 

97'l (33) 

51 0-9 (64) 

■66-9 (!50) 

00-2 28) 
126-6 (2«) 

47- 1 (3S) 

' l«-4(29) 

48- 0(27) 
24-2(24 

41-8 (23) 

32-8 (27) 

32-0 28) 

81-2 13) 

47-0 (13) 

30-0 (23) 
940(19) 

36-5 (19) 

28-9 (19 

74- 4 (51) 

75- 2 (77 

71- 6 27) 
106-7 (42) 

72- 1 (41) 

51-0 (20) 

61-1 (20) 

60-2 (39) 

79-6 23) 

79-4 (24) 

81-7 (18) 

76- 1 (12) 

as'-o (20) 
sv-aos 

72‘-6 (16) 
lO"-! (16) 

26*-0 (11) 
10‘-2(U) 

69*7 (82) 

[1411*0] (10) 
18ii*8(13) 
184*0(14) 
136*4(10) 

9S‘fi (15) 

131'9 (7) 

111*2 (5) 

99*7 (7) 

303*8 (0) 

367*1 (5 

123'0 (12) 

127-3 (10 

110*8 (6) 
108*3-(17) 
114*9(15 

100*0 (6) 

518*0 6) 

110*3 0) 

65*4 (9 

91*0 (8) 

125*2 (S) 

49*0 (9) 

23*8 (9) 

40*0 (8) 

30*8 (8) 

33*5 (8) 

33*9 (8 

45*1 (10) 

38*2 (12) 

90‘2 '(C) 

30*2 (4) 

29*6 (4) 

73*8 (10) 

74*2 (10) 

72*4 (7) 

103*5 8) 

71*6 (8) 

1 40-6 m 

\ 83*1 (8) 

85*2 (8) 

81*8 (4) 
83*5(10) 

83^*1 (6) 
eG''9 (6 

74’*6 6 

38“*6 (0) 

3r*2 (3) 

6^*3 (3) 

evo (6) 
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All length meaaurcmonts afo In naillimGtrea and oapaoitios in cuUc contimeti'cs. 




302 Anylo-Haxon. Skulhfroin HuruuU 

thoHf! HhdwJi hy tlic r.om'»iKnitlii)K lihariiftliOT in ibi; AnHl«t-S,ixnn main sknlla from 
thi! Loiuliiii MiiHduiUH or Uiom* of lln; HOvontiMitiLli-ccnUiry Liniiloncra whioli wrio 
(ixaviiUjil li'oiii u Hi'iiglo [lit in Wlii(,i!(iliu|K‘l. A (iniu|tnnH0ii of thi! vnliicK of tlm 
Htumlard (U)viulioiiH in tlio Miifo sorioH for Uio chnrarlorrt .solrotrit is .‘■liown liolow; 


ChiuiiclorM 

friiiii 

Ihirwidl 

AtatlO'HttxiiiiM 

fnihi 

l»Mitdon MtMniiiiH 

nObri'hliio* 
Fiiindmip R 
(VVlnt4>diap‘'t) 

L 

fi'du 


0-iii 

F 

,VIH 

5'I0 


n 




If 


fiKI 


u 

i.ror» 

11*70 

iri-Oij 

100 B/i 
100 lilF 

a-Ki 



3'lKJ 




The Bui'well female Kerirs is not only Hiimller \)ul riiUier le»a honini'miennH than 
till! iiialo, Acavsual inH[)(!i;lioii of llm groiii) sluiweil Unit three of ihe hIiiiIIh dilTeivd 
fniiii die majority in the rftH[)ecl that they were derniiloly hraehy(;e|ihidie in ly[M’. 

3. Mean Vctluos and K(»‘iM/n7jYic,'i of iho iirviciiinl ('mmut ('bnmdern nwl ii Cow- 
parimi v<iih the corvesimdiiuj (lhamders in (he An(ilih}:fimm (Irmin front Uiilford' 
on-Avon and from the fMidoti Mummx. 'I'lie inenn vidui'a of the jiriiieipal ealvarial 
and fncinl cImracterH in the. Hurwoll eolluclion of iiiale and feniide Kkulta may lie 
compared in detail in Tables I and 11 with the (!oire«[Hmdiiif{ valnoH in the two 
other grouiia of Anglo-Saxon skulls, but the cliaructem in whiidi the three cranial 
series diverge most notably from one another can he more readily seen froiji a 
study of Table III, in winch the values of 

for the selected series of 31 charneturs, 10 absoliile inoasaremenls and 12 indices 
and angles, which are subsequently used for the ealcnlution of the coelVicients of 
racial likcnoss, arc given for each pair of male and female groujis of skidls. 

The general form of Urn sknlls excavated at Bnvwell is iUnstmUid by photo- 
graphs in four normau of a typical male Bpcoimcii (ttkidi No. 6(1). Pliolographs 
of its mandible from two aspecl>s arc also given. 

4 Values of a for a selected Series of Oharucten showing the Features in which 
Differences in the three Granud Senes are most prononucedf. Comparing in the 
firab place bho Burwoll innlo series with that from the London Museums, it will 
bo seen that in only a few of the .31 characbors docs the value of a exceed 2'7. 
Those divergent characters are G'JI, B', NH,R, Oi, 11, LB and 100 (?7i/ttli. In the 

* Vol. ni. flfl04), pp. 101—244. 

t The standard doviattons usod itx Iho calculation oi tlio q,\ mta those ot the bug KgypUau Rcvies 
of the XXVI— XXX dynaftlicfl. BimetrikUt VoK xvi, (102B), p, »2B. 






Norma 
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TABLE TIL 


Vahmo/a^-^f^JjLzMn^^ 


OliafAOtci'rt 


m) iiiL 
KK) irfh 
\m i\\}V 
UH}r/7//r//i 
im iX/tiiyif, n 
imy/f/A^/r 


Biu'woll 

aud 

London 

MiiBOumB 


Bidfovd'on* 
Avon and 
T4ondon 
Musoiims 


between the Several G7*anial Series, 


BurwclL 

and 

Bidfovd-on- 

Avon 


Burwell 

and 

London 

Museums 


Females 


i^urwoll Horics the moan inensuremonU of all Ihcso charactevs aro \m than in 
Llu) fiol'ius from the London Mnsciims, On comparing tlio Bidford-on-Avon males 
with the London Mosevnus males the mnnher of cranial characters in which striking 
ilivorgencfi ia shown is dislinetly greater than in the previous case. The characters 
in whicli the differences in these group-s are most emphasised are Ot^R, Gi, Ot, Q', 
ir. 1 00 OJOiJi, 100 Ct’HIOB, lOO B///',and the angles N and P. Oi.R, Gu <? 2 , Q' 
and 100 ff'///fr/i, 100 B///' and tire profile angle (AP) arc all smaller in the 
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Anglo-tSa.nm iSknllnfrom Uurwdl 

Ui(lfiU(l-uii"Avon Uirtti ill Momiil’n ftcricH. Thu clmmirti'ix //', 100 O^jOy, It nntl 
oil Itii; otlior liiinil, !H(! griJiiti-r in the Hiilfind Horii'i*. Alllion}>li Uni Imijitli iind 
width of Iho |)!i!ufci' O'l mid ({% mii dofiiiiOdy Itofi in fhc Hidfnrd tlum in Ajormit’8 
HoricH, till) rolutivf |ir(i|Kirtiiin id' lircudlh In Iniigili, lOOl/g/t/,, iIih'h imt dilTcr ho 
!«‘!imiiiy in thn Iwn f'rnnitH. Wliiln tin; jumimi licdKhls nf ilm ri^r|jfc un,| m'hitH, 
Oj, It mid Oa. f‘, »hnw tdoKidy i‘ntn‘HiHiniling vuIuch in llni two HoricH, iho moan 
inoiwurcinonts of orliihd width, (K, ft mill Oy, L, uro didiriindy Hniidlor in tliu Jiidfimi. 
'The tiumn vulno for Oy, It in the Hidfotii Mkuii. iiidood, idnnml cnincidoH witli that 
tabiilntod for Oy, It, the iiioadtli inonanrod from tlio dacryon, in Morunt'H sories. 
Ah n eotiHcqtnmw!, the orbital index O^Ou ft ii» the Uidfnrd ^'ronji Ih on tlm averngo 
of nnicli the omnn order iw timt labuiated for lOOf/j/di, It in ^loranfc’.s HorioH. In 
meiimiriiig orbital width, •!. 0. Hraoli njled the enrvnlure, nietlinil to diitorniinu the 
inner lurininal of tin; dimneter nnd not lin; daeryoii, and the awnrney of the 
ineaHtiremiinta originally liikon bavii been verilind in certain cnaca from the diopto- 
grnphic IrueingK of the facial iionaae that were jinqiared. 'I'iui imlalile diflerenco 
in orbital width in tlie two gronim in tlniM, ho far im wo are aware, not doe to any 
(lilVercnce in tcrhniiiue but would Kerin to indiVale a real divergence in orbital 
Hlmpif. The niwal angle N m mt the average nearly .1 ' larger in the. Hidford than in 
tlio MuBCniiuH nerieH, Tlic (Idpth of the, fivii), 1/A, ih in the Itidfonl male alnioHt (I umi. 
greater on the average than in the MuKinniiH group, and the, divergence in thiH 
ineiwnrumont iipiaara to he largely iDKiionHibli! for lint iingnlar dilliaenee. The 
moan breadth of the face, (iJfl, in much the Kaiiie in tin* Itidfonl and .Meiant'H KericH, 
but the upper face height, d'H, i« on the. average 2 mm. Ichh in the Hidford. Ah a 
consoquonco, the upper facial index, 100 r/7//f/A, in delinilrly leas in tho Hidford 
than ill fclie MuHOuniH «ericB. 

Tbo valuCH of a bctwctui the Bclecleil Beries of chameter« in the Biirwoll anil 
Bidford-on-Avon male grouiw ehow clearly that the charaetew in whicli the 
Burvvoll crania rliiTer from the Hidfonl nro largely the Kamo an llnwo in wliich 
the crania from the London Muacnm# dilTer from the latter group. The principal 
divergonccB occur in the clmriMtlorH Oi.iA (}», Q', /Jl. //', A, 100 <h!Oi,Ii and z N. 
The mean orbital width, Oi, It, and orbital index, 100 H, in the Harwell group 
are in fairly close agreement with tlm corn'Bjmnding viibn'.4 in MorantH HerioH, ami 
flhow the Hftmo ohnroeteriBtio ililTercnce from the Hidfonl group. Q' in on tlie 
avorago about 10 inw, greatm* in the Hnrwell timii in Dm Hidfonl HorieH am) 
tbo baai-iiosal length, Lit, in ucnvly 4 mm. Ichh. 'I'lui <leplh of the face, fr'A, in the 
Bidford Bcriee ie on tbo averago almost H mm. greater limn in Die Hnrwell Herje.s, 
and this divergence, Bimilar to that Hlmwn from Mmnnt'H mean value, Ih ehielly 
rcsponsiblo for the large size of the Z If in Dio Bidfoitl aa cmiqiarcd witli tlio 
Burwoll cranium. Both the glnbelk-occipitnl length (A) arid ba«i-bregmnlio height 
{S') are on the avorago rather greater in tho Bidford than in the Biinvidl group. 

Aa the mean valuea of the charactora which arc tabulated for tho female crania 
in tho Burwell and Bidford-on-Avon aeries are uaunlly based on relatively araall 
numbers of observations, the values of a between the selected charncLci'S in the 
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feiuftlo groups may be considered in less detail. Comparing the Burwell series 
with Morant’s series, the characters in which the values of a seem to indicate the 
moat striking divergences are B, Q;, NB, Qx, 100 0»/Gx, 100 BjL, 100 BjH' 
and the 4i F, though in a few other characters « slightly exceeds 2'7. In the 
Burwell group the maximum parietal breadth, B, is on the average 3 mm. greater 
than in the Museums group. This difference in breadth is largely responsible for 
the divergence shown in the mean indices, 100 BjL and lOOJB/H', in both of 
which a exceeds the value 4. On excluding the three definitely braohycephalic 
skulls, to which reference has been made, the mean cephalic index in the Burwell 
series is identical with that in Morant's scries. Q' in the Burwell group is greater 
than in the Museums group, but Gi, Gi and NB arc smaller. The profile angle 
( ^ F) is on the average 3° greater in the Burwell female, though in the two male 
groups the mean values agree fairly closely. In the Museums .series of Anglo-Saxon 
crania the moan value of this angle in the male is about 4° in excess of that for 
the fomalo. In the Burwell series the mean value of zP in the male just exceeds 
that in the female. In the long Egyptian .series E* the mean profile angle ( Z P) 
in the male is a.'i'Sl ± ’08 and in the female 84'93 ± ‘09, which would suggest that 
when the number of observations is large the profile angle in the male does not 
differ greatly from that in the female, probably not more than 1°. The large 
sexual difforonoo in the Anglo-Saxons from the London Museums may probably 
be due to tho small numbers on which the averages are baaed and yet, as will he 
scon later, a similar sexual difference, though of lesser degree, is found in the 
Bidfoi’d-on-Avon group. The diffcronco may really be indicative of relative 
prognathism in the female Anglo-Saxon, though it is not evident in the Burwell 
typo. 

A scrutiny of the values of a for the selected characters in the Museums and 
Bidford-oii-Avon fomales shows that the only features in which differences that 
may be considered significant occur are Gi, (?a, Oi,P, NH', 100 O^j Ox, R and 
lOOGt/Ox^ Tho mean palatal length and breadth, Gi and Gi, in the Bidford 
group are apparently smaller than the corresponding values in Morant’s series, 
and as the length is relatively more in defect than the breadth, the palatal index, 
100 QijGx , is definitely greater in the Bidfoitl series. The orbital width, Ox, R, is 
less in the Bidford than in Morant’s group and the orbital index apparently greater. 
Tho mean value of Nil' in tho Bidford group, on the other hand, is greater than 
in tho Anglo-Saxons from tho London Museums. 

Comparing tho Burwell and .Bidford-on-Avon fomales, the only values of a 
wiiich scorn to indicate significant differences in the corresponding characters are 
those for LB, 100 BjL, 100 BjH' and cF. The'hasi-nasal length, LB, in the 
Bidford female is on tho average very large and exceeds the mean value for 
tho corresponding character in the Burwell group by nearly 6 mm. A like 
difference was found in the male crania. The mean profile angle (zP) in the 
Bidford female is based on only five observations. The individual angles in this 


* Biometrihaf Yol, xyi. (1924), pp, 328— 863» 



Anijln-Saxon Sknlh from liurwvll 


poup wore inraHHre<l un ilin trarinj^n of iIm* iManiiu* IhIpimIj^h and 

not dintelly hy Uu*. alaM*pnary j{;pn»iMiiinUa\ hut i\m is n«pt lik<*iy (o huvi? iiillnanncd 
very nmloriully llm (‘Htiujiitiiin ♦»!’ tlu* ni/.c iiF tin? aiiglu, an liath wIilhi 

tCHtetl on Uvt) t>r ilinu! itiuln gavn ahnnsl it|*-nlirnl n ^nlis, '\%i im^in valm* 

of the /.1\ Jw liaH boon nuMilmiiiNb in in ajiijivriitrnt wiili lliut Inr iho Anji(lti- 
S^lx^^nH from the London Musp?iims whiclu ihonj^li probably a xniallpa’ vabn* than 
would be foinul if it woni bitsi tl ori a laij^o nuinbor of ijlisorvalions^ may indiralo 
a relative tendency to pro^imtluHin iw tlin Artf'lo-Saxon fomab\ In tin'. Unnvoll 
group the mean uiaxiiaina luvadib is gn«alfu*, and the mean iriaNimtnn length atid 
mean bji«i-bregniatie height Iohk than in the Uidiurd. As a ennwMiuonco the in- 
dices MWIipi and 100 /i///* ia the. Hurwidl gnaip both exceed ihn eorn'SjHmding 
indices in the Jiidford group to agivaler degree than might \u* nxpecli'd tu occur 
fortuilouBly* 

5 . (Jueffmvjitsaf Hmuat UkcnrsH fiiv tlw Cntnvd tSmas, Having onnim’ralcd and 
discussed the characlers for which the mean im*as\jreinenlH in the. groups of skulls 
Hccin to show dilTcrencrs of such a dcgive that limy may probably bn fonsiderod 
significant, we mav proisaid to eonsider l\u\ cocnicaonts of racial likeness computed 
between each pair of groups of skulls for llii^ Ml mdccfcd cliaradcra *rim coefli- 
cionis, cmdo and reduced, am sh<avu for innh's in 'I'abln IV and for fcmalcH in 
Table V. d'lm reduced cof'flicientH are rclatividy cnlnparabh^ as they hav(5 hmi 
brought to a common sUuidard by tnakiag allinvancc hir the varying mnnher of 
skulls on which the erudo eoellicituils arc laised. 

The crude cneRlcienU ftir the male gniups semii ti» iiidicnte quite <dearly that 
in shape and in general chameters tin* HnrwMdl erunia are alirioHl identi(ud with 
the Anglo-Saxon crania from Uie ].iondon MuseuniH. Hntli llnise groups show a 
slight divcvgonco, almost equid in degree, from Urn Uidfortbon-Avon crania. As 
the mean number of skulls on wliich the Hurwoll uml Mnsmuiia cocdlicienls are 
based is much the same, the adjustment for varying numbers of skuIlH does not 
change the relationahip of the Bidfi»nl-urHAvon grouj) to tht^se two grouiw. The 
reduced eoedicients of racial likcneKs between tine Hidford-on-Avon male group 
and the Biirwcll and Morant’s serb'S vcHpccrlively ate, lKmc‘ver, ah^mt six timcH the 
size of the coeflicient between those two sorics. 

The crude coedieimilH of racial likcncHs for Un^ feumie grotips. Table V, suggcMt 
that in regard to shapcj-characters (indices and angles) l)ie llnrNvell series tliverges 
only slightly and to an ts|uiviLlenUlegree from the two senes from Hidfonl-on-Avon 
and the London AluKOuins. In ils chameters, generally, the Hur\vell seri(*H seeiim 
to rcRomblo tho Bidfonbon-Avon scries rather more elosely than tlmb from tlie 
Loudon Museums, U’ho London MuscumB cranium is almost identical in shape 
with the Bidford-ou-Avon cranium, and diverges only slightly from it when com- 
parison is made between all the 31 chuvactora under review. 

Though a comparison of the reduced and relatively compai'ablo cocflicients 
which arc given in Tabic V suggests that in their general form the fenmlo Anglo- 
Saxons from tho London Museums may resemble tho BidfimLoa'-Avon crania 
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TABLE IV. 

Ot)ejjhmt8 of Racud Likeness between the Male Granial Senes. 


Crude Coefficients 


Bnrwoll (B'l'S) London Musonms (B6'8) Bidford-oii-Avon (14'8) 


Indioas and 




l-9(i±‘17 l-e4±'28 

2*27 + 'I? 2‘21 + '28 


0'4D+-82 8-32 + 1'42 

10-88+ -82 11-74+1-46 



TABLE V. 

Goeffiicienis of Racial Likeness between the Femle Granial Series. 


Crude Coefficients 


Burwoll (12-1) London MuGPums (80-6) Bidford-on-Avon '(7'6) 


All IndicoH *nd 
Characters Angles 


nuw'll(l2-l) ... — — l-33±-17 l'44±-28 0-Dl±-17 l-08±-38 

Li)iidmiMiiHmuim(30-8} 1’33±'17 1-44 + -28 ~ - 1-10±-17 0-40f28 

Bidfm-il-<m-Avoii (7-0) 0-61±-l7 ]-08±-28 l-ini-17 0-40±-28 

Jlodueed Coefficionts 

Burw«U(l2-n - - ' ••••• 9-ll±l‘77 6-40tl-82 12-4D±3'24 

London Mu«cuma (30-6) 7-73+ -09 0'11±1-Tr - - 8’fi4tl-40 3-58±2-60 

)tifironi-on-Avon (7-()J 6-4fl±l'a2 12-40±3-24 9-r)4±l-40 3-68±2-60 - — 



All 

Indiotis and 

Characters 

Angha 


more closaly than bhoy do tho Burwell or than the Burwel! resemble the Bidford- 
oii'Avon group, it is obvious from the size of the probable errors of the coefficients 
tlmt little emphasis can be laid on such differences os are observed. The coefficient 
for all ch.araoters between the Burwell and Bidford-on-Avon groups is rather less 
than that between the Burwell and the London Museums groups, and the latter is 


















\iiiH Amflo Sktdl^Jhmi liuntrll 


]t» tbf\n the betwi on i\\v liMfonl-rui^Avon aii*l I lie Mu^euintt groupn, 

but it h ftgftin HppJiroiil fnmi t!i(’ >*i7>e of the of (lu^ (^oeflicientH 

that no real ilillbouiri'H in degrtn* nf rrHeiiilibuier mn be |K*JitulaUHl on »sneli duia an 
are availabln. 

a : MiUrrml avniluhlt^ftn^ Mn^virrmcnf. umiulibleH belonging 

to the liurwoll hIcuIIh were aim) ineamired in aeconlaiieo with the Hchfonc of 
iHOaauroment now followed at i-be Ihoinolrio fi 4 diiir/U,tirj% Univi^riHity (Adlugo^ 
Loiifinn. (12 RfMreimoUH wore found to Im’ Hnnioioruly ooinpleks tluMigh reennstruc- 
tion woa nocoamiry in many oiusea, to provide nuoiHnrenurntH of the nmjurity of Uio 
characlerK that are imually bnuight tinder n‘view. Of t)io«e 42 were of tho nmlo 
and 20 (if the femalo hdx. The mmmnnnm nlH of the individual mandibhm arc 
tabulated in ApjamdicoH VII and YIIL 


7. jlfmn Valmn and VtmabiliiwH of iha primijhfd Manilibulav (HmvacAcvs and 
a Vompannon with (h corrc.^/ioinifi/?// Chnravi^vA in (he Anglo-iHa^roa MandihltJH from 
Bid/ord^on-Avon and the LimiUm MtmiujUt a^nnidl an iha Mandibiefi from Dumtuble. 
The moan valiioH of iho ebaraelom moawurcHl ami tlM*> indiiu^a nompnlt^d from ihcRO 
for the Burwell and HidOud-tm-Avim aerion are ahown for innlea in Table VI and 
for femalea in Table VU. For ootupariHon with the male aerivH of mean vulnuH, the 

TABLE YI. 

G'onipamtiVfi TnWe of Means for Mandihlm of i^fak ShulU 


OlmrAQlcr 

No. 

liurw(4l 

Ift^ndon 

MuKctitn# 

iU05irib 

niuAvon 

Mean 

DniiKUbla 

Moan 

if 

V 

Mean 

tp, 

35 • 

l‘i2*<14±l'07 

{m±im 

6-10 

123-7 (25) 

117-7 W 

121-0(20) 

(/J/« 

41 


H-5(;±0*72 

rt‘«i 

l(K)-4 m) 

96-1 (27) 

OH-l (10) 

rr^r 

a? 

OH'Hl ±(»'7I) 

4*H:i±U'5n 

4*89 

ltH>-3 (2i ) 

97*4 (24) 

99*3 (27) 

2Z 

42 

45*75 ±093 

2*17 ±0-21 

4-71 

45*3 (57) 

-lo-l CIO) 

.16-.I (42) 

Cyl 


aMOiO':!! 

2-U±n*2l 

1005 

21-7 {m) 

20-5(21) 

31 -3 (3.1) 

mi 

42 

I().vri5±0'il3 

(i-oil0-(m 

6-mi 

107-3 (.11) 

lOn-l (-3H) 

UHl-H (34) 


42 

7B'li!±0'W) 

6-2ll0-r.7 

(1-07 

77-7 (43) 

78- 1 C«| 

70- 5^ (3K) 

r// 

42 

:(3-ov±o-i0 

ai«±0-35 

9-02 

im (fto 

33-0 (IMl) 

35i*H (42) 

wup, 

an 


1-2-110-14 

4-35 

23*1 (Ml) 

2H-n (39) 

eUMI (39) 


40 

31-05 ±038 

2*41 ±0-27 

7*(n 

33-1 Im 

83-2 (.11) 

3ii-5 (39) 

mdi 

3U 

27M2±0‘3« 

2-39 ±0-27 

H-72 

27*2 (51) 

28-9 (29) 

mA\ (41) 

Crh 

40 

0>l'H0±r03 

0-51 ±0-73 

10-05 

05-7 (4H) 

flll-n (38) 

(15*0 (:m) 

rl 

42 

03-04 ±(H«) 

0-3»±()-70 

lO-Ol 

01-0 (45) 

06-.'. (3(1) 

(14*7 (38) 

IM 

42 

mr-uti-io 

7''-l3±0-fll 


120^-a (47) 

Utr-7 (30) 

m^'\) (39) 

Lit 

39 

Vl'-Oltl-iJl 

7"-67±0-80 

... 

7r-0 (30) 

73''-l (33) 

0K"*7 (37) 

lG' 

40 

C0'-7J±]-02 

(r-44±0-72 


08’^-2 (m 

8«‘'-4 (38) 

99 ■() (30) 

^00crh|ml 

40 

01 -00 ±1-00 

0-H810-77 

— 

00*0 (27) 

0-2-9 (26) 

50-3 (31) 

100 CrCftml 

37 

04-04±V16 

7-0210-82 


91*4 (15) 

02-.6 (24 

03-5 (25) 


41 

m -19 ±1-70 

11-2511-24 

— 

129-0 (32) 

132-6 (27 

120*7 (38) 


3G 

ioo'n±i-2i 

7-29 ±0-80 

— 

90*3 (10) 

07-0 (23) 

100-0 (27) 

100 rW 

42 

60-7210-88 

6-7310-03 


51-5 (45) 

40-4 (20) 

51-0 (38) 
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ino»))8 of tho con'ospontling characters jn the mandibles of the Anglo-Saxon skulls 
in the London Musoums which wore measured by G. M. Morant* and of the 
Dunstable mnndiblesf which were known to be very similar to this series of 
Anglo-Saxon mandibles are also tabulated, For the mandibular charBCters of the 
Bur well group of males, tho standard deviations and coefficients of variation are 
also given, ns the numbers of observations on which these are based are usually 
about 40. Tho standard errors of the means and standard deviations are also 
included in tho cable, For female mandibles, the means of the characters and the 
numbers of observations on which those are based are only given for the three 
groups from Buvwcll, Bidford-on-Avon and the London Museums. The small 
number of fomalo mandibles from Diinstablo did not seem to warrant even the 
calculation of mean values. 

Tho moans of the corresponding characters for males in the several groups can 
bo compared in detail in Table VI, bub the characters amongst a selected series in 
which tho male mandibles of one group differ most strikingly from those of the 
other groups can be seen more readily by reference to Table VIII in which the 
valnOH of a between the characters for each pair of groups are given. The selected 


TABLE VII. 

Oo7npuralim Table of Means fo)' Mandibles of Female Shulls, 


ObfvrnotGr 

Bunvoll 

Loudon MuBOUms 

Bidford-oU'Avon 

Mean 

Mean 

Mean. 

ICi 

zz 

Cyl 

ml 

rb* 

niili 

Of/l 

rl 

lM 

Lit 

lC* 

IQOCrh/ml 

100 

lOQ 

100 rb^/rl 

115-0 (16) 

01'7 (19) 

92*9 (10) 

44’1 (20) 

19^2 (19) 

99*9 (20) 

73*4 (20) 

30*0 (20) 

27*0 (18) 

20*2 (18) 

25*3 (18) 

58*4 (18) 

57*3 (10) 
122“‘0 (20) 
or *5 (10) 
07^*8 (10^ 

58*6 (18) 

93*4 (IG) 
126'7 (lO' 

99*2 (15) 

53*8 (19) 

116*6 (23) 

92*9 (36) 

{).3*2 (28) 

44*1 (60) 

19*1 (35) 
104'2 (45) 

74*6 (49) 

31*0 (50) 

27*6 (B7) 

30*6 (31) 

24*4 (63) 

69*2 (47) 

60*1 (46) 
122'*r) (49) 
08'’*2 (36) 
"O^'O (33) 

68*3 (39) 

01*7 (26 

120*2 (36) 

09*3 (23) 

63*0 (43) 

114*1 (11) 

90*8 (16) 

94*0 (16) 

46*1 (19 

20*4 (13) 

102-8 (17) 

76*8 (18) 

31*7 GO) 

27*8 (18) 

29-4 (19) 

26*8 (18) 

03 0 (18) 

01*6 (16) 
119^*0 (18) 

09°*6 14) 

69“'8 (17) 

60*3 (17) 

00*2 (l4) 

118-6 (18) 

97*1 (14) 

52*1 (l6) 


* Biometrika, Vol. xviii. (1926), p. 06. 
+ Ihid,, Vol. XXV. (19BB), pp. 147—167. 
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TAIU.K VIII. 


Vidw’v i;/' (« 


«»»»■ 
»* ( «. 


^ilf, “ hclUKrn 


//(<! .Wiifc MmuHItnlur iSVrifM 



-’''t 

-“1 

- "''t 


r-.^, ....... 


tMiirnnhr 



Mti«puuin 

Ihif 1] 

m\ 

Mtpi* IIUMJ 

lii.irr.t 

.III .\>>iM 



fil)d Ihilh^Tih 




Miifinini'* 

tm-Av(»a 




nf, 

n-Th 

KfiV 

I2'i!0 

inu 




n-Hfi 

irw 

\ ‘VII 

M"17 

iro:i 

l-iitu 

)-/ 

H’M 


VM 

mi 

O' {l\ 

u 41 

)•// 

frlU 



1 

OVI 

irirt 

•'j 

\<v>\ 

i*Hr» ' 

r»'iM 

MOr* 

0*hl 


mf 

(‘HH 

Q\7 1 


hliJ 

on 

(riii 

h, 


\)[H 




CI-J7 

'•hf>x 1 

1 nJh 



1 'iKi , 



Lit ' 

U'*t!K 

n 'In 



tr-ini 

U ' IM 


oni) 

iHl 

frsn 

IMK 

a OH 

7*K‘i 


list (if ntunililiulav (•.hiirarl.i*i'« in 'I’lihln VllI lliiil, iini tl liy (I. M. Mur/ml fur f.lic 
calculiilion of thu coolIioioiilH i>f rta'inl likittioKH iictwc.ru iniunliltniur ).*i'oihih mid 
wo iiris iiidoblrd to him for givinjf il to «h. 'riiomt dinraiiUirs Imvr Itrcn wlrricd 
hy Uii8 author hocaimn of llioir rolalividy Blight nuToIntioii willi oio' mi'itlicr and 
hurauKO of th(! rclativo ficiinotioy with whioh tlicy difTt'r Nignilirantiy in a Hi ricH 
of raisial typos that wore Hiudiod by liini. 

8. V^alue^t of a fur u Hehcled Huriea of Mmtdibnlur (’hartielurs nhimiiu) ihr 
Fmtures in iuhick Differcnm tn the Maudibtdnr (tnuijm are wad cmiihnaiml *. For 
tho Burwull and Ijondon Mimoiitna auriim of inalo iiiandibloH l.ln> only two itlmrm'lriH 
of tlio ton tabulated in whicli a cxceoda 2'7 aro rh' mid hi, Hoih iIjojm,' idinnicloi'B 
are smaller on the average in the Bursvoll aorioH than in MormilH Herie.s 

(Comparing tho Bnrwoll and Bidlurd-on-Avon gi«mpH, two rhartu'liTB, mi and 
WO gdjtlcpl, ttloiio »ho\v valuoH of a exceeding 2'7. For tlie bicondytnr widt h, «.'i. 
tlie value of a excoutlH 8. In tho Hidford HerioH Uuh niiaracter is hIiihwI 5 inni. Iras 
on tho avorago than in tho Ihirwoll sorioH; the mean vuhio of 100 //„;/„/(■,, I in tlio 
Hitrwoli group is rather Iohh than in tho mandildes from |lidrord'(in>'Avoii. 

Xn tho London MiiHonniH ami Hidfowl groHjw tho value« of « for thr«.‘o olimwtiei'w 
exceed 2'7. 'riioso arc i«i, Cyl and IOO(/of/«/r,,Z, The Uidford-on-Avon mean value 
of wi is about 0 mm. loss and 100 jr»j7<i/C;,I alnnmt 6 units leas Iban tbe (•o)T('B|iouding 
valinm for the mandibles from tho London Mnsoiuns; the Hidford Bories thus holds 
in respect of those two clinmclorfl a similar rolationship to tlu* Hnrwell and 
Museums groups, ilefcvcnco to Table VI allows that the mean value of Cj,l is of 
much tho same order in the three groups, bub that the njenri vahie (d’ g„yo is 4 to 

* Tho fttfl/jilflwl <1evwUon« {wed In tho cftlouJollon d the a’« for tin? nirtnchhirlur are iiiofft? 

of the Qau (tyna«ty which Dr 0. M, Momnt hm kintlly ^»ivi?n lo us, 
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6 mm. los,9 in fcho Bidford group tlmn in the other two; thq drfforeiice in bigonial 
width ifi tluia almost wholly responsible for the difference in the index. The 
average condylar length, Oyl, ia rather less in the Bidlbrd-on-Avon mandible than 
in that from the London Museums, 

I'or the Burwell and Dunstable groups, all the values of a are under 2'7. 

For the London Museums and Dunstable series only two characters, wi and A. R, 
have values of « exceeding 2-7, but in neither case does the value exceed 3. The 
mean values of these two charactei-s in the Dunstable mandible are rather less 
than the corresponding values in that from the London Museums. 

In the Dunstable and Bidford-on-Avon series the values of a for two of the 
ton chftraofcera, namely Wi and 100 are in excess of 2'7. The value for the 

index is almost ecj^ual to 8. The mean values of these two characters are both less 
in the Bidford group. Tho relatively narrow bicondyiar width, Wi, in the Bidford 
groui» has nlvoady been coramentod upon. It is about 3-6 mm. les.s on the average 
than in tho Dunstable group •, tho bigonial width, go9o, shows a deficiency of about 
tlio same order. Tho mean body length, Cpl, on tho other hand, is rather greater 
than in tho Dunstable mandible. The relatively small bigouial width is thus again 
mainly responsible for the divergence in the index. 

The female mandibles may bo dealt with more briefly. The values of a for the 
selected ehai’actcra in tho three Anglo-Saxon series are given in Table IX. 

Comparing tho characters in the mandibles from Burwoll with those from 
tho London Museums, only one value of a, that for the mandibular length, vil, 
appreciably exceeds 2'7; the value is actually higher than 10, This character is 
definitely smaller in tho Burwell group. Tho value of a for the rameal length, rl, 
just exceeds 2’7 ; in this case also the Burwell measurement is the smaller. 


TABLE IX. 


Values of a 





between the Several Female Mandibular Series, 


CImraolor 

Burwoll 

And 

Tionclon Musoums 

Burwell 

A»d 

Bi<Uord-on-Avoa 

London Museum p 
and 

Bid ford -on. Avon 


O'lG 

O'TS 

1-68 

zz 

0« 

6'72 

8'00 

rl 

3 '01 

10'27 

4' DO 

W/ 

0'40 

2-31 

1*3G 

Oyl 

0'07 

8-lB 

1 8-.90 

ml 

10'62 

3-21 

VOO 

h\ 

2'60 

O-OB 



0'87 

o'oe 

0'30 

Lit 

0‘''52 

0’*00 


[lodofopl 

0‘03 

3-81 

5*61 


BigmoUika xxvn 


2C 
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AnrflfhSnxoil Sltullx/roni liurwvU 

(lonnwiriiij^ tin* ll»rwi*U uiul lildfoid-itii-Avon ^rtm|>s, fivf itf Uut li:» cl«ir(ioli!i*K 
liHVc viilucB of a cxoiii'iiiiix 2'7. 'Hk ho uro c:, rl.rj, ml, mill 100 All tliiisi', 

fiinicjminjiH o.vrcjd l)io l;wl «h* «inall»'r i» flio Hurwoll nmiiililjlo, Tloi iiulox, 
is (IctiiiiU'ly ^rl'al(!r in tin* llm woll nml tlio ilivorgoiico wtoinH 

Ut tlc|H'iifl ini n rclHl-ivoiy Hiimllor hinly loiif'l.li, r^l. 

{Ioiu|mriiig llu* iiiuiidiblcM from Uto l/uvton .MuHomiiH ami Hitlfonl'Oii-Avou, 
four of lh(! let! cljiirriftti'rK uiulor rt<vi(!W liiivo. vuIhi'H of a in oxcomh of ‘i'7. TIicho 
« ro nz.rl, Cj,f. luiil 100 All of ihcHi.' clnunclom oxcopt, lln? last, ar« KimillHr 

in llic mnudihhs from lli« MiiHinuiiH; lOOf/o^e/Cpf ia ^n'liUsr. Tim rolalioiiHliip of 
the niaiulihki from llu'- Miihcuhib to lliaL from lliilfonl in tohimtI of llicRii four 
chftmclcrw ia tliim tin; wmik* iw llml of tin* Burwoll inamliblo. Tim ndativoly 
grealor indux, 100/y„jy„/r,,f, in iho Mnmninm maudibloB than iho Hnlfonl npiKiura 
to dejKsnil nhoiit I’liually on its two (xunimiienlH a« tlm mandibnlar hmly length, 
C/j/, in iho MiiHcnms aorit'K im aw inueh in tloAjcl of iho lUdfonUon-Avon valne aa 
the higonial width, ia in oxcetw of it. 

n. Coefficieii(/t of lincud l,ikftnm/or the Mandilmlnr Series, Having doHcrihod 
the ehaructoin aiiiongnt thoao aelecled for c.om|uitalion of llio rooflioiont of raeial 
lihoinsBH in tluj muiidihloH in which dilToroiiccM botwcon tlm groupa worn mont 
apparent, attention may now be directed to the tuajIliiriontH of racial UIu'Iiobh, crinhi 
and reduc(sd, for the grmipa of malo mandibloa in Tablt; X. 

TABLE X. 


Coeffmenta of Racial Likoms between the Seiioral Male MunUiliulnr (/roups, 



Crude CiwjHrirufn 




Bur well 

mn 

London MitHouiiiH 

Uidfortbon-Avou 

(20'4) 

llanntnbln 

Hurwoll (40'1) 


(KIH±‘:«I 

OHti'tKl 

u•l2+‘:^^) 

BklfBwI'-oa.Avon (2G*<1) 
DunMUiblo 

o-rwf.w 
0'»lJ;-30 
0*1 2+ -30 

ttea 

2'07±*:)O 

IudkU CotJlii:itn(» 

2-07 .f.K) 


iiurw'oll (40*1) 

I^ondon Mu8onm8(42*4) 
Bid ford- on “Avon (20’4} 1 
Dun»tfiblti (37'G) ... 

1 -(tat '73 

0-31 fVS 

l-IWf?!) 

0*:tlt±*l»2 1 

- 0*25 ± -70 

yoiff)) ! 
lt'3lif()2 

1 

2-(IHt--l)7 ' 

11*311-78 
- 0‘2ri±‘7d 


The values of the crude oociricients seem to indicate that the Burwell male 
mandibles, at least so far as this group of selected characlcnB is concerned, cannot 
be said to differ from those in the London Hiisoums or from Dunstable, but may 
shown slight divergence from the Bidford-on-Avon mandibles. The last coefficient 
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of vacml likoticsfi almost attaina the conventional level of significance. The type 
of mandible m the London Museums is identical with that from Dunstable, but 
diverges appreciably from that found at Bidford-on-Avon. The Bidford-on-Avon 
mandihles show a senaibio divergence from those excavated at Dunstable, 

The reduced coefficients of racial likeness which are also given in Table X 
indjcato tho relative degrees of relationsliip between the different groups. The 
coefficient between tho BurwcU mandibles and those ft-om the London Museums 
J8 almost five times that shown between the Burwell and Dunstable groups, but 
this rlifforenco in value cannot be said to connote any real difference on the data 
available ; both coofficicnta aro statistically insignificant. The coeffloient between 
the Biirwell and Bidford-on-Avon mandibles is almost nine times that shown 
between tho Burwell and Dunstable mandibles, and, as has been mentioned, may 
possibly be taken as indicative of a real divergence in the two Anglo-Saxon grpups. 

iho cooflicioiit between the mandibles from the London Museums and those 
from Bidfoi'd-oii-Avoii is fully twice that found between the mandibles from 
Bunvell and tho latter place. The Burwell mandibles would appear to be definitely 
more closely related to the Bidford-on-Avon mandibles than are those in. the 
liondou Museums. The relationship of the Burwell mandible to the Bidford-on- 
Avon mandible is of the same order as that shown between the Bidford-on-Avon 
and Dunstable mandibles. Tho Dunstable mandibles appear to bo identical in 
type with tho Anglo-Saxon mandibles from Burwell and from the London Museums. 

Tho coefficients of racial likeness, both crude and reduced, for the female 
groups of maiidiblcH are given in Table XL As the moan numbers of mandibles 
on which tho coefficients are based arc almost the same in the Burwell and Bidford- 
on-Avon g/'oups, tlm respective crude coefficients between these groups and the 
group from the London Museums are relatively comparable without adjustment. 

TABLE XL 

Goejjicients of Bacitd Likeness between the Several Female Mandibular Groups. 



Crude CoeJjkicnU 



Rurwoll 

(18-6) 

London Musoums 
(.11 -2) 

Bidford-on-Awn 

UO-1) 

Uurwell (18’5) 


0'83±'30 

2*23+30 

London S[usGutim(‘ll‘^) 

0-83+ *30 

— 

2-37 ± '30 

IJidrord*on-Avon (IG'l) 

±2S± *30 

2-37 ±'30 

— 


ItedtLced Ooe^ 

stents 

• 

Bunvoll(l8-5) 


3-26±l‘17 

12*95 ±1*74 

London MiiKCiims (41*2) 

3’26 + l-17 

— 

10*24 ±1*30 

Bid fnrd -on- A von (16*1) i 

12*95±1’74 

10‘2<1±1'30 



26—2 
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Aiifflo-Sajjan Sfculln from Hunrall 

Thi! hulwcon tlm Hurwt'll inrtiH!il)loH ami tlu; niandilili's from tin' I<<niiloi) 

MiiHi'.miiH in Ir-H.'t lliuii iiiiily iiml Mtalintloally iiiHif'tiillcant, alllimigh it nliitonf, attains 
llitf convtmlinnal l«vi<t «!' .HignilkiiiKM!, Tlwit IhIwci'h ilia liiiirnnl-on-Avoii anil 
Miisauiits iiiamlilili'H is si^jiiilicant imil iicurly llirac liini's as laijra as ilia iiUmr. 
'I'Ik! cnulf' ntnftlcii'iit Imlwrain thn Hiilliinl-iiu-Avim and Itnnvi-ll mtni^is is alsu 
Hignificniit and of nlmubthii wiincsizi} as lluvt licU aru I ho iiiniidilili s IVoin Ilidfonl- 
on-Avoii and tlio London Muhoiuhh. 

Adjustinont of Iho cocIllcioniH to tho vhIuoh ihny would liavi*, if li.vscd on 100 
nmndiblt'H in tin: groups oomparod, rosnlls in a riidnccd rooHifii iil hotwoon tlie 
HnnvoU innndibli's and tho niaiuUbk'H from tlio London Muhoiuhh uf a valno 
oxccciling !l. 'I’lio rt'dncod coDllicionls botwoon iho I’iidfoid-ou~Avon niaiulibloH 
on the one bund and lius inandiblos from Hurwi ll and tlio I/mdon Mnsonnis on 
till! other have, valnes of nhont 1!1 and 10. Thoso do noldilVor from oni! another 
to a Hignilicant di'gvee, hut are of the order of magnitude of reilms-d roellioienls of 
racial likenoKs which are ocensionally found between groiips of iitandibloH itelonging 
to crania of dislinctly divergent mend type. On tho odn r band, two gitaips of 
crania may show cnnsielerahh! divergmicc' in Ivjiii wbile ibe corri Hiiondiiig grntijw 
of innndildeH exhibit idiuosb iilenlieal elianu’.tom. Such was iiideod found to be 
the cftHO on comparing the DaiiHtiibln nnaeiial witli the Anglo-Snson material in 
the London Museuma. 

10. Oeiwal /)i8CKs«on tnul Huvmary. The cranial and niundiimiar rharaclerH 
of tho grouim of Anglo-Saxon akulls from Ihuwell.Oiunbridgesliirc.mid Hidford-on- 
Avon, Warwickshire, have be.rn coinpared hoik individinilly and eolleetividy in 
considerable detail and both gronpa have been coiiijiared in n speet of llie same 
characters with the Anglo-Saxon nkulls in the Lmdon MusmimH wliirii were 
measured and described by Q. M. Mornnt*. The com[MU'i8on of the mulo eraiiia 
in tho two lirst-mcntioned groups is the more iniporlanl ns ihesi* are almost twice 
08 numerouK ns the fomnlo apeeimens. The main inferences to be drawn from 
tho comjiariwm of these male groups appear to ho timl tlie Ihinvell sknlls, both 
crania and mandibles, are almost ulenlical in type with the skulls from the lyondoii 
Museums. If material divergence is present in any feature, it oeenm in the size of 
the upper face and ibs proportions. Iloth ihe.so groups of Anglo-.Saxons svoni U> 
show, however, some ilivergonce, about wjuivalent in degree, from llnmo oxeavated 
at Bidford-on-Avon, Whoris divergence in these types is fonn<l, however, it is seen 
to occur mainly in those characters or features, into the tUicurate- meiwnremonl of 
which tho persoiittl element largely enters and in wliich slight vaviance of leehniinu!, 
such as identification of terminals of diameters or arcs, on the part of dinTemib 
observers might probalily produce average differences of the order tliat are found 
in the present case. Among such characters arc the orbital width f)i, 11, and, as 
a consequence, the orbltol index 100 0»/0i, li, tlic palatal length Oi, ibe palatal 
breadth (?». and the transverse arc Q'. The nasal height, Nlf, R or Nil’ is also 
such a character although it shows no divergence in tho typos under review. In 

• i9Comc(rifta, Vo), xviii. (1920), p. 70. 
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only ono or two of its other characters, amongst those selected for comparison^ and 
iintfihly the tiasal angle {N\ does the Bidforcl cranium differ sensibly from the 
other two typos. Comment has already been made on the relatively large mean 
liuyasuroinonb of the facial depth (GL) in the Bidford cranium as compared with 
that shown in the other types and the influence of this chord on the size of the 
ungk! N. The difforonces in the recorded mean measurements of these characters 
may 1)0 real but some caution is advisable in accepting them as of the order of 
magnitude found, when, as in the present cose, the measurements in the different 
serioH have boon taken by different observens. Faii*ly substantial differences in 
certain characters might probably be expected in Anglo-Saxon cranial material 
from different localities. .Reference has been made to the probable existence of 
two distinct types, recognizable on general inspection, amongst the male crania 
IVom the Bidford-tm-Avon site. Moxant* on the other hand distributed the Anglo- 
Saxon skulls in the Ijondon Museums according to their place of origin into the 
Ibnv groups ; West Saxons, South Saxons, Angles and Jutes, and came to the 
cunclushni from a comparison of the actual mean measui’emonts of the, principal 
<;huractcrs in those groups and tlie coefficients of racial likeness between them 
'' that they reprosoiit populations which are extremely similar if not absolutely 
idcnilicak Only one C.ll.L. — that between the Angles and West Saxons — suggests 
any real difference of typo.” 

Booauso of the relatively small numbers of female skulls in the Burwell and 
Bidford-on-Avon groups, very slight reliance can be placed on the mean values of 
the chamcitcrn which are tabulated for these being truly representative of the types, 
but it is of interest to note in what respects, if any, the data available corroborate 
the conclusions that have been drawn from a comparison of the male series. The 
number of female crania from the London Museums is definitely greater and 
.should provide more reliable means. The Burwell female, unlike the male, differs 
aj)prociably in many of its characters from that in the London Museums. have 
referred to the presence of a few distinctly braohycephalic skulls in the Burwell 
group, Those arc mainly responsible for the relatively great mean maximum 
breadth {li) in the Burwell female and its divergence in this character and in the 
iiulicuH of wluch it is a component, 100 B/L and 100 Bjll\ from the female Anglo- 
Saxons in the MasoumH. The minimum frontal breadth {B') is also significantly 
greater in the Burwell female skull. Significant differences are also shown in the 
palatal length and breadth, the palatal index, the nasal breadth, the nasal index, 
the Iransvoi'fio arc (QO profile angle ( P). The mean differences axe so 

many and ho relatively large that they suggest the female crania from the two 
sources are really of different type. , 

The Bidford-on-Avon female cranium differs from that of the London Museums 
in its orbital, nasal and palatal mcosuromonts, the characters in which differences 
may moat readily arise from slight differences in technique as has been mentioned 
in tlie comparison of the male skulls. In their general form, these two female 


* JHometrikaj Yol. xviu. (1926), p, 76. 



40(5 Aiit/lo-Snxon Sfcnlls from livrwdl, 

crania woul<5 np[W!ar tn be nlinoat identical, but when all (tin; wdeoled) eliaractorH 
are coiiaiclercd, they seem to nbow a ilivergenci! in tyjM’ of iil*uul tlie wnius degrei; 
tw that found in llie coircapotuUug male grmipH. 

From the Harwell female crnniiitn.the Hidford-on-Avon erniiimn dilTerH iiiaiidy 
in hftving a relatively Hinaller irmxiiimiii |mrietal breadth (/() with, us a eon- 
acc|uonci), wnnllcr length-bjvudlli (100 fljf,) and heightdtri'udtb (100 lijll') indiees; 
a grtiatcr buHinasal length and a .snuillor jiroHh! angle ( / /'), When all the «huj«! 
chnractent (indiccR and angles) are consitiered, the two eninia show a divergeneo 
in type, and wlien the conijmripon mnbraces all tiro solected charaelerK Htuier real 
divergeneo in type atill Hecnm to he indicated. Tlie relatively aiimll profile angle 
{ ^ P) in tho Hidford-on-Avon female nnd also in the feinule, Anglo-Saxon from 
lire London Mnsenina ns compared with that in the Hitrwell female, and the 
possibility of tho oxiatence of a relative, prognalhisin in tin' Anglo-Saxon funiale, 
although it is not revealed in the specimens from Ilurwell, lurs alnvidy )««•» 
discuKScd, 

The data for tho feiiialu Anglo-Saxon crania Ihns maua to cotifirin tlm exiHlence 
of some divergeneo in type botwoen tho Bidford-on-Avon and Hurwell, and Hidford- 
on-Avon and MuHounm groups which was ouggested by a conipariHon of the cor- 
responding male gronp«. (lomparison of tho Icmalo crania from Biirwoll and the 
London Muaouina would also Biiggesl some diversity in Lhoso types ratlmr than 
tho identity which seoinod to bo established by a study of Ibo characters itr the 
male groups, but little importance can bo attached to tho uppuront diversity of 
typo in tho femtdo groups in view of tho Ijotorogcneity known to exist in thc! 
fomalo crania from Burwoll and thoir small number. 

Turning to the mandibular rolalionshi][)s, thoro seonis to bo evidence that, so 
far 08 tho solectod characters arc concerned, tho Burwoll male mandible (loos not 
differ significnntly from tho Anglo-Saxon mandible in tho London Museums or 
from that of the specimens excavated at Bidforrl-on-Avon, allhotjgh in tho 
latter case tho coofTiciont of racial likeness almost attains tho convontiorml level 
of significance (three times p.e.). Tho male mandible for tho IjuikIoii Museums, 
on the other hand, differs sensibly in the aclcotcd featunss from that found at 
Bidford-on-Avon, 

While tho Biirwell female mandible cannot bo said to differ certainly from the 
female Anglo-Saxon inandiblo in the London Musoums, although tho cooffioiont 
of racial likeness botween them is on tho border lino of significance, botli the 
feinalo Anglo-Saxon mandiblo from Burwoll and that doscvibetl by Morant appear 
to differ significantly from the Bklford-on-Avon typo. Tho reduced coofficiont.s 
of racial likeness in tho lost two coses are ns large as are those occasionally found 
between samples of mandibles that belong to crania of quite divorso racial typo. 

In a general way it may be stated that the study of tlio mandibles confirms 
largely the evidence obtained from tho crania as to tho inten'elationships of tho 
three groups of Anglo-Saxon skulls. 
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Tlio appavenli identity of type that exists between the Dunstable mandibles, 
on the one hand, and the Anglo-Saxon mandibles ftom Burwell and from the 
London Museums, on the other, is of special interest as the corresponding crania 
when examined wore found to be distinctly divergent in type. 

We have })rovidcd reco'ds of a considerable amount of unpublished Anglo- 
Saxon cranial material and have ventured to draw some inferences from the data 
we have studied ns to the probable relationships of the cranial samples from 
Bidford-on-Avon, Burwell and the London Museums, but we fully recognise, and 
are ready to acquiesce in the view, that a final expression of opinion on real 
diversity or identity of Anglo-Saxon groups from different localities will only be 
possible when more material is available for study and when all the evidence 
obtainable from this material, including that provided by cranial contours of the 
several iiormae, is utilised. 



API'ENDIX Vir. INDIVIDUAL MLA.SUKEMUNTS OP MALE ANOLO-HAXON 
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APPENDIX VIII. INDIVIDUAL MEAilUllEMlWTH OP ElOMALK ANGLO-SAXON 

MANDIBLES PBOM BURWELL. 
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94*5 

66-3 

29^1 

2H 

2<r5 

VV1 

sH 


1260 

67-0 

7J5 

61-9 

96*1 


967 

479 

38 

ii7‘0 

95'5 

100-5 

44-S 

20-(] 

95*5 

65-0 

3«'0 

28*5 

36*0 

26-5 

55*5« 

SS-o" 

130-0 

70*0 

7M* 

5}!i*i 

105-7 


1^5-0 

5*‘5 

39 

io9'0 

90*5 

85-5 

4i'5 

t8’0 

lOtl'O 

73*0 

37-5 

29*5 

27-0 

M*5 

.V5'0 

52*0 

I25'0 


6a'(i 

55*0 

8v5 

124 -41 

105-8 

jaj 

40 

120-0 

94 '« 

92*5 

A^'S 


162-0 

76-5 

29*5 1 

27*5; 

20 '0 

2il'0* 

5B'5 

3.|o 

132'(» 

73*0 

?<>-D 

57*4 

94)-? 

laa-fj 

101*6 


5^ 

1200 


97-0 

47*5 ; 

31*5 , 

702 0 

81U 

31-5 1 


25*5 

43*5 

59*0 

61 '5 

1/3-0 


620 

57*8 

05 1 

nj‘7 

m 


53 

jo6*5 

81*5 

93*5 

46-0 

190 ! 

g,j‘0 

695 

3V0 ' 

26-5 

27'S 


600 

55*0 

123*0 

7H-(i 

6B'U 

%b! 

^79*5 

117', V 

8?7 

58*1 

59 

125 '0 

85*0 

— 

42-0 

22-0" 

090 

73*5 

33'0 

26*5^ 


2«-5 

59-5 

63-0 

lti7-» 

62-0 

69'0 ! 

f>0’l ' 


115-6 

103-B 

52-J 

61 

iln 

loB-o 

94*3 

91-0 

44*3 

21 'Qi 

ICH'O 

7O-0 

28-5 

— 

30*5 


5H'0 

54'<>* 

1250^ 

70-0 

fK»‘0 

57*4 

90-1 

M|-3 

52-5 

oQ 

127*0 

95*5 

lOO-O 

‘14*5 

19*5 

I02'5 

7i'5 

39*0 

27*5 

33*5 

45*5 

560 


/3/1/ 

71V 

— 

54*^ 

97*6 

1316 

95-5 

97 

n8‘0 


Bi'S 

45*0 

19*0 

105’5 

80'0 

33*5 



6l*o 

59'^* 

125*0 

75-0 

fKk'O 

57*3 

85*9 

115*6 

loM 

56-8 

119 

88'0 

B9*5 

42-0 

17*0 

lOO-O 

73*5 

SI'S 

aC'5» 

28-5 

aa-o’* 

5«*5 

Oo’o* 

nu-0 

ti7-0 

Gfi-a 

58-5 

89-5 

1197 

9B*3 




**■" 

8()'0 

41-0 

i6 ‘5* 

99*0 

75*0 

52*5 

30'5 

31-5 

H7-a 


49’5? 

118-0 

— 

78-0 


89.9 



Wfnitfii 

115*0 

j 92-0 

> 

l5‘0 

XO^Q 

950 

69-0 

38*5 

35'5 

39-0 

3^0 

50*0 

47*0 

129*0 

68fj 

60'0 

52*6 

m;j*j 



No.; 

1J4*0 

98-0 

88'5 

m 

15*5 

97*0 

70-0 

^9*5 

a.V5 

305 

33-0 

52*5* 

53*0 

Uti’O 

O5-0 

68'0 

5fl 


MiMJ 

no-7 

55'? 

1.-*^ 
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ON THE NUMEUICAE EVALUATION OF HIGH OHDER 
INCOMPLETE EULERIAN INTEGRALS. 

By KARL and MARGARET V. PEARSON. 


I. The Incomplete V-Funotion. 

The Licompleto P-Function is defined by 

= (i). 

and the IncoinplGte F-Fanetion Ratio by 

r{a!i,p)- \° e~”a^^diBjF{p) (ii), 

Jo 

The Ratio is the probability integral of the frequency curve 

3/ = (iii)" 

This curve has for its characteristics 

Mode = ® =p - 1, Mean ** « ep, and Standard Deviation =« Vp- • -(iv). 

In tho Tables of the Incomplete F-Fmetion* the notation is some^vhat different, 
Therein 

^*fl!Pda!/r(p+l), 

0 

or ^ 0 (P) “ I' (®o> jP) ('')• 

Let us transfer (iii) to its mode and then integrate it up to a distance m' beyond 

the mode, where actually x' may be positive or negative. 

i'{<V 6 ,p)V{p) 

= e-^x^-^dx + r e - (p ~ 1 + clx' 

Jo Jo . 

- J - 1) r (),) + r (p - ir /'■' (1 + 

Now let US take * 7 {P “ 1 ) = ^ 0 ^)* 

Then _ 



* Pftblishea by the niorntrika Ofllee, Hi. not, 
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Evaluation of Inoomjjlctc Enlerian Integrals 

wli«rc /o ~ ^al(v - 1) = f v’iii), 

^0- ro,) — 

find is, forties /JO mill npwurilH, inily slightly less limn unity; 

ir,=. ^ ^ ^ 

log Wt = (p - 1) {- i! ■{■ log(I 01 « (p ~ 1) (- \ ;i “ 4 '• •■•)' 

^ Ijf - 1)‘’ (1 .|. f + ...) (x). 

whore 2'a(;)-l);j(l- (xi). 

The part of Fj independent of 2' will give us 

•Jiv •'n 

Taking (p - l)t*, this becomes 



where IJj = Vp ~ i/o “ '** (xiii). 

Vp-1 

This can bo found at once from tho Tables of Iho Normal Probability Integral 

« i*<i fxiv), 

where is always less than (or equal to) i. 

We now turn to Die remainder of Wf This gives 

Fj. = e-i ip-ii ( 2' + ^ 2’* 4 i 2'“ -I- 1 2’* + . . .) 

(ii “ Y«d 0' “ 0 102 0' ” f r) 0' ” 0 

“ (t 2 ~ 30250 ^ I* ~ ^ ^ l?28d ^ f’ “ ' ” TiiH OJ ~ I )*) 0> - ^ • I 

(«v). 
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ill 


and wo need 


lU 


rTF) 


fXo' 

Jo 


er(P-»(p-l)P f<( 


rip) 


[ Wj:dt ...(xvi), 
Jo 


whore to = a;o7(p - 1) = (a;* -(p~ l))/(p - 1). 

Wci will now clmnge our variable to z, where 

1/ 1Ni2 1 i(p-l)(«0-(p-l))® 1 «o'® / -N 

z = i(P~l)i’‘ and ...(xvn), 

with a'o' representing the distance from the mode to the boundary of our original 
F-function, 

Since t = f , we find di = ^ \J z~^dz, 

and thus we have 7^3. = -L ^ — [ z-^ W-rdz 

V2 V{p) Jo 

= -^Po-4rVHM^- 

VStt V2J« 


Substituting z for t in (xv), we find 

J'{a;o,2>)— f ^ e~^a;p~^du)/r(p) 

J D 

= I (^. p - 1) + Po (iH) + (-7071,0678^0, 1) 

+ ai.B/C632i,6653zo. 1'5) + ttaJ ('6773,5027 «o, 2) 

+ a 2 ,ii I (-6346,2248^0, 2'5) + ao I ( SOOO.OOOO^o, 3) 

+ rta.6 1 ('4714,0452^0. 3'5) + Oi J(-ii72,1360^o, 4) 

-1- I ('4264,0143 4'5) + «6 1 (-4082,4828 iro, 5) 

+ nj-B I (-3922,3227 ^o ■ 5‘5) + «o I ('3779,6447 2o , 6) . . .(x viii), 

/ /r 

where fo = -~=2 , Zo = ^ as in (xvii), 

wp -I P~^ 

Po == V^ljcT- i") (P - 1)*^^ <!-'^-‘'/r(7J), 


and equals by Stirling’s Theorem 

, 1 1 . 1 1 

V '^12 ip -ly 288 ip - 1)® “ 61840 (p - 1)® ”'J 
which will generally be adequate for computing Po. 

Lastly we have 

iii = '26696,15203-7^^=., oi.6 = - -37600,00000 

vjj - 1 
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h'mluiUwn of [nnmiddc. Eokrian lufiyt ah 




/'n 




Hjt - '‘nfiiifi.iiiiiioT ■ 1 1 


M \ iV, 


I ' 


12 1 \ r„ 


(/a>- ir}i)r.7(l.lll‘2l(}(l' y , ,) 


(/>■■ I)'*' 




/’n 


17 ;i ' 1/ (/t '• 1 )*' 




irr'orf, '■>7'*' 1 ,■'» \ 7V, 

** V i7r)/)-i ii (II -- 1 r/ (/I - ir 


/V, 


«B - <U . 7 , i j jitj j ... , V 


(/' 

Mitt I 




aB5'=2«7:t0l.lllll(l- 

«,«-2H-.SOO‘2,2Hk:}() 


14:i7 




KO {p - 1 ) '' 111) { /» - 1 f ■■ ( /I I rV ( /I - 1 f 


HI2 \ 

fi ■ h’/ 1 


r„ 


1075!) 


?UtiT/i - 1 ) ^ iin ( y) - 1 )* 1 a t /( h'/ ( /< “ 1 * 


2im 


iiiK 


.1 


K 


lUuslmlton 1. T^cit uh unw llu* ulmve ruHullH i»n a ; wi* will 

take tho wornt. ]H^»Hihl{i cuho, nmjU‘ly 50 on Uk* huivi^T m( iho I^FdoiniiO* 
Tables, ami find from ihimo tnblvn lln’ valiio nf llo‘ roiiinri^d l^fMOcUno ratio by 
which to tot ovw expannion. 'Uai m Uko ;r,/ coosidoralfiis I, 

Accordingly 

« . ?? 2, UIK I «. jt "f " , 2, 

v;> - 1 * /> - 1 

also. Furtlior, .Tn = (p - 1) H-x,,' = ((;), mul the ncliinl viilui! 

» r (fl.'}, 50 ) = r , p ~ i) « / (■Kiiod.sifcW. If)) *« •f)ri!)/jH2r. 

by intorpolalio!! from tins Incomplete V’-Ftinclm Tnhbn. 


Again, jf P — "P 1" t-lic iiuhIo, 


« I ( f; = , If)) « I (ti-»2mi.in40,4«). 
WHO / 

and from tbo same tablea, « •4(12,1011. 


Calculating Pg, wo find for its valiio, wbefclioi' from tho full value; or Slirlijig'n 
approximation, ‘9083,00788. The normal term is 

1\ X X -477,2409. 

Jo V27r 
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Hinco fo 2. Thu>s this fcerm '476,4390. 
wa find 


Calculating fchc agS and r( ^ ^ 

W 5 + 1 





h 


(QCa 

% 

(iu 

ai 

«o 

+ *0379,2f)Od 

- *0076,4000 
+ -0018,5770 

1 -*0044,8199 
+ *0020,8171 
+ •0018,1248 

- *0022, 98«1 
+ -0017,5074 

- ‘0000,4840 
-•0009,6015 

/(l'4142,13rj0, 1 ) ='593,9947 
i(l'2049,noe, 1 -5)= -460,581 6 
/(I •! 647,0064, 2) = '323,3226 
/(l'0690,.14fl7, 2'6)= '220,2226 

1 ( 1 >0000,0000, 3) = '142,8765 
/ (0-9428, 0909, 3'5)=5 '088,8874 
/(0'89‘14,2719, 4) ='062,6630 
/(0'«628,0287, 4'6)= '030,0831 
/(0'8164,9668, 5) ='016,6837 

1 (0-7844, 6464, 6 -6)= '008,8087 
/(0>7569,2896, 6) ='004,6338 

-t- -022,5302 

- '003,4426 
+ ■000,6007 
+ •001,7650 
-•000,6404 
+ •000,1844 
+ '000,0954 
-•000,06'91 
+ '.000,0291 

- *000,0004 
“•000,0045 


Those include all bho terms up to the order 




Wo will now sum these terms, The sum of the / 




and bho normal 


term is ‘938,6434. Adding in the ui term, we have •9C1,0736, whence we proceed 
us follows: 


TormB 

includod 

Approximate 

value 

Size and place 
of error 

Terms 

inoludod 

Approximate 

value 

Size and place 
of error 

Up to «] 

n 

M (h 

11 «3 

11 ^3-5 1 

•901,0730 

•957,0311 

•968,2318 

•959,9868 

•959,3404 

•969,6308 

+ 1 In Jlrd 
-2 in 3rd 
- 1 in 3rd 
+4 ill 4th 

- 2 in 4th 

- 6 in nth 

Up to rt 4 

11 

11 ^6 

1) 

» fifo 

•969,0262 

•989,6671 

•959,6862 

•969,6868 

•969,6813 

+ 4 in 5th 
- 2 in 5fch 
+ 4 in 6th 
+ 3 in 6th 
- 1 in 6th 

Tnio value 

•959,5825 

0 in 7th 


Thus with 13 terms of bho expansion (xviii), we have only an error of a unit 
in the sixth decimal place. Accordingly if a table could bo computed of Po and 

the I - iV together with fchc first eleven a% all values of the Incoinplef6 

r~function could bo thrown back on the existing tables for values of > 50, with 
uii accuracy of the order '000,001, or thereabouts. 

Of course one fully admits that this expansion of higlj order T-functions in 


terms of low order r-functions suffers from the same defects as expansions 
in incomplete normal moment functions, or in tetrachoric functions, Bub such 
a table as we liave spoken of would probably piX)vzdc all the accuracy needful 


in the majority of statistical problems, and would bo less laborious than the use 
of quadrature formulae. 


* It might to needful to form the tnble for every unit value of p from 50 to lOo, but later it would 
Drobahly be adequate to (ako the in ter vain at several units distanoo. 
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Eralmithm of TnrompMr Eubrinn IntiffralH 


Tho Uihlo u))nv(» iiuli(Mh'H ihui witli rv<Ty O^tui i\\v 

approxinmtiori !n'niiiu*H Fmthk’r it imliralrs iluit fur pxampl<'« «iioh m 

tiur (lint illiistmtioiu w(* nlmll liavi> iM’iairary I,m (la^ tliinl liiriioal plnm if wi* 
mcludn toniiH up touas, \m tin* fourlh iluiuiuul pliu’i’ if wo Ul^ wl>ih* 

up to Uj wu Imvo aiTiivuoy in tho fifth iluciiunl pluoo. 

Illmtraiwn IL \Vu iiiUHl work uiinllior oxaiMph^ Mi illufUr/Uo th** pnK'i kh, 
namely pm lOl.uuil wo will iak*t imr V20, i,o. ! i 1, that wo 

arc firulinu 

fiaso 

Jii 

lly ehoiminp iro'Ks2(lsr>i2 v'p - 1, nur oufiro fcu ios uf /( , vv) rouuiin iho 

\S\H I / 

«uine and nia^d nut bit rooalciilatucl.nlt iho u/h, Imwovor, uro i‘baN^» d well m iV. 

Wc find ’!)j)mj)7U2, and aineo ronuun^i tlio kiiiii% iUv iiMiiunl toriii 
oonlnbution in 

'y0ill,«702 X '477/24JHI • t7lkH5^24. 

^'t^rthor* I t ihlV{ p) ... ^^7^l •! K}2, 

Together, these give »h ‘ilSO, 202(1. 

Wo will Hew form a tublo tis lioferc : 








Vftliio of rt, 

Viilud of Jj 

: 

1 

; Vftinieuppf 

\ 

1 

<h 


•.V.»3,W9I7 



j 

+ •01.5.7848 1 

1 ; 

1 •!««!, 07 71 1 


- ■0037,iSH7« 

•l.Mt.Min 

•(Xlt,tW83 i 

1 itiM.riHUi : 


•t-'(KHH}.3777fl 

•383, 3280 

4 ’Otsv-SHia i 

•!MM.:i!l5:i 1 

"u 

+ •0()lU,:)«3iK) 

•8'30, 882.5 

•1 •tX8t.88',l3 

•!Sl.'i,|H4t5 ' 

«a 

- -OOlft, 07107 

■M8,H7«5 

- -(KHW-J.!)) i 

•!8i:..8'M7 : 

«3'6 

+ ■(HK)5, 07077 

•tmH,riH7-i 

+ •ISM, 01 lit 

•!Hi5.:a(:,fi 

rt| 

+ 'O()()7,8.|0H.l 

•0.58,(1530 

+ '()i8MtU8 j 

•lit’."., a iijH 


~-0<XW.0'lf)81 

■030,0831 

-••MO, •1188 

•()'1.5.3i'HU 1 


4- 'OOOS, 187111 

•010,5037 

(.•ISSt,iK).'2 

•i«i.5,3:t:iH ! 

«6*ft 

~'000I,11I.W 

•008,8087 

-■(881,18)11 

•(105,3387 ' 

«« 

-.'(KH)a,aui.i7 

•Wt'l,ri33H 

.•UXI.ISIIf) 1 

■U0V-(317 


i ITflUjr \i »ji 

ftrFi tAhir 

MJI hi 41^ 


'I *1*1^7 1* a 
i 'UxpfijaiH 
\ Ml 


17 


The uxoct value wjut fouiul by (|iiu(lria)iiVH front x«k» 12{) t<» the eud of ilit> 
curve to bo ■034,(i07f), and 1 ~ ■a34..(IOYli » •!Hlr,,:i;l2l. It will bo mtoii tjmi our ilnal 
result, using up to the ug ttirin, in only four uiiitH out in llio sovunth ileciiunl plttct*. 
Up to tta-j wo ftro only out two units in the fifth docinini pluco, ntul up to nm only 
between one and two units in the fourtli dccimul place. 

It will bo clear to the reader that to replace an incomplete r-function by a 
normal curve will not give a correct result even in the second documil place, when 
p«101, if wo want an area reaching to about twice tbn atandartl deviation from 


* Fount] by quAtliaiuro from 45 orUinaloR nl unU diBUinco apurM 
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tho mode. It would work better, of course, if we knew the area up to the mode, and 
wore only seeking areas up to ±^p on either side of it. But clearly the safest way 

to reach high order incomplete r-fuiictions is to form a table of P - — — and 

Jo V(p) 

of the functions of p, i.e. Po. Ui, fti o ••• Oo. and so throw such incomplete F-functions 
back on the already piibliahod table. 

Will any trained computer volunteer for the work? 

II. 2'he Incomplete B-Function, 

Let the required integral be the B-function ratio 

T / , T , IN f** icP (I ~ x)"! dio 

+ + + + ». 

where B(^+l, q + l)~r(p + l)r(q + l)/r(p + q + 2), 

Wo will suppose q>p, which it is always feasible to arrange, if needful, by 
ai<l of the tranaformation a; =» 1 — x', and finding tho area from the other end of 
the curve. 

Wc have 

r(7j + (7 + 2) 

“r{p + i)r(5r+i)Jo 

Wo may now expand tho exponential 

ar* 


x^e~t^o 




8 M 




1 + C2a*+ 040!*+ ... + c«a)“ 


•(»), 


as equal to 
and our integral becomes 

(y 1 , <1 + 1) = i'*) III' (1 + t ...) fe 


r(p + (7 + 2) 

" r(ry+irlJo 


e-^^dx 

0 




"1“ Oj 


Jo r 


(p+i) 


+ ... 


- y.. y I) + Ca (y + 2) (j, + 1) 

" r(9 + i) I ^ 

+ c,^^^^^(y + S)(y+2)(y + l)... 

+ «■ ' ■ + .) (y + . - 1) ... (f + 1) + ■ ■ ■} 

(iii), 

whore we have taken z = qx and 



hlmluatUm of Tncomplete Enhrmi Inteiimln 


If wo »oiv use tho iiotivtioii of Ukj Tables of ihc Incomplete l*-Fumli<ni wr; 
on ituUiiij( p-l for p, himI >/ - 1 for 


( P< 7 ) “ j[' 3 '"'^ ( P‘ 7 > 


V(p-Hj)\ \ >/}> ^ 

l>)'l 


. ^ .{.><,(( 1 - 1 ) ,, . O' •- !»/' 




7 'Iuih if p<!){) and //>50, wo have r<!(liic(!({ mir ilittrj'nit to a Horio'i of in- 
coinplebo P-functlon ratios, wliich cnit ho lakoii out of llit! ahuviMiioiilionoii t^iblcs. 
Wo have to dotonuine tho os ami to cmisulor llu: ooiivor^ctKt^V of iho mtIos, 

Tiiruirig back to (ii) ajul Ukiiijjf tof'arilliiaic iliircroiilials, wo liuvo 

(H* <?,.(* + Cj;*;* -I- ... 1 (‘..o' I .. ) 

« 2Cj|.'l' -I- Urjt.T* I- , . . I 

Hence wo easily find cg « - i </, Cj « ■“ J </, and geiiernlly 


a - 1 o 


To suit the nt»tation of (iv), we iitust, however, put «/ - 1 for »/, itml we llitoi 
have 


-I </-l 1 




^ 1 )« 'l)) • ^ w (7 ~ i^'hf) 


“ 24 ^ " 5l(; ~ {,j -T)*) * 

1 > ,.4/, (iH , OfJO 4H \ 

ce “ rjg-4 (y ~ 1) 1^1 “ .4 "Y) To ((/ ~ 1 )* “■ (Y - i)V ' 

I . ,^4/, 472 , H02 10 \ 

c« V^~4r)(Y-f)‘'“3fiijY~.T)*“(Y-T)T 

„ „ 1 iNs/i 140 , 004 mm . :m \ 

3840 17 -‘^i [i- 5) ■»• .) ~ aii^y zTf (f:: y^p 

, ^ 01a ^ 3719 om n.w \ 

r 250 28828 478.024 155.562 3840 \ 

“ 46080 17 ^ ” V 3 (q ~ 1) ''' 27 (5 - 1 )» ~ 106 {q - if ■*' ‘J t {q ^ (ip if] 
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Now let ita write (iv) in the form 

^■To (/'. <i) = «o I (i»^o {q - 1)/ V^, 1) - 1) + ml {q - l)/Vp + 2, p -h l) 

I ('*'** ~ + 2) + + a,! (a’o (q — lyVp + s, p + s — l) + ,,, 

Thun wo have 




«3 


L(£±1) .„J. „ ^ _ r (;> + q) (p-hi)p 

V{q) iq- 'iy' P(<^) 2 ((/ - 1)P+1 ’ 

_ + (p +2) (?)+!)?) 

V(<lf 3(5-1)"+* ’ 


„ . - 1 (p + q) (?^ + ^) (?> + 2) (P + !);> /, 2 \ 

^ ^ r(a) 

„ _ I I"(?i + 5)(?> + 4)(p43)(f)H-2)(y + l)?j /, G \ 
r(5) 6(y-l)»H» 6{q-l))' 

.. _ r(p + 5)(2) + r))(j) + 4)(2) + S)(y + 2)({3 + 1)?J Z", 26 , 8 \ 

• ~ TB 48 (!-!)«• l’-3(?::T)+(f:ri5i). 

„ __ 0^5) (l-» + ®)(l^ + 5) ■..(!) + 1)2) 22 , 24 \ 

'■■ r(5) 24((2-1)"^« ■ V 5(5-1) ■^7(5-1)*/’ 

_ . r(2; + 5)(/)+7)(2) + G)...(2) + l)2>/i ■ 68 , 696 48 \ 

r(5)' ■384(5-1)"++ V 3 (5 -!)■*' 10 (5-1)* (5-l)V’ 

r(23-l-5)(2) + 8)(2) + 7)...(pH-l)?)/ 472 892 16 \ 

"® T(5) 144(5- 1)"^* \ 45 (5 -!)■’■ 36 (5-1)* {q-lf}' 

,, _ _ 1 ' ■•*_(?) (E±®) ( ?> + ») i”(?» ± 

«w ■f(5~) 3840(5-1)"+® 

/ 140 964 23088 384 \ 

''1^''3(5-1)'^3(5-1)* 36(5-1)*'^(5-1)+J- 


_ _ r { 7> + 5) (?) + 10)(p49)...(j) + l)?) 

■~r(5)' 1162(5-1)"+® 

/, 916 , 3716 6704 1162 N 

^ V 46 (5 - 1) 35 (5 - 1)* 35 (5 - 1)® ^ ll (5 - 1)7 ’ 

, . I’ ( J> + 5) ip -I- 1 J ) ip ^0) • • • ip + })P 

’* - ■ - 1 . 4(jOH() _ i jw-6 

/, 250 , 28828 478,024 166,652 8840 \ 

^ V “ 3 (5'- 1 ) 27 (5 - 1)* 105 (5 -T)® ■'* 21 (5 - 1)+ (5 - l)®j 

(vUi). 


Uluslration (i). As a first example, we will find the incomplebe B-function 
ratio 

f ,024 

I. 0 M (4, 101) = a>® (1 - (4. 101), 

/o 

or, if ic' = (1 - .r), = [^ (1 - »')’ (4, 101). 

J '076 

a7 


Biomutrikft xxvir 



'I'ltiH is liiiily raHy In liiiil tty Uu' fx|tiinai'ti> at' (I-j')® mul «lim‘L iii- 

tf.'grttliaJi, many (ij'itic Jit/farithmH tn dflfniiiiii' ( !l7lt)**', whitdi i-tjnal.s 

•OBrtn.HrtTn.DK. Tims wo altlaiii 

Wo now pinooiMl la rmmiuto mir «’« from (viii) ami ilt toniiiin- lln< /’h tiy 
iiitoi'jiotntioii. Tin* rosnlts aro Ktvori in (lie laltio liohtw; 





Vuhl' Fi froiii 

"4 ' h 

Valu'^ rif ,s (ii. 


-t-Mo:tr.,r.oi!i 



•a.|||,!io:f!i 7 

•■JUl,tSt 3 it 7 


- uoV'W^i 

/.,r» 7 !t 7 ,unH)M!, ;>) 

•o:i.Mi, 7 i::i 7 


■j; m 5 i.r.rt 7 rto 


■ •1x111,1 tcoi 

y,Ciio 7 i,it 7 ;iri, »;> 



•i;io 2 .o 2 ri 7 it 


■I -01 in.ftriw-c 1 


•(St;m,:i 7 ai 


”.il«W.|iHU 7 


•|. •(xllC.illMfi 


Bu’tXSIS.n^lO 


■liuw.iiftco 


- •iKtia , 710711 

/„C 7 r.K!i,.i(inis, '!} 



'i!io:r..ii*.ai« 

fl* 

~ •uoilc,nfi!),'»:i ! 

/tC 7 -i'l(V^»: 2 cii, /o) 

•mis.tii'is ^ 


•iMOsl.JtST? 

, 



1 

'rriH.I VrtllH’ 



Now Hiuco oiir Tabic of llic Incomjilolc I'-h'ancliou is tnily «utmj[ialtni Lo 

ffovon ilooinial piiicoa, wo cmiiinl U'iihI iho liutioolmnii lit iimro limit hovou tlooimalH. 
It ia ihiiH not worlh vvhilo inclmling iif. Al «« v,o imt omiocl In wovott dooimnlfi. 
Thus when q is large cmiipimul la p, hix Ufriiin uro iido(|iiaU' Lu tdtluiii Movon-liguro 
ftccimicy. When four-figure accuracy is udei|imli>, will HiilVtoo. To oblaiii ado- 
([uate values for llio /,’« wc used 5^ iiiteriMtliilioti for und 113, lull fouiid that 
with ttj the inclimion of S‘, allhuuglt modtlying /j in ilio sovoiillt docinml jihico. 
gave no change in the value of njjfa up U> the ninth decimal place, ll is nccoidingly 
Bulficionb to interjtointo the I, values, using only 8*, except in the case of the 
values s» 2, or iwrhaps s >=> B, os p iucanuses relative to q. 

It would thus seem that the method is satisfacUtry if p he as low as 4, Further, 
it can be a good deal siutrtoued, if wc do not use fonnulne (viii). hut proceed in 
the following manner. We liave seen by (v) that 

a (V). 

and further, by (iv), that 

LQ'li/L 

(v-'i)' \\q){q-\y 



where G « . and /. « c, ; • • (]> .t .1) 7' . 


r(9)(<7~l)" 

Hence in (v), replacing c, by a„ wo find 


a , » 


|(« - 1 ) a,.i - (p + « » 2) a,-j} , 
L Tp ~ — (j) + a — 2)/,_*l , 


or, again, 


(4 

,(x ins). 
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riifi latler formula has some advantages if we wish to deal with more moderate 
numbors, as 0 may be largo. We then multiply by G at the end of our desired 
HorioH 

Now the series of or fjn mn bo most mpidly ascerfcained in succession by 
bho maohinc from (x) or {xbis). For example, ao- ai- 0, or /o=s 1, /i- 0, and 
for 10,'^ 5= 101, say, wc have the series 

«a ~ {ax lOao), (Soa - llai), (Zub - 12aa), 

- lZaz\ (bas - 14^4), etc. 

The rapidity of this method is great, but it has the disadvantage that, if a slip be 
made in pne a^, it is enmed on to later a's. Hence it is advisable to check the 
hist a by means of the corresponding value of a in (viii)* Thus there is no 
difficulty in finding the a'a to the if needed to give the number of places necessary 
in the required incomploto B-function, In the example worked out above, we 
obtain seven decimal-place accuracy for s = 6. 

Actually at the very best wo cannot hope for greater accuracy, for the Tables 
of the Incomplete V-Fiinciion only reach to seven decimals, and accordingly, os G 
grows greater than unity, wo shall not be correct in the sixth or seventh figure 
when wo multiply by (7, Wo need a P-function table to some 10 to 12 figures, 
if 0 lies between 300 and 400. Wo will illustrate these points on a couple of 
examples. 

llbcslration {\i). Let us take p= 10, 101 and 075. Here 


(?==1'7018,2143,78, 

and blic general form for 


and further 




Working the /'s out in succession from this, we obtained the values given in the 
.second column of the table below. 

The true val ue of the function found by "brute force integration and multiplying 
out was '3109,71212, and chocked by quadrature ’3109,7120. The value *3109,712 
will be covnict to seven places and serve for comparison. 


Table fov p « 10, /y ^ 101 md == ‘076. 


/, 


y. J?rom r*Funo- 

Uoa T«bloH 

«»7. 

S{o,7,)m)too, 

1-0(KHI,00(X) 
i - TT. 

- 'OM 

; +-21021 
+'03!ir»,r)yr)2 

- ■O080,2H5(i.0O 

; +oim),i(iir>,23 

% +' 010 U, 0 HM,r)fi 

- 'OO'tfl.aon'i.u 
-•0040,t)OH3,«7 
+'(JOOH,2177,63 

l*701H,21<l3,7fi 

- ’9300,0170,08 

- -0748,8014,33 
+ ’3677,3988,44 
+ •0073,2323,02 
-•1107,0366,47 

- •0390,99(16,62 
+ •0338,9373,49 
+ •0187,1088,03 

- -0083,9107,07 

- •0079,9148,07 
+ •0013,0861,48 

/u(2-37l7,08’24,6, !)) =.-2235,0230 
/.,(2‘l(jr)0,03aO,D, /i)= •0702,4131 
4 (2-0801 ,2673,0, IS) = -0420,0683 
/, (2-0044,6931,4, i,9) = -02 16,0403 
/c (1 -93(M, 0107,3, 1/,) = •0102,0042 
/„(l-876. //>) =-0046,0831 

/, (1-8100,1718,8, ie)=.'00l9,6800 
/.(I -7(177,0006,3, 77) ='0007,0001 
4(1 •7200.1800,4, J«)= '0003,0301 
/,, {1-0770,6098,3, 19)= -0001,1074 
/„ (1-030(1,3417,7, m)= '0000,3804 
/„{l •6900,0537,3, J?l)= '0000,1288 

+ *3806,1427 

- '0741,7001 
-*0031,9482 
+ •0077,1463 
+ •0008,0076 

- *0005,3822 

- *0000,7869 
+ •0000,2678 
+ •0000,0607 

- *0000,0093 

- *0000,003! 
+ •0000,0002 

+ *3805,1427 
+ -3063,4420 
+ *3031,4944 
+ •3108,8397 
+ *3116,6473 
+ •3110,1661 
+ *3109,3992 
+ •3109,6670 
+ *3109,7237 
+ •3109,7144 
+ •3109,7113 
+ ;3109,7n6 



4 ’iii VlmluatUm of IncjimplcJc I^Julcruui fnftyra/H 


Thf. a*a are corrnot t'» their ten titiciniala ruui llii'n* in ii» iJillitMill.y in luMiiig 
more, in fact «i 3 . hm.«js ami hw were fmintl. Ihit In make iw of the.w n.H it 
wonhl be nceiifol to have the /,‘m to more timn seven figures, The /,’« f„nmi liy 
iiilcrjKihvlioii havti beon u.scil hi ciyht figures, lint the Inst figure in. of courKc. 
unreliable. The vnlue of V hcitig > 1, the eighth iiiul ninth tigiireM of / for the 
lower values of » wonhl he iieniriil to obtain tlie value of the, inronnilefe Ibrniictioii 
exact to the «e veil til deeiiiial |ilm;e. Tliim the vahm obtained ln>i»i llio r-J''»netion 
Tubica in •!U0I).7H.'> or aix units in error in the eighth figure. Thia is what we, 
might have iintiqipatcil. On the UimiH of llii.s exainjih* we (ran aais^rl that for 
10 the triio value can Im found to wiim*. «ix uiiitn in tins eighth deeiinab 


AppHctilwn of Dr MxUlcr's Method. 

Ill order to tehl. the labonr r«niircd in working vnrimm |>rmu-H.s>-K for ftmling 
the incomplete B-fnnethni, wc worked mir J.mt (HI, Ibl) hy MhUer'a (.'onliiiuetl 
Fraction Method*. The results are given in the lahle lielow. It may be noted 
that when two sncccH-sive, coiivergenUs agree to tlm itumlh>r of ileeiniid jilaees wc 
rciinire, we may atop onr coinpnliiig, and lake the risjuiri*d value as tlnit common 
to the two convergeiila. 

We shall use praclicnlly Dr Mdtler'H notiilion*. Tim true value of 

f.w4(l0. U)l)®-;ilO!).712lt, 


/• s= p * 1 - 7 - 1 » 1 10 , 

U)i - r 


j/o 1 "• ico 

, a'd !1 
( ra sa » m 

yo ' 


/>., •’■‘i^.Vfl^ * 1 1) ,,, 

T(p + I)i’(«/| 

Pf".r h |. Pr < it l/r .'I 


•lOSIl, 211711, i)7.'i2, 

I br'/r r 


r 

K 

Vt 

Vr 

1 

1 •0000,0000,00 

l'0(KK),(XX)0»<K) 

hOOtXVKIOO.OO 


^ •7371,(K)73,71 

l-0lX)O,()!XJO,)K) 

•2«2H.)l»2il.21» 




•3.710.810H.I1 

*1 


•M)2i,7:i!M),22 


5 

■b •0i)07,l)20n,l)« 

•tWHi, 0000,88 

•2153,171«.H3 

(i 

- •.iri4(),ni05,.n 

•3HO7,0fi0l»,43 

■1 325,53 ll).;bl 

7 

-b •lMn,3702,70 

•4filM.7ri2(i,7V 

•1572,1BH«,0H 

H 


•3073, 8238, M 

•1073,8082,53 

U 

H. •120H,2(t70,m 

•:I017,K10I,(M 

•1203,82.3:1.181 

10 

- -aiwi, 34.(2,30 

•2fi3tt,.lHf‘0,74 

•1X121,0511), 11 

n 

+ •l22fl,H«.17,fl0 

•3082,3537,38 

•1070,7081,72 

13 

- •S7fi0,«0r.2,(il 

•2350,5145,00 

•0H23,U152.:i3 

u 

+ -1221, 4812,21 

•2733,0183,11 

•0064.0l«U,5l 

u 

- ■2109,0980,32 

•2106,0080,40 

■0750,3(8)1,18 


n.ii- 
m la 
mi) 


•.iitB.fisaftt 

•3ii«t,<ua:t:) 

-31IKI.fi IHDt 
•aiiKi.i-iHiii 
•a HI?),'; Hi 17 
• 3 ) 011,7 HHKl 
-aHIH.lUHfi 
>3lO?»,7)ai7 


It will bo aeon that convcrgoiits 7 and 8 give throo-figiiro aocitnicy, 1) and 10 
four-figure accuracy, 10 and 11 fivc-figuro accuracy, 12 and 13 Bix-figurc accuracy, 


Hidincli-Hra, Yol. xxii. pp. SOI etieq, Soo also our flr«r tootnole, p. 4558 below, 
t Value obtainorl by •' brute lerco," by quadrature aud by ibe r-Fiuiolion Table. 
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rmd 13 and 14 bhc required seven-figure accuracy, Miiller’s method is certainly 
shorter than the brute force” or quadrature methods, and about on a par with 
the F- Function Table method at - 10, 

Ilhistration (iii)« A still inoi’c extreme case was now taken, namely, 
j) = 36, 5=5=101 and «?o==*20. 

Here 6' = 392‘0702,0030, unci it is clear that with a seven-figure table only 
of the incomplete F-fn notion we cannot hope after multiplying by such a, 0 to 
roach more than about four-figure accuracy for an incomplete B-function. 

Wg found the following valiiea: 


Table for p == 36, 5 = 101 and (co - ' 20 . 





. ftom 

r-Tabl*. 


np to 


l*(XX>0,0000 


3!)2'070i,0930 

In (3-33l)3,;5333,3, aii) = -0008,0303 

+ *3150,7938 

+ •3160,7938 

f'} 




/.i(3-244-l, 2842,1, .77) « ‘0002,1708 

-•66(18, 3060 

-•2617,6722 



- 


i;, (3-2020,(1307,7, .IS) = -0001,0808 

-*0718,9191 

- •3238,4013 

/* 

►h 21' 13 1,791 

•h 


I.i (3-1822,7700,0, SI)) = -0000,038;) 

+ •5046,7168 

+ •1810,2243 


+ iij*cx)2a,aB()8 

4* 


4 (3- 1 234,7023,9, ,jO)= -0000,2547 

+ •1298,4072 

+ ’3108,8316 

/ft 

- (11 •«» 14,7^20 



4 (3 -0800, 0899, (), >(1)= -00(10, 1102 

-•2881,4075 

+ •0227,2240 

/} 1 




/, (3-(M80,7H0,9, i?)» -0000,0641 

-•1149,2358 

-■0922,0116 

/h 




4 (3-015 1, 1341, 5, 4S)= -0000,0239 1 

+ •1113,2086 

+ ■0191,1949 

A 

•f-itio-;)044,«i!>r> 



4 (2-0814,2306,!), U)^ -0000,0102 

+ •0041,3182 

+ •0832,5111 

fws 

- 1 70'(!750, «)!)() 



/(n (2-9 185,3012,2, 1,S)= -0000,0045 

-•0300,4100 

+ •0532,0921 

/n 

-.:i7ji'im27,i'H2r. 



/„ (2-9172,0082,8, //<))» -0000,0022 

-•0321,7170 

+•0210,3742 

/lit 




7ia (2-8807,6134,0, J,7)= -0000,00105 

+ •0000,1390 

+ •0270,5138 

/is 

4-7ii’()i)r.ri,!)Hii 

+270152*2033, OIOS 

/„(2'8571,428f>,7, ,}«)= -0000,00050 

+ •0130,6761 

+ •0410,0890 


Tho iriio value is *0409,4983, or the excess at this point is roughly six units in 
tlni fifth figure. But even this agreement is illusory* It depends on talcing the 
value of /| to eight or nine figures in the last two cases, where our tables only give 
seven figures I Had we taken *0000,00 104 instead of *0000,00105 we should 

have been only two units in error in the sixth figure instead of six in the fifth 
figure. But the render will ivsk how wo found In and/w. If he will turn up p = 47 
and the urgunuiiit lying hot ween 2*8 and 2' 9 in the lucooiplcte V‘*I'unotiou Tables, 
he will find that he has to interpolate between 

= *0000,000, '0000,000, 8^ «o== *0000,000, and 

‘ 0000 , 001 , ‘ 0000 , 002 , - ' 0000 , 001 , 

and matters are still worse fin* These units in tho last figure may be anything 
IVomjuHt over 05 to just under 15, and when wo have to multiply by over 392, 
what they are is essential. Actually interpolating from the Tolley the value found 
for In is 0000,00080, which can only be taken as -0000,001. but in multiplying 
by over 302, it is essential to know whotlier 80 or 100 is the better value to adopt. 
Actually, when the a/s are as largo as they arc in this example, a toble ot the 
inauuplcta T-function ratio would have bo exist to at least im decimal places. 




•I..22 h'rnlmifion of Im'nmiihle Euhrinn Inffffrnh 


It IH not fchf! nmiilu-rof (i/h r'.Hjiiin-ti wliioli really »li>>ln‘«H)'H uk - llicy are not 
Imni U) run nlT tm thts nmrliine. Tim diftirully Jh tliaf tlie f/n ra»m<>! Im; ol>laiiU!il 
Uii lUi luli'i jiiiiti' iniinliiT t<f ]i|iMM'«. How (hen did we ach et 1\% lo la; 'tKHlO.tMHOa 
and In t<i he 'OOOO.OIWISO? Simjily hy lookinj* n(. (Ins I, (■(iliiinn ainl that 

/,,i Ih alwiiy.H Mtiincwhnl It Ka than half /„ tin; jireecdiiig valm*. A ninnd iinnilicr 
under half 22 in lOh, and a nnind nundwr under half lliri iarillt l( i>< eh ar that 
.such a jtri«:t*ss is by nn iiicaim t^i hi’ C'luunendi d, and taken (ojrciln r with I he 
erratic v/dnes of tho mi itbvinna in the jinslmr(«, <»</,. w" niiiHt cniadude that 
(ho rciliictum of nn inconudeln Hdhnction ht the Tahlm nfthe I ncumpkte T- Fajirtnui, 
while satisfactory for p w 10 and </ « 101 , niid iirolwdtly soimj way la-yoinl this vaiiii' 
Ilf p, fails to hi! a practiiadly useful nielhiHl when p j{ets O' 00. or sonio ihiial m- 
uuiro of (/. \Vi! iiocd, therefore, a more witisfuelory iie'ilnsl when ja and i/ aiiiiroach 
more ncnrly to eiiuality, anil onn or Isith lie oulflide (ho IM''une!i<ui Tidile. 

Various mcthisis have Imen njiplied, such ns ex|«mdin |.5 tin- ine.im|ilele B- 
function In terms of inconiploU! B-funclions iyinj( iiisido the puhliHln d Inrumpiele 
B’FuncMon Taljk, hut none of these momsl for p and 7 of the mder of ! 1 () and 101 
as short os Dr Midler's cuiitinucd frnclioii nmthoil. Thai mellesi ha-'i iss-uliar 
advantages, when we only need the incoinplute B-funelion ra(i<i to f«iir nr llvi' 
decimal pluccs; it converges slmlily from the early while the 

may bo most erratic before it n)iprotichcs the true value. 

In all tho methods there an; many chnticiw of even a g<ssl compnler making 
a slip. But systematic aminguinont of the material and i‘X[H’rieiie.« in the use 
of tho mothotls makes them far shorter limn apjS'ars nt Hmt sight. The reader 
must also remember that it is solely tho mathematician who, for sjH*eiul i)ur[HiHes, 
will aim at sevon-figure lujcurncy. For the stnlistician, four- or even thnsidigure 
accuracy is often adequate, 

Wo give in the table below tho data requisite to llml 101 ) to seven- 

figure accuracy by continued fractions. 


/.! i { 86 , 101) o» 0409,49811 (by ipia'lniture). 


p a 30, q 101, Aosjo + ^ — lwi 130, (to !M '*2, »» 1 — wd ^ ‘K, 


^«T(f+T)~r(r}) ' ’‘r- I 


101 - r 

10 4. ;: • 


t «« 


■*0 

y« 


i 

4’ 


pf “ j>r-j + hrPf^, q, « (/,_i + *. 

TIuib the eighth and ninth convergonts give tho value correct to four ligiirfis, 
tho olovonth and twelfth correct to five figures, tho thirtooiith and fourteenth to 
seven figures as required. 


Tho eonoml cxprooalons lor Iho h'n hw 


h ~ (P tr-l) (p rr ) 

(p + 8r-2)(;.+2r~l| 


«A 


I, „ r(k + r) 

{ij+2r- ifjji + ’ir)'' 


ji, ■=>!/, «1, anil 


while 
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r 

K 

Pr 

Qr 

Oontiuued 

fraction 

Gypri.iln 

oonveigmg to 
J.j(36,101) 

1 

4-l'(Wt2),l)(TO,00 

1 '0000,0000,00 

1 ’0000,0000,00 



a 

- 

1 '0000,0000,00 

•3243,24,32,43 




13 

H- •02<}3,ri98fl,fl2 

1 ■0243,6088,02 

•3488,8421,08 


.p^ 

■1 

- 'fll70,M07,fJ« 

•4064,4490,04 

•1482,79.35,22 






+ -O-Mg, 307(1, 92 

•4517,6313,21 

•1637,0192,30 





f! 

- ’r)((76,8292,0B 

•2210,2129,81 

•0795,2026,04 

2^7792, 2.386, 46 

•0410.0413 

7 

+ ■0(i0r),'l000,07 

•248.3,7040,42 

•0894,3679,22 

2^7770,6022,83 

•0400,7236 

H 

- •.7230,7109,0.3 

•1320,2799,87 

•0477,9118,51 

2^776I,6809,67 

•0409,4441 

il 

+ •0730,0077,17 

■ •1610,00.30,29 

•0544,0912,96 

2-7763,8648,40 

•0409,4789 

10 

- •'1HJ8,<1848,48 

•0807,0187,87 

•0312,3764,69 

•2*7756,6738,28 

•0409,5033 

11 

+ •nBf)l,44!)2,7a 

•0996,59.30,45 

•0368,7030,73 

2‘7766, 3631,02 

•0409,6001 

12 

- '4003,9.316,45 

•0605,0937,19 

•0218,0108,64 

•2^7766,2807,11 

•0409,6127 

13 

+ '0044,1489,36 

•0699,0926,30 

•0261,8777,66 

•2^7766,2298,92 

•0409,4983 

M 

- •4100,4286,71 

•0466,1692,73 

•0160,3010,08 

2^7755,2408,97 

•0409,4884 


Oonckmm, Methods have been indicated of throwing back values of the 
inoomplotc F-function ratio and the incomplete B-function ratio lying o’utaide 
llio ranges of the published tables on the Tables of the Incomplete T-Fmction. 
Tliesc methods work adcijnatoly for the F-function and also adequately for the 
B-fiinotion, if p bo small as compared with q, But in the latter case, if p be com- 

parable with q, the constant 0= becomes very large, and the existing 

tivbles of the F-function ratio only giving seven decimal places are inadequate for 
the niothod, which would require at least ten decimal places. After considering 
various methods for determining an incomplete B-function ratio with comparable 
p and q, we believe the most efficionb bo bo Miillor’s method of the continued 
IVacUon, illustrations of which arc given in the paper, 

The authors of this paper have not overlooked the value of the late Mr Soper's 
tract, Numencal Evaluations of the Incomplete ^-FiincHon*, but have endeavoured 
to make a somewhat more direct ansnver to the question often put'. What is to be 
(lone when wo need the numerical value of incomplete Eulcrian integrals lying out- 
side the existing tables? 


In (jonduslon wo desire cordially to thank Miss F. N. David for kindly working 
out certain values for us, as, being away from home, wo had no machine, and no 
table of more than wiven-figuro logarithms. 


* Tram for Comimlernt Ko, VIL Cambridgo Uiiiveriiity Proas* 




FUftTiriiH INVI'Sl'KIATIdN IIF TIIH MdUI’IToAtKTIlK! 
CIIAUACTKIIS (IF Tllli INIilVIIItJAr. IKINKK OK THE 

HUMAN KKUIA,. 

Itr KAUI, PEAUHON anii T. t,. WHO, I’li.H. 


(1) rnfrodwction. 

In lOSO tho ihon Dirwitor of llus Hioiiiotric T>nl('ipU‘'r3’ rlt*|*’rinuif‘fl lliiit iho 
liino wiw ripi) to tifwlorUkc o widu sysU'in of nuwiirt'im'ii^'^ mi llu* iiolividiiol Uoiu'h 
of iht! hnmnn Hkn\l. A acricH uf fi‘.t iionwmnountsi whh isi'lvHlvd, whiph uotild he 
lakoii on tho non-diHjointoil cnuiia, mid Uio icriii iHorplioioi'irio wim inin*ilin’i*il for 
Hitch incitHurcinontH to (liHtinguiHh lluiiti from Iho oxiHliitg tidinoniulric Kit'iisiiru* 
incutK, svhioh inivy covor Hoveral btnu'H at oiuto. It won uoUil, lo'Wi'voi', ihul inof" 
phomctric niufiauromenta iiiuy bo fouuil to Imvo llrHl-olwH oilinogrujiliicol vuliio 
wlion, ill the future, lliey »hiill buve liooii Lukoil oii u niirubiT of laoinl groupH. It 
Wfts propoHod to Hiarl tho inorphoniolrio inoiiHiiniim'iilH on uii mloipiuloly long NoricH 
of crania, uml iliHCUsa ill tho fn-al pbw:o the nmiilta wliieli flowo<l fouii ilu' no'iwuro- 
tnent of lioinologoiiH biiticH. The wi'll-kiiowii 15 HcrioH of Kgyjitinii miiiu of the *2(ith 
to the 30th (lyiiuatioH, numbering about HOO male crania, were ehoHen, iiiul an 
indefatigable worker, both from llio moiiHuriiig iiml comptuiiig aiilvH. l)r T. L Woo, 
wasaolected toiindertako the work in 11)30. Aftcraywir'a luhoiir in meamiriiig uud 
computing, Dr Woo piibliHhed, in 1031*. the limt rcpiiit oii theiut luiirjilioiimtric 
iiieoaiircmenbs, willi aome iwaiatanco from the Dlrocior of the Ijuboratory in the 
preparation of his text. This dealt with llm 50 chunwiU;rM mit of the 113, which be- 
longed to liomologouH bones, i.o. 25 pairs of coriTis|)oiidi)ig iu<!naurctneiil<H on the 
right and left aidca of the Hkiiil. The whole rejitiii dealt with iibmihiUi «j?. 0 H, mid 
not with the aliapca of individual boima. The diacuaiioii wan chieily concerned 
with nsyinmotry in aizc. The following ccmcliiHioiiH were rcactiwl ; 

(i) Tho moan or tyjio skull of a m«e is deliiiiloly mid markedly aHyniinetricnl ; 
aayinraotry ia not only a peculiarity of the individual skull ; it is a!ftf> a mcial 
cliaracter. 

(ii) Tho fnmtul and parietal honcH aro with marked Higuilloamm gmnUn' on llm 
right side, so also are the approximately mitere-iwstcrior lengtlm on the tfiiii[Miml. 
Both malar measuremonls are in excess on the left, hut Iheae meuaurementa have 
little to do with tho brain. On tho other hand while the arcs from asUirion Ui 
sagittal plaiiof.niid from aslorion to baaioii were aigiiificantly greater on tho right, 
that from the lambda to the aatcrion along the himbdoid suture was markedly 
dominant on tho loft. 

* Hiffiia-IrW’d, Vol, xxii. pp. 321-852, 

t For tlofinUion of this (niul olh«r) mcasuromenlfl sas ibid. pp. 825 — 822 . 






12(5 Morpliomiinr- Ohmwh'rx nf hullndutil Ihmea of tiu' Skull 

(iii) TIi (5 V!inal»ilit\\ ur p‘hdiv»\ -liowi ii mm fnfirk> 4 tmul, 

luul Uiegn ^Uor variahilify waii iimI -a^intu’aufjy a^Kui infr*! with tht^ 

lutoral rlianinivrs, 

Tlir if'porl. hIkiwi**! IIm’ hiv^i^ \mi in Hu* r^rn^lulinn nf 

rinnj^hnnu^h i(* rliiUiU^haH II- als»* in«h*vUr<l limt fiM-iai ainl fnnital 
t:hura<!it‘m wm* niorr IukI^Iv <‘Mnvlab’H ( Hll lfH» wlnln ni lln* h rinwomt, 

[lariotal iunl Mri-ipiiiil n'^inriN wnrn U'kh hiH O'I - Hro. Tlir fai n, |H»?iNib]y Mwing h* 
in \\\v mnnl Hyinhinlvivnl nf Uu' tkwW hnNvnvv^r, 

loll u\mh for fitluiv omiHiilnration anti i\u\ p.ijior will dral with iimiiy 

{irohUnnH h^ft uiianswoml in llio lir^t rn|Hirl. 



Diagrams 1 and 2, giving rospcctivoty the norma IntcndiH ami imrmn bamlia 
of a skull, indicate approximately the inonsuremonts taken during the whole of 
this investigation, 
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(2) Gonstmts of the ThiHeen Additional Gkaracters- 

Wo placo first on rccorrl tho remaining thirteen characters dealt with in 
Dr Woo’s inomsurcments ; tlicse were principally but not entirely taken along or 
perpondioular to Die iiKHliiui sagittal piano. Wo shall not repeat hero the defini- 
tioim of the 50 bilateral chavaolors discuased in the fii-st report, but we reproduce 
here the diagrams indicating those charactoi’s with addition of the thirteen further 
cluiructora. 


List of the Thirteen Additiotud Gharact&i's, 

Fa, Minimum arc between tho terminals of the minimum frontal di- 

, ftincter. {JS'l. 

Fi, Minimum arc from nasion to bregma, ((S'!}. 

Fs, Minimum arc from right atephanion to left stephanion. 

Parietal (Pi, Mwimtiin arc from bregma to lambda. (iSa}. 


Frontal 


Occipital 


Oi, Minimum ai'c from lambda to opisthion. (£[3). 

Ot, Chord from opisthion to basion, 

Oi, Chord from basion to sphono-basion. 

Oi, Minimum arc from right nalcrion to left asterion. 

Os, Chord between tho points, right and loft, where the ocoipito-mastoid 
suture meets the posterior border of the jugular foramen, 

Oi, Breadth of the para basilaris, taken between the legs of small 
oalipei'S os far forward as possible. 

'Si, Chord between right and loft hvotaphions. 

64, Chord between the extreme posterior points on the right and left 
of tho sphenoid exposed on the base of the skull. 

St, Chord between the lowest points, right and left on the suture 
, between the medial pterygoid plate and the palate bone. 

Four of tlieso are familiar ethnomotric chai'acters and we have placed against 
them in curled brackets tho symbols used to denote them in the Biometrio 
Laboratory memoirs. They arc the solo cranial charaotera common to the present 
morphometric and the earlier othnometric researches of that Laboratory. 

Wo have tabled the constants of Dioso thirteen additional characters in Table I, 


Sphenoid 


p. 42«. 

(3) Variation of the Sixty-three Gharaeters, 

Wo are now able bo oonsidor the variation of our 63 characteTs taken as a single 
group. In Table II (p, 420). we have coliectod the variation constants: in column (a) 
tho bone; in column (b) its character; in column (c) the absolute variation of the 
clmractor; in column (rf) tho relative variation, or percentage variation on size of 
cimmeter; in column (e) the cbaracbors of the bone in order of intensity of absolute 
variation; in column (/) the order of intensity of relative variation, are provided. 
In the last two columns the order of absolute sizes of the oharaobers are placed for 
each bone uiiaracLor in a<juaro brackets. When we examine column (e) we see that 



42H xUdrjiliomdric Cluu'acfn'n of hulinthud Hoioh of do' .Skull 


TABLE I. <;omt(oit.H uj (Iw Xon'-MHtmtl ('h.nwkrs uaol i?i llm Paper. 


(Tliin TikMii imiiit, Ihi tnta'ii in riiiijiiin tii'ii wifli Taiilo I hi’ lln; f”rnu'r M' lifuir’.) 
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OaripiUil 
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1 
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a nrnsi (rnv 
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;triK7'i :t -nr.iit 

1 -HI nSMj 021(3 j 

.•.(Hir.lt-ioya 
7-aNOl-i; <1177 

K Wi . (ft t <1.(11 
(•7177. 4 -oyasl 

K<.'liM!f <|;((12 


.V, (7:h!) 

A’, {m) 

IM-rrfli7±‘13S2 
nK)H7|ftmi7 
nrf.naof isiK? 

r,-;(.itVr;-(i!(ii! 
3’r(Ui.'ifo.v;a 
a-((lHVf'MK« ' 

l.(ViT7i-r>Hs!?i 
.’(•lIHi.'iJ; 'HH;;;:! 

la/a 


the aliHoUitn vnrmtioiis in lli(« clmraclcjn nf eniih inilivitlnnl cvi'ii ultnwiiij^ fur 
mtidoin tidiniiling, mv not iiropfirliotiiil to lh<s iilwiliil'i Hijtt; iif llin nrK«ltK in('«niin'(l. 
ThiiK it is dcinonstraltid thill till! coHlioUnitH of vamlioii will not In* c«niHtaiit “ any 
more than Uie Htandard deviations for a singli! cranial Ismh', much h-as for all tho 
bones, i.o, the coellicieutH of variation miisL do]Hmil on the of Iho charactor 
nicasui’ctl. 

At the same time it will he clear that there i« eonsidevnhle ]H>Hitive covvelalion 
between the intensity of the nbsolnte variation and the size of the varying oliamisler. 

This is sliown by onr 'J’able II wliere llie inleiiHities of the vurlaljoii arc arranj'isl 
in decreasing order, and against them are put the sizes of the eorreKjsnirling; organs, 
[1] marking the largest measnnsmont, [2] the second and so on for ench bone, If we 
new average the hracket tuimbei-s for the upper aiwl haver IndveH of the griuip vif 
chiviaotors for eacli bone, wo find that liir the six bones • frontal, teinpora), H[du)noid, 
malar, maxillary and occipital— these avemges are much lower for the greater in« 
leiiBitica of variation, only in Ihe cnac of this parietal are they ts|ual. In oihor 
words, the absolule vaviabilitios of the liu’gor-sized cliamclers are the largeiv 

Tho lost column (/} shows, however, that tho coefficiuut of variation nvereorreclH 
this defect; for if we except the frontal where oqitalily exists, and the, short malar 
series of only four characters, whore tho two larger cocIllcienUt of variation belong 
to the two Iftvgc-sizod characters, then in the case of all the remaining five bones 

* Vol. xxii. pp. 830 — iJBL 



TABLE II, Variahiliiyi AhsoMe and Relative, of the 63 MorphomcMc QiaTacters. 



* UiifoiliiniiUjly in Dr WooV iwpo** {movtelriha, Yfll. xxu. p. 830, Tablo I, Wt, and ahaiild bg intarclmuged; 
all Ihft oonnUnta of iho farmer arc Itvrftor tliaii thouo of tlio laltor. 



•iJJO Unrphouicim (’/lamdirs of Imfii'idual Hoio'H of th Skull 

the moiety of thi- coellieit iiLH which .'lie hirgcr giv.« lar/'cr fivrrngc i*f the mjiiarc 
liriicket luiiulieis or con'cspuml to eharaeU'ix of In nth(>r wonh'*, the 

ctioflicJotil of variation (tf a elmradler in not the aunte for nil (•lmmel’"rK hut roughly 
vnriefi itiveixely na i(H -wize. 

'riu;Hi! itsuIIh aj)|H‘iir to imlicale lluit if variation in the rati H of lume growth ho 
(lillureiit from iinliviilual to iiullvitinnl, ihexo ralix cjimiot Ih* tlo* wuim for nil 
flircctioiis of growth in the wiine Ihuk*. In other wordf, a l*ono in ilx growth must 
change nut only ilx .size hut iUi nhajH*. If for an iinlivitlnal, the iiitlivhhml Ihuio 
chnngoil itn Hize only, liot it« hIhiih*, then it Hoent.s rriinonnhle to nuiiiuiote that the 
cocdicienta of vnrialinn would ho the same for nil nuMniiremenln on the .Noim Inme. 
It Keeins then highly imjuohahle that hoiioH grow iwitrojiicnlly, or if gniwlh from 
a centre of osHiiieation hi* wolid[iu!, tin* [iroHi-nee of more tliaii mie eeiilrt,’ oauHen the 
growth of the htuie iw a whole to he heh-rotropie. 

We can o\»Uuu »onm rough ivj>|weciiUion of the, inllnetn’e of aloMdttte m\ 
ahaohite variation hy caleiiialing the, eorrelatimi eoi llieieitt /r of onier of aize ami 
order of variation foreneh hone and jhioling iheHo «nlera. Wo lind that /> «» •U0H7 
and, hy the rorinnhi ?'« 2.Hin (,l7r;>), liedncis 

Thia average eorrclalion for the aeveii iHUUiM iaii rough nmaatire of the inllnence 
of the fiizo of a character oti ita iihHoliile vuviahility ; it ia imi mi large jw w« might 
have anticipated. It would have lieeii greater hud we imoh'd all tin* idaee nieaaure- 
inents together, hut it Keenied desirahle to fiei* onraelveK of aneh great differeiicert 
of aize iw occur, for example, between onr Hphenoidal nnd parietal niennnrementu, 

If the Bftine metlnKl of correlation he applitid hi the aliHiluh’ aizm nnd the 
coofficienta of variation wc find and rw — 'llfil. Thua the ndtUive 

variation exhihits over 50 "/o leas eorrelaliou than tlie alisolute variation ilwm with 
absolute aizo, hut it haa overcoiTccled. 

To 8um up: The correlations of abHolutu aizo with IhiUi absolute and relative 
variability aa rcprcReulcd by the Hlaiulurd deviation and the cm'flicH’nt of viirialioii 
roapeclivoly are ainall but mgnilicnnt in tlie enae of ineaHU remen la taken on the 
individual buiica of the human akidl. The correlation of nkwIuU* ai%e with the 
Btandawl deviation is pfwitivo, and with the coeflieieiit of variation iu negative; the 
latter is considemlily Hinaller than the former, hut the diHlribiilioii of llm total 
variation over the mean length overcorrecta. So fanm one ban auggeHtwl a minHiant 
which will give a bettor menauro of roluiivo variation limn llm coedicjciit of 
variation*. It may bo that a bettor uxiala, but it in more probable that variation 
is ao peculiar to each clmractor that it ia not posaible by the uxuininatum of a aingh: 

» It might bo thought that ft Iwltor (»otHcionl could bo found by taking the mil# of «wh devlitllon 
to Ita own longtli, Lot c bo the olmnioUr, e iU moan, <r. Its stniidard devinllon, os««fJc nnd I'»:100 p 
its ooofflolent of variation. Thon instead of )'= IWrJe lot us take 
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con^taiifc to iiSHort wliothcr A is more variable than J3. Only when we compare the 
coefllcicMits of variation of the same character in two sexes or two races can we get 
a partial answer to the question. 

It remains to be considered whether it is possible to discover whether there are 
any special directions of measurement on the bones of the skull, transverse, sagittal 
or vcrtieul, which arc associated with larger relative variabilities. The difficulty 
here is that some of the measurements, especially some of the arcs, liave very mixed 
direcUons. 

The following classes were made; 

Sagittal, 5, i,e» practically parallel to the Frankfurt horizontal and the median 
sagittal piano, si^ sagittal transverse, in which were included t{s)i transverse, with 
a smaller amount of sagittal in it, and 5(i), sagittal, with a smaller amount of 
transverse in it; sy, sagittal vortical; with which were included s(tj) and v(s), 
sagittal with a loss amount of vertical and vertical with some small amount of 
sagittal; and dually sot, a measurement combining all three directions. Thus 
for si^gittal mcttsuromcnta we have s, st, sv, stv» In a similar manner we have for 
transverse measurements t, is, tv and tvs, and for vertical measurements v, vs, vt 
and The order of the letters in these classes is naturally indifferent. One or 
other of these chusses was to the best of the writer's judgment affixed to every one 
of the G8 charaetors; and then the position of the coefficient of variation in each 
bone class taken and placed under the direction class of its measurement. These 


wliorc N iH the total number of obaorvatlona. Then 




m\ (A(f 


where Ac^c-U 


wliorc tho P'b liave the euntomavy ataliHUcal Hiyiiiftoanco. I^or a symmetrical system \fPi and 
otc, umi (or a normal ilistvibution p,s^S, ami thou 


If we ncalcct ten an In i'“, Hut to tho same doj^rco o( approximation 

/ Oft \*- 

or, llnally, 

F^V ^ 

23 


t SO, 000 ) 


ThiiHi Ihmigli i'^may bo theoretically moro satisfactory than K, it is clear that F can only be constant 
as V becomes constant, and V is easier to compute than F. Indeed it is diflloult to think of any other 
lengths than c and <t, for a normal frequency which could give a ratio possibly independent of absolute 
It may bo noted that when V is small, F will be almost identical with V in value, and that when 
r iH even as high an six, F will only differ from V by about Ito 2 xicr cent. 



•t;J2 i\[iiq>h()mvti'if Vhnmdirs of Iiuliriilmd Howh of th(' Slaifl 

wore Uicn uvi mf'ril for Huw. Ah llir iif'.ilixtiH 
urdiUMif iulmwity of ivhifivr viniuMoii. u low ovoni^^.* (h nniiilHM’ for 

tli(! Jiiomi i)ositiitn) niiuk.s Iish vniiiilioii. Tlu ro rcstilb^i rlu' lollowiii^j M'ltcmo; 


(i) HaijiUiil or HI piiil mm-surmi uti. 




s 

st 

JfO 

sir 

All 


Mnui l*nsinou 

rm 

.vntitj 

.'»d7l 

ii-in 

A !)ii:i 

(ii) 

7) (imreKsr or io 

ftirl iniHHi 

v’rA'i? 7/i rjim 




C\\i^ 

i 

is 

Ir 

Irs 

All 


Mean 

(;0(») 

.')(5!»2 


(i 1 1 1 

ffCiMH 

(iii) 

VeHicnl or in porl mikot 

UlffiSHVrUWih* 




tJIasH 

V 

ri 

I'.K 

rut 

All 


Mean I’esilioii 



ri47l 

li-Ul 

r»”175l 


'i'lnKlnbnliiliitii)'ivr.Hatiiiifonitilyi<rn«iill«rfH'iHor('diTiHivc tliun nttylltini'wlijuli 
ini}{lit liavo boon uuliuipiiilftl. Wliollo-r wo jiitl];,'o liy tho jmro <llrorliotiH, «, t, i.', or 
llu' total of iiHaiHiiroiiiotilH in wbiob oin; of Uh'M' ilin oiiMns HpjH'anH, tlio Mnlor in llio 
natuo; iiioasuidiiu'iita lU'o on Iho nvoni){o b’lwl, viiriiiblo, vi-rliral ihoiihiuo* 

moaiH most, vanii])lo, uinl ibc irMiiHVotxo iiiU'rnoHliuto V'lblH ;if<7o, or 

f>‘l)09-" And ngiiin whon wo bnv<; a lii-ilirotiUoiiiil cloHa nt 1o,vh 
varinbie than sr, mid <s loan viirinblo tbmi {«. A^niii in mronp tiiiji v, iho inohl 
vnriablii (iircvtiuii,iHiiumi variiiblu whoixiotiibiiH-tl with t llimi wboii rontlniioil with h, 
bccauQu I Ih iiioru varinlilc liiim «. 

'I'liCBO rcHulta Hcein miilonbtodly miggcslivo; tbn iinlivniunt 1 hiio‘k of llio Kkiill 
tciul to vary moat in Ihu vertical, Ichh in the tnnmvenio ninl IwihI, in the wijijUbil 
direction. 

If we venture to attribute itulividual devintioim front the ly(Hi to individual mtoa 
of growth, then the want of conatancy in the coenieienl of variation may be due to 
tlio fact tliat till! growth of a cmnial bone in iiotthu wune in llic three rnndainenbd 
dircctiona, angittal, bmuHVcrsoand vertical. TIuia wn may conelmle Unit the eiii-nifienl 
of variiitlon ia likely to bo moat useful wbeii wn an* eoniparing tin* at/mc meiiHiire' 
inenb in two races or in the two soxos. 

If wo attempt Iho eaiiio mubluKi on the abHoluti! varialimiH, oven art<T'']ihu!ing" 
by the sopanilo bones ami not by tho akull as a whole, wts do not got the Hamit clear- 
cut result, tho correlation between abaohito Hiise and absoluUt variation is tmi great. 
Wo fuid; 


(i) fmmm'se or in part transverse memumneiils. 


Class 
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All 
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5*23;! 

(ii) Sagittal or in part sagittal measurements. 



Class 
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st 

sv 

atu 
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Mean Position 

5-1G7 
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G-Gibl 

3*H3;i 

5-M8C 
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(iii) Vertical or in part vertical measuvemenU. 

« V vi -us All 

Menu Ponition 4*500 4*667 C'684 3*833 5*487 

Thu«, if juflgocl by pure vertical lengths, the absolute variation is greater in 
tho vertical tlian in the other two directions, but stands only second if Ave judge by 
all inoasuremonts which have a vertical element. Again tlic sagittal length if judged 
by the pure sagittal lengths is nmorc variable than the transverse, but less variable 
if judged by all the moasuvemeuts which have a sagittal elen^ent In neither case 
rio we got the same uniformity in the bi-directional groups as when we deal with 
the relative variabilities. Thus there appears to be a more systematic relationship 
among the relative than among tlie absolute variabilities, There is no full clue at 
present to the origin of the cfifierencea among the latter. 

Thus judged by uni-direetional averages the order of increasing absolute 
variability is tranavorso, sagittal and vertical, but judged by all variabilities in 
ivluch fclicwo directions occur it is sagittal, vertical and transverse. Nor are the bi- 
dircclional place averages arranged in any satisfactory system. Accordingly, while 
th<‘. relative variabilitioa do fit a more or loss consistent arrangement, the absolute 
variahilitioH beyond a moderate correlation with absolute size do not provide us 
with any clue at present to the source of the differences, and tho apparent (if 
possilily not real) irregularities in their values, 

(4) (hi the Indices of IndmUxial Cranial Bones^ 

Tim largo number of indices which could bo formed, namely; 21 for the frontal, 
21 for the parietal, 91 for the temporal, 56 for the sphenoid, 6 for the malar, 28 for 
tlm maxillary and CC for tho occipital bones, or a total of 288, rendered some 
Heloction needful. First, some 29 indices were chosen and the correlation tables 
formed. Among these Nverc tNVolvo pairs of indices for homologous chavaeters and 
live for uon-biliitoml indices. Those indices, their means and standard deviations, 
arc given in 'Cable III, p. 434, while in the last column of the table are placed the 
correlations of the corresponding indices of homologous bones, 

Wo may first imjuiru whether tho size of the index has any influence on its 
variation. In Table IV, p. 436, these indices aro arranged in order of size, and 
we slmll discuss their variahilitics from this standpoint. ^ 

If wo take the first 18, or greater indices, wo find an averago standard 
deviation of 5 90, and tho last 15, or lessor indices, one of 6*58, on the basis of 
which wo can make no definite statement, This view is confirnmd if we remove 
tho five non-bilateral indices wliich give a moan of 7*26, and average the first 
12 homologous imlicos giving 5'68 and the last 12 giving 5*30. Again, if we 
com])aYO the 12 pairs of homologous indices, the variations ia the pairs are very 
close; but in six cases the larger and in six cases tho less aro associated with the 
greater variation. In view of these facts it is impossible to suppose that size 
of index is at all associated with intensity of variation of index. The coefficient of 

Bionietrfka xxvu 
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vnriuUou, if iiulctid it hi«l uicnvning in ihu «n«n of intlioo^, woitUl ilinn noi. ho Ht,wulio>’ 
than tho ahHoluto variation aa inen«iin‘d by ilio atiuulahl iloviHiti.it. The oihihi* or 
oftHHoa of such (liveraity of variation miigijig from HO ui 9 (1 niiiis nnmt liti waight 
cIsuwKctu than in me of index 

Dr 0 . M, Mnmat BiigfjcAly tlmi tlio ordur o( lAyina down tln> txtntM rttid iln* (x-tirMl during wltieli 
Uioy grow depending to Bomo oxlenlon llicir hIxo"' niny provide x pAVltal explnumion of llits illvcr»lty 
1(1 vnriftbittly nnJ in Uw intonBiiy ot tUo ettoei, of honvology in U»« »>*» nt ttiBssi! indiw. H« poinia ovil. 
tlinl Mxi, whieli is ivn indireot mewniro of tins denial niciide. I» prcdwlily (l. torininwl at wi early Hgrj. 
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Lul, UH look into two further questions which can be answered from Table III, 

The mean of tins indices in Table III on tho right side of the skull is 83-47, 
and that of the indices on the left side is 83‘42, whence it is clear that there is no 
lateral (loniinanc(! of the indices as a whole. Pursuing tho same simple method, 
wo find 

Mcjan standanl deviation on the right side = 5-499, 

'I'l'l Mean standard deviation on tho left side = 6-483. 

There thus clearly iio lateral dominance in variabion as a whole. Thus by the 
1180 of indices we have largely freed ourselves from lateral dominance^ either in 
size of index or magnitude of its variation. 


TAliLE IV. 


Twenty-nine Indices of Cranial Bones in order of Size, 


Order 

Index 

Stfindavd 

Dovintion 

Order 

Index 

standard 

Deviation 

1 

inorW(Oj+0.,) 

7’22 

10 

mUx^lMnix (L) 

5'4S 

2 

imOi/0, 

7-02 

17 

lOOJ/rj/JIfa!, (It) 

5*36 

a 


7-02 

18 

100J74/j»77, (i) 

0*02 

1 

lOPiVN, {It) 

7*75 

10 

mOJOa 

100J/4/J7(,(70 

9*59 

5 

100.S>V<S',(/,) 

7-85 

20 

D-fif) 

(1 

mTol'i'r,{L) 

8*13 

21 

mFilF, 

5*3C 

7 

1007V7V,(ft) 

8*15 

22 

loostiSiiii) 

6*39 

H 

i(K)iyA(fl) 

3*02 

23 

W0SilSi{£) 

0*40 

n 

w)jyP4 (1) 

3’oa 

U 

mftlPa{£) 

0‘21 

10 

(70 

3*08 

25 

mt'ii'iwt) 

6*23 

ii 

iooz-y7’,(i) 

KK)7V7'i (70 

4*15 

20 

mmm 

4*59 

12 

rrOfi 

27 

1000«/0,(Z) 

4*33 

la 

1(J07V7', (Z) 

ri*(Ji 1 

28 

10()Jfo3/7/.B, {It) 

3*32 

14 

ifi 

io()(;«/0»(70 

iooy„/«o(X) 

0*37 ! 

5*13 

20 

100 [L) 

3*42 


We will now arrange our homologouB indices in the order of intensity of their 
correlation coefTicionts, see Table V, p. 4SC. 

give an average correlation of homologouB indices of '7414), marking 
a l\igU relatumnlup due to homology after \vc have removed tho lateral dominance. 
Th(^ Hoiirc('H of tlie differoncos in the intenBily of homologous iiiOuonce on the 
vnrif)nH bone indices is not easy to discover*. It is true that all the indices do not 
belong to tho aauio class; in tho second, third and eighth indices in Table Y, 

fu«^ tfjfit anfl 2\ are Iho Jcn/ijlha nicasuicfl. iudax ot one BtamU at tho top ot tho 

uvdot aiul vaviatioiiK of tlio maxUlury indicca arc on the avorago sumU. Tho index ^31^4 
Hland!? lit the bottom of tlio homology order. It may. however, bo noted that it*! variation ip the leapt 
in Tuhle IV. The bplmnoid is one of tho earlicHt bones to bo laid do^Yn, ami its indioos stand second and 
thiid III the homology order. Tlioro ^Yill obviously lo diBCoidanccs in the interpretation, ol Tablos IV 
unti V on this basis, but iiivcHtigations miglit prove profitable when tho authors have devoted more 
time to a study of what is bnown regard tho development of the skull. 

• Sre Imwevcr the preeedinK footnote. 
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hum kvhtiiphiou Us kvoUvpluMU, luul tS Ih-U^m u Uii‘ lMW^‘^t 

puinhi rj)^IUt iUhI hTl- un Lih* suhir** bi*twrrn tli<* plul^i* uimI IIu^ 

{Mihili? 1 ) 01115 , aro Irii^tlin rroH5ii»4{ llo* iim ^ liau ji]iMi<i': nni! a^airi 

1\ IH iho ooinmon arr. l»rfcwi:on llio U’o piuirfJil holo K. llonro tlo rliro«* iiiiliorH 
dirtVr IVoiH Um) roniaiiiin^ niiio as iiiit fl of un 

op|H)sito sitlis of tho skill), but have thi* ilonoiiiinat^«rH in l\m pair of <’MiivjaU il 
ioiliooH tluj sinno. Uut thin truiinot Im' iMU*l lo tlirow nnirh li^hi t>ii tlo'ir rrlativo 
{msitions in tho kIhjvp table. In rboosing ibo ratios or)H*no Imgfbs uUrtiipts 
woni iniulo U» Uikr them «o tlmt wo hlinabi Mlitaio a ron^li ratiM nf b ngth to 
breadth, this acennuts for iiidiros like. iV/a/^Wi, /'Wi. t\ Ttu 

'A/'/fii Oh/ 0? aniWW^^«» those ei^Ut iuduws show ^ivat< diUViviuvs in their 
correlutiuiiM, and are in ini way dus'^od in position togi^flmr. /*g, l\, 7^. 0^, 0?, 

(/oond ehiully at omnia! points, but wc* are fir fnnn e^^rtain that, that, (bom 

a reduced lioin(>li)^<inH corndation, and as a maUer of faet tbo len^diH of the lirsl 
six indieoH are in very niiieli lb«i Hiitne eonditbrn as bi Undr terminabe 
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Aik we think, that at preheat we are jusufied iu coudmUn^ is, that homology 
plays a large part in detonnining the nhapo as well ns llio m,u of honmlogouH 
bones, but tlmt while this inlJuencn him very Higniliennt dillbiviireHi as bi^tween one 
bone and a second, wo cannot ao far stale why Innnohigy should lie mmdi more 
active in the maxillary or sphenoid bonoH than in the paritUul nr <s-4*i|iilat, Far 
more correlations of hoinologouB iiulices must Im workisl out bnfore liglit can be 
thrown on this point. 

We have Keen by the mere process of avtwagirig that Uu*re is no duniiiinnee 
of either sule of the skull in variation n.v a vfhole. Hut this tinea not i»xelndo 
dominance in the case of individual bones. TalileVI indicaUm llmtHuehtlnmiManee 
most probably exists in tbo case of two indices, allbough Urn ratio 
probable error is nob ‘’markedly” significant. 

In the case of both bones, whore dominance of indieial varialiility is probably 
significant, that rtominanco is on the right side. But befom we con^^ider this piinb, 
it is worth while to inquire whether there is significance in the series of tw^olvc 
ratios as a whoh] for this purpose we apply the 1\^ test. Multiplying tho last 
column by *07449, we shall have the ratio of the deviation to the aUmdanl deviation 
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lAULl'j VI. Difference of Absolute Variability foi' Homologous Indices. 


Catofi(ory of 
HiRiiificnnce 
of Diffomico 

Iiulox 

Didferonco and its 
Piobablo Error 

otAn^i, 

llatio of Difforonce 
to its Probivblo Error 
of 

Pnibalily 

Hignificant 

ss 

+ ^3382±'O880 
+ •2687^0821 

+3-84 
+ 3-16 

PosHiWy, but 
frti' from doiinitely, 
uigmficaut 

lOOJWj/JA, 
1000, /fl^ 

-•1741±-070£! 

+ -2389 ± •1068 
-•1734+ •0806 

^2 *46 
+2*24 

Moftt probably 
inmgiiilkiuib 

100JAr,/JAvi 

100.5,/*', 

1007V?1, 

i(K)'/s/n 

- •096f)± 'OOSC 
-•1030+ -0786 
- -07474 •0709 
-•0414+ •0090 
-■0260fOD'70 
+ •01974 -0879 
+ -0178±-in0! 

.-1.41 

-1*31 

-0'9B 

-OGO 

-0*44 

•fO'22 

+0*12 


of that deviation, and tlin probability integral tabic of the normal curve* provides 
iiH at (uw«! with the probability integrals of the twelve values. In Table VII the 
corresponding logarithms aaid their sums are provided. 

TABLE VII. 

Grilerion for the General Significance of the Twelve Ratios in Table VI, 


Order 

Dovifttion 


logp 


log p 

8.1), of Doviatlon 

1 

+2-090 

■!)9r>20 

] *997,8231 

*00480 

3*081,2412 


. +2*120 

•98321 

1*01)2,0403 

•01670 

§•225,0607 

3 

--1*050 

*04850 

2-0H(i.27H7 

•96144 

T-978,3814 

4 

+ 1*511 

•93460 

1 -970,0258 
•2-031, 9001 

•00540 

2'810,6777 

r> 

-l*Mi 

•08950 

•01400 

1-901,1837 

(1 

*-0*051 

•17080 

1*232,.1879 

I-274,905(i 

•82020 

1.918,0503 

T •900,3088 

7 

- 0*884 

•18839 

*81105 

8 

■-o*mii 

•2.9131 

1 •405,3031 

•74500 

l'872,6583 

i) 

-0*405 

•34274 

r-SOt, 90.18 

*05720 

1 '81 7,7372 

10 

-0*207 

•38323 

‘1 •583,4590 

*01077 

T'790,1232 

11 

+0*14H 

• 59883 

1 *747,2797 

*44117 

1*044,0000 

12 

+ 0-081 

•53228 

Ingni 

1 -720,1401 
> -rj*915,9989 

*40772 

1 '060,0859 
. -0’710,6206 


Va losiu 0= X •434,2010= 1 •00.1,4403. 

-log,„X„/{Va !og,«fl)=3-!).3-24, m'= - log,, X'„/(V» logic e)=4'4638. 

* Tlin true cum! of digtrilmtion ot the standiuxl deviationu ot r.oniplc8 Jrom a normal oiu'yp is given 
Ijj' IluliiMilt’H .'(luiilion— a Tyiie III curve, but in the case ol a largo sample lliia pasBoa into a notmaV 
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Heiuin ■ 1 - / (11, I - f (11. 'HtiHH). 

where [{p, n) in the niiiiiiiiii iiit(')'ral nUioas in the lun.mplxlc ['-Fimdvni 

TablcH. ‘Sinee Qs„ i« Hiiinller Uia»i iS„, il Hullice^ iN vain.*. 

'J'hna W(' have ■'’IfiriS, 

mill hliia tlai". imt iiuliraU* any iinj.r.iliiiliilify nf lii** iwi*lv,* ililli-n'inrw hciiig 
duo U» rmid'iiii Nuiapliiijj fi"in n nf im •li{T*‘ivM<M' A’ and /,. 

ItiH pimihln thor.'fnn' w|«*n Irralin^ llii*lw>‘lvt’dirtVi, iir*. Haaa whidi* 

thoHi tusniudoiii wniijilos jM>|Mil(iliniiH ImviiiK ri|iirt! vnria!i<.(i. tm! withal aiidiiij* 

that treated individually the (irat twi. dilh r.'iua'a itii>»lif, he e.»iiHder«*d aa j.rahahly 
Bignificanl, Thia |Ktiiit- io. of llio dilTereiire het.wei*ii n hiiiglt' nl' A) 

and a whale serioa af mieh vuhu;fl -ltaa tun ••Hell Ih'OII negh.<(;t‘*d in enuiiiuuetric 
inoinairH. 

(.*5) (yowi^wmaa of llif Tnjhmce •>/ UimujU»pj m hitlrx (^‘trrelnii'ius uud 
Absolute LeniiOtH. 

Uoturning to Tallin Y, wo recall llio fact that the avi'raj;?,* eorrelafinn <if (he 
twulve hainalagouH indicea i« •7*n4. Far the tweiity-iiv.* aleeiluh* InmnilngaiH 
lengtliH, inonnur.Ml on ih.i N(.!|«rali; cranial lauiea, il in ’HlltH. TIhih mi the average 
the nliHoluto honiologoUH lengllm were nmro dowdy r.‘laled lliitii (he indie< M. i 
the fiizoH aj' the hoatm w^?n! jnori* clondy rolaU*.! than their nhajH*!., 

Wo limy analyHO thin riMulfc a liulo I’liriher in Iho following tahh-: 


Oorretiitiim of Uimoloffoun (Viomdcra. 


Bono 



Ci^rrulftiion 


- 

— — 

. . 

« — *>.>* ^ 

BjihniniM 



•mm 

Afiilar 

•Hwnn 


[ 

MftXiMftry 



■JlUfHf 

Fniutftl 

TtnujHiml 



1 



'fimvj 

ParmUU 

’r,ij74 


Oniipitul 



AH v,mH 

♦7414 


*HWH 


It will bo noticed that in both ca.ie.s, indox and alwohito lengtha, the lomiioral, 
parietal and occipital bonen arc the leimt highly corrclatinl. Tho facial honcM. 

ourvOi with inein at tlio motlnl vatua ot tlio 8.D. Wut llio .(tlTcrcneo of two i|uioitilii.*H folIowiii|{ a 
normal distribnlion, if divideil by tho aUndiitd deviation of llmt difforenee, (ollowa fiiudentV i I'lirve, 
wlucb again pobbob into a nonnal onrvo lor tnrgo nainpIvK. Hince ciicli pair of linitiolegutiH boiioa htm tliu 
saiaa number of individualB, wo may lako a aorica ot probability intoKmlx, oncli «orn!»iK,iiding Ui ft normal 
curve based upon dtCoront-Bized sainplos for ouch pair of diflorenl lioimiloROus imlieou. 
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nialur, iimx illary and fioiilal, form alao, in both cases, a group with high cor- 
iclationH. Ihe sphenoid stands ab the top in the index column, and intermediate 
betwof-n tlio two gfroups in tlie absoinfco lengths column. With this one exception 
the inlliionoe of homology ia more intense in bhe case of every bone in regard to 
size than to shape j also, apart from tlio sphenoid, tho order of .intensity of the 
inlluonco of homology is mud) the same foi* indices and lengths. The greater 
Hymmolry of the face over tho brain box is a noteworthy fact, Possibly it has 
been duo to sexual selection ; wc notice failure of homology in tho face far more 
tisan in tl)o case of tho retroceding calvaria, 

(6) MeihoA of studying the Index GoYrelaiions of Individual Granial Bones. 

In order to study these index correlations, wo shall require to classify our 
cranial bones. Such bones may bo oither on the same ov opposite sides of the 
median sagittal plane. If on the same side, they may be either contiguous or 
non-conbiguous. If on opposite sidc,s, they may be homologous or non-homologoua. 

If nou-homologouR, they may bo contiguous or non-contiguous with their homo- 
logouH bone. The consideration of contiguity is a priori of great importance 
))ocauK0 it is not unreasonable to consider that contiguity would have considerable 
influence on measurements of 

In 'I'ablo VIII we have classified the cmnial bones with I’ogard to their “con- 
tiguity.*^ On the basis of thoBo measures of contiguity, and taking into account 
that tho components of some of the indices do nob possess “laterality,” be, are 
measured acro.ss the median sagitt^il plane or along it, we can divide up our 
correlations IW pm'poscs of study into tho following classes : 

(i) Correlation of Indices of Contiguous Bones (same side), 

(ii) Correlation of Indices of slightly Oontiguons Bones (same side). 

(iil) Correlation of Indices of Non-eontiguous Bones (same side). 

(iv) Oross-CoiTcIations. Index of a Bone with the Index of a Bone contiguous 
with tho homologuo of the first (on the opposite side), 

(v) Oross-Corrolationa. Index of a Bone with the Index of a Bone non- 
ooiibigudUH with tho homologuo of tho first (on the opposite side). 

(vi) Correlation of two Inclicos of tho same Bono, 

(vii) Correlation of the same Indices on Ilotnologous Bonoaf. 

(viii) Correlation of dilforont Indicea on Homologous Bones. 

* Whovo llio union of two lionet in nn '^ovodiip** (o.g, Icmpoval nncl paviotal honos) and not a 
HUViuU'd iiiUnm, tlanueiifiurcmcnltt have been taken to t)»o edge of tho overlap {o.g. aquamoiia suture), 
llui HliuliH not Imviiig been aei)amlGa into their iurliviiUml bones. This may have somo influence on tho 
eoin'laiinn of tho indices of contignouB bones, but it has nob been poHsiblo to trace it. Nor have wo been 
able it) dnd in tho index correlations diffcveuces associated with oasiftcation in esartiUge ami development 
in metnbnme. 

\ Tins Imn ulmuly been disGussed: sec pp, 430— >13tt above. 
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I'AJJLK VIII. f/ ( 

Mnlnr 


Nnii 

vnnlif'UiiUH 

<''‘n!i^unuh 


(li) Sii|H*ruii* m^i\ ji'fiu! f'i U^iryMit, 

(f') Mil ll{(* ivnip'Ml |n<nvi4», 

Thewiiro iimiiy tlogrc^'H of I»hI iIim [iIhivo vhW wl;U no * mi 1\v (‘oiiliKuity,’' 

(ix) DorrolttUoii IikViot on (^onliKUunH Urini*f«, uiio hnlox of \W \mt 
uu kti‘ndity. 

(x) (/Vrolnlion of IntliccB im ilNlun-troii(ij»iiiinH onr or loOli of 
Lho \mir having no laloralily. 

Undor thm cbmoH ^vl‘ almll «Unly onr m\n t'orndulioim. 

(7) CorreJahVn fj/'Inrficftv of NifU-conHyttum Ihm (on Hunni .volt'). 

Wo m\\ titaii with Group (iii) m iiiohI coiivonionl ftn' our |}uriM4Hi*H, 

Tablo IX indicntoH lliat wo lmV(f 40 iinh*x ooiTfluiiuiiH in <uir .vuii's of 29 
iudicea—of which 27 Imvc hmi worktj<l oul-'-wInui \vv ronfmo our nllotiGoii la 
uon-odUtiguouB bonon of tlio mm »ido» lu tluH mmn of higUonl, vuluv, uk u 
rul(5 positive, are boiwuiui iiulieiw of ilir <KTi[iiud m\\ pnrioid Ihuiok untl tin* 
maxillary index Tlioir wioiim little ii)»vions rm^ai why a lu<’iidtli-lioight 

index of the nmxillury sliouhl ho Icwi closely axsneiaLod with a heightdingth indi'x 
of the parietal, and in ii imiim hcdmo, tliiiu M’ilh aiiHi indmoH m mu! fV^e 
of the distant paits of Urn (jccipital Kometinm^ as iu llu? ca^M'H of with 
T^jTz and Oallh ^vith tlm ri^ht anti left aides give nimdolioiis of npiKiniU' 

sign. Again, the correlations on iho two .sidea, whiln diUbring wlthiii ilu* limil-a 
of random 8ani])ling, diffor fairly considerably fivjin ouch (tther. Withmil being able 
to give any explanation of why ccrliairi conxdalitmH were higher than otliem, wit 
noto that all the conulations arc to than H, and thus pcrfeciily useto (or the 
purpose of predicting the shape of one bono from that of a ueconii nori'Contiguonrt 
bone on the same side, 


Ikmo 


FronoJ 
Varied 
Tom^ionil 
,Si^hcinml 
Occii>ltid 
Mnxiliary 
M filar 


t'nmial 


Noli* 

Kj»n« 

ciuiiiKUimK 
Slightly («) 
l^conligiiinw 


I’lj final 




I’tiUMgUoiiH 

Shi'litly(A) 

nifitii'Ui'iiH 

(VnitigUMiH 

Sini‘ 

I'fiiiifmssiM 

N(»U“ 


I'lOfilhtriil 

Kf'iJ- 

roiiii^VriU'4 


riniligiijfuh 


K]llillinii) 


Slightly t/a 

\ HiiligUMjiK 1 


Mrnj'il'il 




X.clh 


Shj'hdy lu; 

i. . tu « N<'0‘ 

< ..llllHIlMlH ; « -IlhliiM'-* i 

J , p> 




SlijiliUyt-v 




N-Ii- 


X^lv 

rfiUhL,NiKit 0 
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l AHTjI'j IX. (>orvel<(ti()ii of Indices of Non-contiffuous Bones (on savie side), 
Iiitlox Pair 


iWUi), 

ly'wi), 

'lyw), 

hyi>\{L\ 

NIW,), 

niT-Aii), 

'mW‘\ 

/■•.//'4(A), 

'NT,{L\ 


(/<) 

JAiv/.V*, (A) 

if.v.ilM.Vt (L) 

MxJMxx (A) 
Mx3tMxAll\ 
JAiv,/J/a*,(A) 
OJ<l,{U) 
OJO- (A) 

(70 

(A) 

M.vJj\f.Vi (It) 

if.vdMx, (It) 
JAra/;l/.(.-, (A) 

J/.vJM.r,(ll) 
AfX;,hU.Xj (A) 
Mx.jMxAlt) 

M.vd!trxi (L) 


Correlation 
nnd p.c. 


+ '0()74±'()284 
•(••(IBlOfOaH:) 
+ -05rilfl>297 
H- <07H2±-02<18 
•h*07l4±-028l 

+ -0711 ± -0307 

+ •0077 + '0230 

-•0'10{!±-02r)8 
-•0052 + ‘0208 
+ ‘0375 + ‘0282 
+ •0(132 ±‘0282 
-‘0r)3f)±-02!)r! 

+ •0.532 ±‘032-2 

+ •0.520 + ‘0285 


Indox Pair 


m(ii), 
Ay/-’, (A), 
OdOAli), 
m(i). 

T,n\\L\ 

m(L), 

OdOo(It), 

o»i(W>\ 

iMPm. 

pyi\{L\ 

pyiwt). 

PyiMrA 

F,IFA!l)> 

F,IF(Id, 

0,l0j(tt), 

(hlOAf^h 

(hio,(it), 

0»l(h(i')< 


P-ilTAP) 
T-imp) 
MUMUR) 
MkjMly (A) 
MxijMxAIt) 
Mx^jMxi (A) 

m 

M.V3jM,xAR) 
S[x^j Mx^ (A) 
m.ilMlx(R) 
MkIMlAL) 
Mx^lMxi (R) 
MxilMxx(L) 
0«/Co(/e) 
fW(A) 
MXilMxAP) 
MxiiMxi (A) 
Mkmh (It) 
MlifMli (A) 


Oorrolntion 
nnd p.e. 


+ •0387+ -O'iHO 
-•0071 + '0230 
+ -0131 ± -0249 
- -0361 ± -0247 
-•0308 + ‘0311 

+ •0246 ±'02.31 

-•0191 ±-0310 

-•0133+ -0208 

+ •0092 ±-0323 

+ -00441 -0232 
+ •0073+ •0231 
-•0040+'03l0 

+ •0019+ •02.19 


A« th<)V0 wore only 9 nogativn as against 18 posilis^o coiTclabions, we doubted 
wiujtliur tlio wljolo Hurios could be treated ns a random sample from a set of 
jioiMilalions with zero eorrolalion in each. Yob it seemed worth while examining 
this* Wo u])pUed the l\n tost, treating samples (in all cases over 430) as having 
their r'n distribuLed normally. Wo found that the more stringent set of the 
probability integrals gave 

Qvn-‘00G6, 

or, (Uily in about 7 in 1000 trials would so poor a result arise in such large samples 
from populations having zero correlation between the indices*. Thus wo feel 
bound to discard the hypothesis of these indices even in the case of non-con- 
liguouH bones being uncorrolated. Yet in the bulk of cases the indices are so small 
and irregular that wo do not feel able to give much scope to a “general control 
ruolm’“ regulating the Hhapes of noiMidjacont as well as adjacent bones. 

If wo leave out of account tlm correlations of Os/Oo, Os/O? and JP3/P4 ^vith 
then we find 

or, it would not be an uiirtuisonablc! assumption to suppose the remaining 22 index 
corriilations to be really zero. This is a somewhat arbitrary procedure, yet it 
suOiccfS U) indicate how slender the correlations are. Indeed, if we applied a lest 

* Ho.-iUlos the Uypotln'iiis nuulo in tiie text of /.(’vo r for very lavsc Rivmpictt boing dintributed normally, 
tins r nuiHt bo IhtU of miUorial wliioh move or b^a closely followH a normal surfaco. If we adopt tlio 
a'^sulnl^tion, ikU unvcuMtnablo, Ibat the absolute mcaHurementa of the cranial bones do so, the indicea 
will fail lo do ao wilU e/aon-n't'iil uccm-aiy, but all Ihe muiie with adequate aumciency. 


4‘V^ Morplionitii'ic, (-liavavIrrH o/ fmh'viffunl Houch of I hr Skull 

of tliriw lilt’ pniltiibli* i nor In r*’.',nll, iii<livii|ii:tlly, none of tliiMn vvouiil jtsiHH 
4 W ci'.vltiitily signilit’iinl. Hiirii ii iiiellioil of tesliii|f woiiM iiol, liowi'ver. In* i!on- 
vinciiiK wlit ii wn linve to tleul, not wiili it Hiiij'le value, tint with n large HorieN 
of (uHTeliil iail (toolliiUi'lllM. 

Aci'iirilingly, to get a ineirsnrt! of Ihe. ‘'general faefoc" eontrolling ilek’elo|iment 
of Hlinjtfi of lilt! iinlividiml itones. wo may fiinl llin mean eoirelaltoa of llie 27 tion> 
eoiitigimuH liones f- '()li)7, aiitl aak wliotluir Huinplea from 27 [Mumlationa liaviiig 
tliin corroliiLion, lint their own HtHiidunl devialioin*, eonld reiiMoimbly liavo given 
tluj 27 observed valnes ; wo lind 

QA>,“‘:Hr.2. 

Accoixlingly, wo may oonoludo that llio geiioml faolor otoilrolling tin; oIihih h 
nf iM)n*Houtiguons Ikhioh nniy ninrnnit to about h>‘ 02, whilo Ihe, fuelor of Immology 
gives an avorugo oorrelalion of ‘74, or Ima tliirly-sovon (iinoH (ho intensity of the 
foi'inor. 

The startling coiKdiision hurt! is tlu; smallnoHs of the rolatioiishiii beUeori the 
.shiipoHof the skull at tion-eoutigiuiUH parts. 

(H) dorrcliUUm of Indim ufHliyhUif Oonliyntm lloim («« minrsule). (Irouptii), 

The coiiHicionls nro given in Table. X. 


TABLE X. I'oi'rfilulwii of Inilkes <f sUghthf JhoO'.’f (on mmr. Hide). 


Indox I’jilr 

Corraliilifin 
and p.p. 

Index Tftir 

M\i\ |f e. 

7yA(/0, «r./.V|(/0 
P.f/’iW, 

+ ’120r.±<(ls!l7 

.VXylilAUi) 
f'tlSph), (A) 

- mm 


’ ’0074:t:-oy5n 

/■VA, {ID, .V.t .i.lAr, (A'l 

) tllOTMt OliHl 

'VrAf/d 




7'„/r,(U). .vimm 



'ii:jri*,) j;'in!.'7 

7y Ay.v,(/J) 





7V7’n(«). 


/y/’iW. AiA(A) 



1 .-IKSMt’llliU) 


Tim only value which hooius cxtiepiituuil hero is the. oorrt'lation of the parietal 
with apheijoitlui »Sy.S' 4 , especially when we iioto the negative correlation 
of P'i/Pi with the smue Kplienoidal index. Assuiniiig (hat there wh.k no anthnieticHl 
ci'ior in those values, the sysUnn of ton eorreluliorm was tested its a niudoui sample 
from a zero population. Aasmning jiornml diHlrihHiioii.s for the iiidiees, their 
cen'olaUoiv coodiciontsj r in the sampling would follow tho curve z ~ So ( I - r*)f t’*"' **. 
As no n is less than 434, and n can take values up to b«lw<H!U 800 and 900, it is 
suTiciont to use a normal distribuliou in each case for r. Calculating lint probability 
integrals and applying the J\„ test, we found Qvn « ‘OOHO. 'L’lie ten values can 
scarcely therefore be looked upon as randoni aainplos from parent pojnilaliuns with 
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zero ctti’Milatioii, Oiiiitling tli« first pirietal-sphtinoid correlation, we found for the 
tiiuo remaining corrolatioiia, or the slightly contiguous group may in 

the groat bulk be treated as without correlation. 

Till! ineiui of tho correlations of the indices for these slightly contiguous bones 
is -I- 0145, We next imiuirod whether those corrolations could be considered as a 
random sample from ten populations having this value for their index correlations, 
hut standard errors varying with tho sizes of tho samples. These sizes being large, 
wo again supposed normal distribution of the coefficients and applied the test: 
wi! found QAn = ’2312 and ()a'„ *= 1422 ; the latter is the more stringent, but does 
not indicate that a random distribution of corrolations from populations with a 
correlation of ‘0145 is very improbable. 

It would soom, thoreforo, that tho factor for "slight contiguity,” giving a 
standard correlation of •0145, is not definitely greater than that for non-contiguity 
with a correlation of *0197. There appears, accordingly, no reason for separating 
the slightly contiguous from tho non-contiguous bones, and we may say that the 
goneral factor linking tho shapes of bones which are nob to a considomble extent 
contiguouH dues not produce a general correlation exceeding ‘02. 

(9) Gorrelaiion of Indices of Gontujmiis Bones (on same side). Group (i). 

Wo now come to the study of our first group. From this group we shall be 
able to a})preciato tho maximum influence of contiguity on measurements of 
crntiial shape. We thus reach Table XI, containing the index correlations of bones 
on the same sido having fairly appreciable parts in contact. It will be seen at once 
that the condition of things is changed, 13 corrolations out of 44 have numerically 
II values in excess of 0*1 and they range nearly up to -Ifi, Their average is -•01688, 
or, say, — *0104*. It is difficult to lay much stress on negative as against positive 
index correlations, for the formation of the indices, after the choice of lengths, must 
bo more! or loss arbitrary, and, as a rule, bub not absolutely, the choice was directed 
to obtaining an index under 100. However, for the indices selected, the indices 
of contiguous bones give on the whole a negative correlation, or the effect of in- 
creasing contiguity is to reduce correlation (*0197, '0145, —*0164). If we consider 
the indices rcgiu-dlcs.s of sign, then we find ; 

Non-contiguous bones '0397 

Slightly contiguous bones •0434 

Contiguous bones ... ... ... *0055 

These results confirm tho view that the .slightly contiguous may be dossed 
with tho non-contiguous, but indicate that contiguity gives an association some- 
what loss than double non-contiguity, if wo neglect the sign of tho correlations. 

Wc will now test whether it is possible to consider our index correlations of 
contiguous bones as a random sample from 44 populations with the correlation 

• T)m> mmn ot tho index conclfttioiw is - ’0788, of tlio positive +-05y'>, (ind of tho whole 

withuut regard to sign '03519, 
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TAHLK XI Ilf' dritnial Ihi(k«s m Oimliffiitim Jhiuc-^ (<•« minu; aids). 


r‘ .. 

i 

(turnOftli'di 

im*'K I ftir 

rtinl |t.r 

«A’'. 


- •isTH+ms'w 

/V/‘, 

IU0,>1.\ 




’lantos-'is* 


.VI, Mt , ! /. ) 

‘1472+41207 


.SV.v,(7f! 

4‘U07±‘021« 

r,:T,{D. 

yyh) 

|.•lalSi;'02;«l 

IVl'iHO, 

IA(I,H0 

o.:»AD 


rj/Aio, 

tUOAH, 

- •I'i.’iVA’oai't 


ik;o,, t /,) 

- ‘12311* ‘02 i:i 


.VIA: id A It) 
.VUiVIAD i 
WA/i- 


I'l/’AOh 

4-’12i(l±‘(12in 

IVIAD, 

Wad 1 

*‘1221* ‘0240 

A, I'xHO, 
yi\ (A). 

WAD 

VTAD 

•••l(»77±4)24l 


yuAD 


yi"', iD, 

SA.'tAD 

- ‘(ItiHl ± ‘02311 

ykAJo. 

yiFAD, 

yi'AD 

- ■nt«J2± •02311 

/V/’ilA) 

.... 

TATAii), 

WAD, 

O.fOAM) 

+ ‘()K83±‘0234 

OJOdID 


yyii). 

A 1 

- -0.320* ‘(WO 1 

y^i{D, 

A) 

••0002 *‘0207 

yFiUo, 

IMI'AD 

+ <(«iH0±‘O‘Jll 

W (A). 

dAl'AD 

4- ’(Km ±'02 13 

WU/). 

J/.i-,/,V.r,(A) 

•• •0(ir.7±‘03IH) 

yuAD, 

MxA A 1 

... 

WAD, 

iDOoOO 

4- 'Wm* 4)231 

WAD, 

(iJOoiD 

4-‘0(K»l±'tl23:i 

mop, 

OAOaD 

- ‘Otr20± -0217 

>SV/iS^ (A), 

0.10 ad 

. „ 

AV.SVfrt). 

M.r.JM.xAn) 

- ‘OiiiTfoaft? 


lud<?!( r«tr 


'/fi. 

I A)i 

'/vnirtj. 

n’T,.</i), 

yi\ak 

urMi). 

ywt), 

iMl’tUih 

yyd), 

>WIA, 

WHO, 

WnH), 

r.rMd), 

nm/Ai 

wm, 

WAD, 

Will}, 

ND (L), 

yyio, 

.SA(A). 

WlD, 

-VV;(A 


tmkW) 

(kiOAD 

fkuhiU) 

IKiOAD 

MljliK, ID 

(KUhUt) 

(Ua,{D 

.VhliVxAD 

MjMt.U.) 

i-DOAk 

(hlOAD 


WWA 
(KIOAIt) 
OnKWi) 
>%hSrUt) 

ysAD 

y>sA/{} 

>vyD 

yyjo 

y-'^AD 

nrwo 

WAD 

MlAiVt,(D 
yk} ( li) 
a'a^iId 
oAihdO 
0.10, (D 


('I'trrlHliiiii 
nii«l li e. 

- •(h' l-l 

+ tH»n±- 0 s!fi 7 

4 ‘tt.r.Mii'ttasr. 

4 -- 0 ).m±‘(«i 3 
4 -*i«fio± •oaai 

- -(W iot 'OS ifl 

-•(I2lli+4)2'IH 
4 •(Xr/r.-i 'diir. 
4 * 4 i 2 ort+ 4 t 2 ll 

■OUHIi'dJIH 

“■ 0117 ± 4 i 2 lti 

4 . 4 KI 7 <)H; 4)2 Kt 

4 Kir. 7 ±-iu!r.ii 


-■01()4'. Working tliiH out by llic I'\„ toHl, wo CiihI noo, 001 2, or it in not 
[lOHHiblo to ooiisnlor liitil wo ans (bjaliiig with rmiilom iloviniioiiH IVont (in iivoiugi* 
volationabii) mciimm'd )iy “- 'OKM'. 'J’lti.s in loiilly olour from 'I'liblo XI iUstjIf, for it 
would ii|)jjoar thut tlio oorrolulion l)olW(!i:n oorloin Iioiiok in miicli hi^lior, Hignili' 
ciintly liighor, than that botwooii othora. 

To SOI) wliirlilii'r it la fi'aniblo to throw any liglit on tht^ matlor Wo liav<t drawn 
up Table XU, which gives tins avoragis correlation between ihn indiees <»f laania 
on the Hdiuo side, whether adjacent or not. First vabieB are llioHu reganlless of 
sign, the second values in supmro brackets pay attention to fiigii, 

Conlining our attention here to the mean correlation valuet indopctulruit of sign 
we sec tliat the shape of the parietal has the closest average relationship to the 
shapes of other cranial bones. The highest average correlation with an intlividnal 
bone is that with the occipital, where all the corrulatioiw are negative; this might 



TABLE YTT. Average Relationship of Bone Indices {on same side) having regard to Goniiguitg*. 
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Based on Tables IX, X and XI. 



•14(5 Mnrphouu'frir ('hariU'tn'H of Imliviiluol Boorn o f fin' Skull 

lie uUrilriiti'tl fi* (lif nf t'>*n(,'iiir iti rnijtai‘|_ jini] <'i vii'W iniglib lin run- 

niiicrt'tl iw f 'inlirim'l liy tin- m jtJiiii'hi! (■••rrolufum wiUi Mm; 

bull it. is lirudlv in with if’i i(‘liilii)iiMtip I" Mir Miily f'lij'liMy 

^’•lIlfjglu»«^ .splM'H'>iti Ml' with ilii’ l;ir l.'‘•t 1 li}*UllH‘^ liMiititl. wliilo rxli'iife 

(if i oiifiji'iiiiy pluyM » pul in iImw riin-rlutiiui'*, it in l•l••ilrly intl. (Imj (inly fnct<ti- tr lir 
ifniifiitli rcil, TIhih Mir liij'lu .'-l iiiiliviiliml Hvrr;i},;(' l•l•tl-rlil(il)ll in tlial Iti'fwri ii iimlitr 
iirul innxilliuy. wlirt" nil ilic Mrjwmt*' on rrlittifiiH uir iicgutivr, yet llir iin rr rxtritf. 
Ilf niiifiwt, l)i'l.wi ( )t Mm> lilt, (it iwir it* Inmlly iu rxcriiHfif tlimt lirl wrcii jwiriot.!il tinil 
iK'clpitnl, nr iH't'iici'ii piiru tnl nnil Iniiitiil. (!li iirly ilic» onn'latiim will ili potnl nnl 
(inly Mil Miii rxli'iit, <if rinitdimi in cmitiiftt, lint al'di mi tin* I'Xl' nt. rrliilivr In llu*. .mizm 
I lf thf Imiii’S in CMiitacl. IiiiiMcil Mntn* an; iiiaiiy olluir fiuanrH wliirli may taki; |iiu t 
in ilMlrniiiiiing lln Hr I'lirri'litmiis nnt nniy Mu' iinfrinii! iniliiri* mI' the htiiu*!! 
ihiniisMlvcK, hut the imlrr in wliirli they an; laid down, etc. Wluit is the really 
iiiUHirlaut piiinl tn be. rej'iudeil ia this; that, while iniiiiy (if tin: correlalienH are 
iiiHignifKauit.aome iiri! cerlaiiily HigniUcunt, hut they are in the latter case «o ainall 
that any idea uf iiKMiietiiig the Hhaite of one liiiiii) fnnn tin; Hliiipe of an fwljacent 
bnmi iw idle*. Ah illiiHliatinn let iia take llm maxillary index MxtfMxi and the 
malar index on the right aido of the akull; witli Uii! rcilatively high cone- 

lalion -"’lijn ±'h2iKI, the predielion formula of the- hitler from the former is by the 
valiiea in Ttibles IV and XI: 

Mean^^l j forarrny » Mean^^||-^ for pii|iulatiiiii •■•1217 x (ivri” ^ 

In oUior words, if thn iiuixilliiry indt'x 1 m*. raisod hya unit alinvo its moan valuo, 
tin) malar umIox would ho lnw<*rod only by -UriO uf a unit, wliil(‘ tlm slundard (Tri*r 
of a delenninuUou from Urn abovu lorimilu in or is only sunir '(M5 less rhau 

tho standard deviation of the oiiliro population! 

Our general eounlusmu must he that isontiguity ihies inflinuieu to ahinall I'xl.ent 
th(J indices of nlmpe of the cranial honeH. lint tlie inllinuKH* is mo Mnall and the 
faetoi’H doterniiiiing it ho litlh; at presonl iiivuHtigated, that vmy little error would 
he introduced l)y supposin^f fiu' tin; time biting lliat all tlieHo iiuliceH wlnitluT of 
contiguous or iion-ciuitiguouH hmw^ arct iiiilepi‘ud(»aL 

The striking iVature of tin* Investigation up to this point in tl)e iulonHity td' the 
huinology ftujtor as compuns! with tin* adjaeimey fuelor. 

If notwilhsUuiditig lliese g<*neml eniisideratinns, tint roador ilesires a roaHuriahh' 
scheme to reproHent tho whole tlustrihuthm < 1 ! contiguonH hone indief-s, w may 

* U'hu m^hv uuiHt bnar In niinrl ri ajiimuMil jianuliix: Twn ndiKCrsii t**)^*^! nunnslly 

flhviiyfl uiid it iniabtbc con,dHl<‘reil Umt ihirt ImlntaUnl a htali roririiUinu of lUngH H. lint ihiH h 
not so, tUo slmpcfi of Ibo two Imiim‘h follow no goneni! U\\\\ Tlais, if lukn llie I'orrrlullijo of tbo 
pariolftl and occipiUU intlicct), P^JPf aiul fyUy, < '[UiHI whioli oiiioot In* 

IniUviduiilly m certainly Higniacnnt, tho mean of the {['ronp of mas pi la I f!orro‘;[H>iiiliiia to a 

given padBtal index will senreeiy differ nt nil from tlic mean occlpiud index v^ilm; ; llniK llitru in no 
aonslblo nsBOcintiou of ono index with a bccoikI, 
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roiiniihn' wlictlu’i' In’ivlingull the corniliilioiis aaofonc sign, but with their individual 
Hliiiuhird cu’ora, tlmy eon Id be reusoiiubly ropresontod by a random sample from 
II 2 i"i»dali(m with eoiTohition eipuil to the average numerical value 0655. The 
(;oui|iutiiig labour iu Houiuwhat lengthy, and since the standard errors are nearly 
miual might reasonably have been lightened by treating them as the same, and 
e(iual to their ineati, but to avoid a nob unusual typo of criticism, they have been 
kept (listinet, The iiutnhers on which tho correlations are based (see Tables I and 
ni) are very considerable, and tho correlations bhomsolves are small and many 
insignificant; wo have thus no hesitation in treating their distribution os normal, 
'fhe te.st being used, tho probability integrals and their logarithms wore 
obtJHtnsl for the two opposite directions, with tho following results: 

I’lolialiility Integrals: From loft to right From right to left 

Icgio X,. « - 22'68:),C6r)7, iogw - 22-639,2892, 

Jh log, 10 « yidi log, 10 = 2-880,7838. = 2-880,7838, 


« = 7-874.13, 


w' = 7-85873, 


i'A„»/{43, 7-87413), 


Pa'„ = /(43, 7-85873). 


iSineo n is greater than 30, Miss F. N, David’s Table* cannot bo used, and resort 
must be hud to tho 2'ttWes of f/w Incoin’pleie r-Pwacitonf, Hence wo find: 

iT„--8888. Pv,.==-8863, 

(2a„«- 1112, eA'„ = -1127. 


There is scnrcoly any difference between tho two sots, or if the parent populations 
censiKled of a scries of surfaces of corrolabion p=-0655 we should obtain, once in nine 
random samples, a sample more improbable than the obsoi-vod one. This docs not 
justify ns in asserting that the 44 index correlations of contiguous bones wore so 
oblainerl, but it does justify us in staling that a moderately reasonable graduation of 
the observed results may bo summed up in random sampling from a parent population 
of correlation coefficients with moan /5=-0C55, And this gives far greater definition 
to the system than the simple statement that the mean of tho correlations is -0666. 


(10) Gruss-Vorrclations. Groups (iv) and (v). 

Some romarkablo insults flow from these cross-correlations, indicating how great 
is the iidlmmce of homology and how small that of contiguity, We divide our 
indices into two classes, iiaincly ; 

A. Tho correlation of an index of one bone with the index of a second bone on 
the opjiosile side contiguous with the homologue of tho first bone. The values of 
such cori-elatioiiH are given in Table XIII, p. 448. Out of 66 possible values, owing 
to the great labour already spent in making correlation tables and working them 
out (see ji. 433), only 22 values were determined. 

• lliometrikd, Vol. xxvi. 1934, pp. 1—11. Misa David gives loi- 
t UeiHBUC Diometrika Oflicu, Umvcraily Collego, London, ptice 42s. net. 
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TAr.LK XIIL 


A. fi Ihmr lu^hu *j/\i iWry^/*/ JtoTHiJ uu ///r 

itfhi v ,*n^ir (vwfM/iMMrs fmfJt thr ^tf (Iw Fmf*, 



(k)rrid{Hi'*n 



(yorrolatiuii 

i Iiiilo* I'dlr 

Aiul p.r. 

Immx i Rir 1 

mid p.o, 

' 

7Vy\(/0, 


/V^', 

IVl'tW, 

7vnf/o ! 




i /»* 


ifrtlMxtUt'i.Ml.lMliii;) 

-•tMHirtfiw.x* 

lyr, (4), 

A4'<»»(ft) ’ 


WjTjiJfj:,!/,;. MhlMliVi) 


/V/‘t(ft). 

f4ft>f(4) 


/',1ft). 



a/f/;fft) 





ft.,ft4(4^ 1 


/',/•,< ft). Vy7',{A) 



ft./ftjlft) 


7^/r,(/o 

'iWjiu 

-i •lftl!Kt±-(l;i!ir> 

r,n\{n\ 

T,ri\{f^u 

ft,ft'r(4) 

— 


(klOtUl) 

— 

7V7^.t(A), 


7V'/V.(ft). 

iKUhil.) 


/'V7’’i(ft.'. >y>''\iL) 

•l)7(Ht±'<Wl» 

7V7U4), 



Ay A\ t lui A> / ( /^) 

- •(Miitr.i-'tiai:) 

'/wr,(fti. 

(4) 





iKItWt) 


ft;,!-'’’! f/*), J/j-|,;.V.i-,(ftj 


f/iuio, 

7v/V;,(4), 

.V„'.v,(4) 


/■y/’if/o. /v/',{/4 




nifWA, 


'ivr.ui), 



.sv.Vj(ft), MxMvtif,) 



■V,: (ft; 


il/x;,/.)/.i-,(ft} 

'Oiii7±*Oiil)H 




ysdil), MIJMI.UA 

d-swK Hh’Oiiao 

r„riW‘). 

.V../.V,fft) 

1 

( /'ii 

rmrjri±*o^riH 

■''ll''''? (ft). 

ftjft«(4) 


AVfti(ft), 0,l(UL) 

•0:i70±-oeiM 

.W(4). 

(Killed!) 


SKiTrp^r-oiJir* 

•SiWvCft), 

f (4) 


KjFAlt), 

lyPiUD 

/■WA',(ft). iV/,/Jft,(/4 

fO;!(»7±*OLMC 

.V..W,{4), 



r SL^}5di;*0;iia 

y>',\u{), 
.y-.w, (4}, 



.!//•, /.I//, (ft) 

/'W/'i(/4, .V.A(ft) 


.'^.;.v,(ft), 

JA..;,'.l/.r,(4) 



.UV,(4). 

J/.ri/.V.r, ( ft ) 


.... 

'Vft, (ftj, 

i/L!MI, {/.) 


/',//», (ft). '/'„/7',(/4 


•Sii'*''? (4), 

.l//:/.l//,(ft) 

..»v 

/V/’i(/4. T„ir,{n) 
/y/’<(ft>. 7V7V,(/.) 



(4) 


^ . 

ft.iWf (4), 

J4ra/.l4,-,(/0 


'imu) 


.l4-yj/.r,(ft), .l//.,/.l//,(4) 


Nmi% 7V7U/4 



, (/{) 



The (jdvrelalioM of an iialex on one Ixnu! with Un* iiah'X ui a I* lui* on tho 
o])pDHitti m<ht noii-(!Oiiti)(inaiH witlj Uhj hotrujlti^ud nf tin* l\vui Imiih*, TIhj valuoH of 
Huch (londatiouH an^ given in 'fable XIV. In ilia Huina lulilo niv given iho alightly 
conliguonfl vulueH. In the liiHt ease there an*, M- out of 40 eonvlalionH, and in the 
second wiaLi only 0 out of lib If thonti be fmoled I hero will bit 20 onL of 50. For 
the purpose of coinparisun wo give Honui reaultH in Talib* X,V ladow, 

Theso results arc noteworthy, they iialicaU! that for the purely inunerioul values, 
which are really the more important ones (rcc p. 440), the eress-uorrelalioiiH do not 
fall short of the divoct correlations cither for contiguouH or non-cam tignous pairs; 

* As in proviciis ttililcfl iho correlations which have not licnn wotkrd nut uri; irhUraUHl. Hiul linre ami 
oncr|j;y miiUccd for working out tho whole series, we do not boUovo timt Iho results wouM have dlffmd 
much from those of our proctloally random sample. 



KaUI; PlOAllSON AND T. L. WOO 


449 


TABLE XIV. 

CrosH-CJorrelulions. B, Index of a Bone with the Index of a Second Bone on the other 
Hide non-amtiyuous or only slightly contiguous with the homologue of the First 


Indox I’ftir 


thKhm, 

imri 

FJFxiri 

mui), 

wqA 

0,IOoUih 

hyPiUn, 

hyh\iL), 

WUi), 

mU), 

Will), 

/V/’i (f). 

pyihm, 

pypiw, 

pypx(it), 

pypxtiAx 

pyPiUj), 

PdPxW, 

mm, 

liim, 

WWth 


MXilMxy {L) 
MxtiMxx (It) 
AlfXifJ/x, (L) 
(It) 

Mk}Mlx(lA 

MxyMx\ (Ii) 
ifXtfifXi (It) 

m,(L) 

mm 
oyom 


(Whl/t) 

MWMi.(/,) 


ms(L) 

mm 

oyom 




Mxj/dxy (L) 
MxtIMxm 
MxsIMxm 

MxilMxx(}t) 
MUMl. (L) 
(Jt) 

MxyMxdt) 
MxitlMx, (It) 
AfxyMx, (L) 
MxiIJifxm 
Mx2lifxi(L) 


Oorrulntiou 
and p.fl. 


+ ’0010+ -0286 
+ -0000 + ’0283 
+ •0060 + ’0208 
+ •0801 ±’0308 
-•0246 ±-0268 

- * 00361 -0201 
+ •0693 ±’0284 
+ •0544 ±‘0283 
-•0616f0220 
-•0447 ±*0231 
+ '01 67 ±-0231 
+ •04161 ’0232 
-•00761 0218 

- •03821 '0248 


Index Pair 


md% 

mm, 

o,/o, 4 

(A)i 

OdM 

oddm, 

oyOy (A), 

pypm), 

Tyum, 

Fydm, 

IMFx(L\, 

kifM 

pypm, 

pypm, 

PziPm, 

pypm, 

pypm, 

pypm, 

Wi 


Mx^l-Bxi iA) 
MxjfM'Xf (A) 

Mxa/ifxm 
MxyMxi (L) 
MxyMxi (/?) 
ifXi/Mxt (L) 
Mx2jMxi (R) 

MxyMxi \l) 
MxdMxx (/e) 
MlJtMh(L) 
MhiHim 

Slightly 

sysm 

sjsM 

Miyukd) 

Miyutm 

MxyMxx(L) 

MxyUxx (It) 

MxyMxylL] 

ifxyMxAR) 

mi4 

mm 

miW 

sysAit) 

sysAL) 

mm 


Oorrelation 
and p.e. 


mm, mym,(R] 


oontiguoiis 
+ •07221 ’0260 
+ ’06311 •0250 
+ -0068±^024fl 
+ •03281 •0240 
+ •01901 ’0282 
+ •03231 *0287 


TABLE XY. Means of Direct and Oross~Gon-elations of Indices. 



Diroot Oon'olatioiis Moans 

CroBB'OorrolntionB Moattfl 

AtiUimotioiil 

Algobrftiottl 

Arithmotloal 

Algobrftioal 

U<intlgaourt 

N<>n«contiguo\m 

*031)7 

-•01(14 
+ ‘01(f7 

•005C 

•0478* 

+ *0035 
+ •0248+ 


the only real difference occurs in the algebraical values of the contiguous pairs; even 
here the average algebraic correlation of tho cross pairs is higher than for the direct 
pairs, Tho correlations are all small but many of them must be oonsidered as 

• TliiB is ’0521 without tho "alightly aontlguoas." 
t + -0192 without tho '‘Bligbtly oonlignous." 
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wi^Milicnnt, TIm‘ ^ ii Mrikio)' iiiHliiiict- i>f Ihi- |M4W( r <if li<«imtli.^y, tlii« cinntln- 

litiii nf Uif imit x "I' a l>on»’ wiih that of a Iimih? mii iH own aide m t»ii Ui" 

iivernm* ni>f. lliatt it in wilh flii' ufOii' k>‘<;41h> 1 Ihni*,' »ni iJai 

Jsidf. A <if Hn* imlivithial •■••rrclaliiinK ia ‘ralili! XIlI wiJii Uii; 

ill 'I'ftbli* X I I** wlialrsh’iil lliis !•’ Irui! for iiulividilul 
pairaiil jui'l ii like I’ninjiaris'Di nf 'I’alilca IX (iitd XIV itiiliivilvs lliu 

dsurat'lir nf rrVaii>nmbii> f»r MmimnliKHnua iniUvi<h»nl *l'tvt rmidi'r will 

litid w>mi* <liw:rcjmii(’i* ,i wlii’M llit* ililViiroiire i« very CTiiiidiTulili! WMiijHiml lx llic. 
|ir<ilwltk' frr<*r xf llit- tlilTi*ri'iua.:. Tlnis cxnijNirx 

F,ih\{R), with FtiFiiii), 

Fiirlli(Tcxm(Mr(! 

TtirM, + anil n/nW. (VO«(A)“ + 'l)fiO+ 

with W\a), O*/(I,(/i)»-h-0757 and T, (ft). (yy,(;>)--l- 082:1, 

hulh (•.roBfl*c«rnikkti(iim lining greater than bwtli direct enn'iilationa Again we nmy 
cxinpani 

FtjFiili), anil FtfFiUA. PslPi(L) ^ 

with F,IFi (ft), iV Pi {fj) - (• >02(17 ; 

and once more 

FtlFiili), mid ft,/F,(/d. d//8/il//,(0 -“•! •Ol'Ui 

with FilFiQt), (//)« + > 0201 ') and ft,/fti(A), Aft,/ilfti(ft):.. | -02:i5. 

Many of thcfle roaultsciin ho uUriliuled to ihu rmidxm Hainiiling, for llie corndulpioiiH 
lire Ro Htnnll as to be of the aaiite order «« their {irobiihlc errorn. While it iH|io»HiMe 
that if the coriclationa had been worked out for the aaiiie iiuiiH of hoiien in eiitdi 
enso, the bones on the same aide contigiioim and non-conligiions uiighb have hIiowii 
on the average higher correlations than with the corresponding Imru's on tlie opjhiiiilo 
side, the dilTcrences if signilicant are so anmll that we cannot asHort that they exist 
when n random aclection of indicca has been worked out for each category and ivt; 
base our conchmioiia on tliuso. Wo can, however, UHsort tluit the faclnr of hotnology 
ib 80 induential that with tho binnll correlations which exist helween tli(> iudiceR of 
non-hoinologooH bonca, wo eaunot prove on <*ur data that the eonclalion of the. 
index of a bone A on one Hide with the iiulex of a hone ft, eoiitignoiiH or non- 
contiguous, on the HatueHiihi is dclinitely greater than tho c<irreliitiou of the index 
of A with tho index of the hone ft' on the opposite side, where ft' iw the honiologiie 
of ft. 

( 11 ) Oorrelalion of Indices with Latevalily and widml Ltiimdily. 

Wo dofino an index with latemlily ns ono based on the ratio of two lengths both 
taken on the same bone, that hoiio being situated on the riglit <ir left sitle of the 
skull. An index without laterality is based on the ratio of two Icnglhs neither of 
which is peculiar to one side of Iho skull, hut both are measured on the, saino bone, 
A list of these non-bilatornl lengths is given on p. <127, We have confined our 
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at, tendon lo five aiioh ncm-liitml imlicus, namely two on the frontal, FsIFt, 
and lliree on t),o nooif,il.al, 0,/0i, Oj/Ca and 0,1(0^ + Os). We will deal first with the 
non-r;oiitigiums, or only elightly contiguous values, mir Group (x). The correlations 
ai(! giv(in in Jahlc XVI. The mean value indepoudent of sign for the non-con- 
tigiioiiH correlalions is ’Ofiya, and fiir the slightly contiguous group '0467 we have 
no licHitatioh in |K>oling the two series, for wo sliould anticipate that the latter 
woulil have, been the higher. Tlio two series combined give a mean numerical value 
of •0f)04. TliiH is Homewimt greater than the mean numerical value of the correlations 
for the coiitigmms hono-s in Table XVII (p. 452), i.e. -0538. No clearer confirmation 
could bo found of the .staloment that contiguity has little to do with the mean 

TABLE XVI 


Oorrelidiitn of /ndtcfls on non-contifftious Bones, one Index of the pair 
luwinfi no Laterality. 


Index Pftir 

Corrolaiion 
and p.u. 

Index Pair 

CoiTolation 
and p.o. 

niK, WR) 

d- *0893 ±*0220 


0,l0s(L) 


— 

J'Wu 

OslO»(H) 

+ •0691 ±*0231 

'Wh-Hh), Hr-jUx.m) 

+ -07641 •028r> 

IW.y 

OslOo(L) 


±'00*J4±*0231 


Slightly contiguoufl 


— 

I'W, 


+ •0671 ±-0281 

w, 'lyiuii) 

±'0035 ±*0231 

IW, 

FtJI'i, 

M,V2lMXi (L) 

— 


— 


-•0820 + •0305 

dslOiOt) 

±•00201*0230 

mu 

MxyJlMxx (Z) 

— 

OsKhiL) 

— 


MxsiMxi (li) 

-•*0401 ±*0306 

{/O 

*-*00101*0311 

mu 

JAva/jl/a?! (X) 

— 

<hl<)y, MxslM.r,(L) 

— 

m'u 


+ •0368 ±-0281 

(kKWi) 

±*00121*0231 

m-u 

(X) 



valuc.s /bund for the series in Tables XIII and XIV. We have to admit that our 
correlations aro far from an oxhaustivo list of possible correlations, which might be 
worhed out, but those chosen have not been in any way selected to give high or low 
valnc.s of tho corrolaticms. If blicro be really any sensible difference between the non- 
contigiiouH pairs in Table XVI, and the contiguous pairs in Table XVII, we can 
iuirdly (liscovcr it on tho values worked out thus far. 

(12) Oorrelalion of Indices on Oontigmns Bones, one of the Indices correlated 
having no Laterality. 

01' tho 28 indices falling into Table XVII, no less than 19 are negative. In this 
llui table differs markedly from Table XVI where out of 12 correlations 9 are positive. 
Tire negative correlations have a mean of — ‘0541 and tho positive a mean of + ‘0633. 
When we consider only the numerical value the mean correlation is, as we have 
staled in the last section, ‘OSSS, It is dilficult howover to lay stress on the near 
e(|uality of the mean positive and negative correlations for we can change the sign 
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by inv«rllnj^ tlie nilio. Tlni» if we liml taken for our index 100 0)/(^, which would 
have iTinde tin? nican of llmt index under, instead of over, 100, wii should have 
found increasing with Oj/O*, instead of deerenaing ns it dons with (V^ii 

aimilorly if wi* had taken our index 100 (0» + Ojl/Oj, which would again have given 
ft mean value under instead of over 100, wo aiiould have got the opiKtHile sign for 
the index cerrelaliim StlSi{R), (0% + Ot)j(h to Umi of StlSi(li) ami Oj/fOg + 0#). 
In othtsr words the signs of imlcx correlations, ns wo have before stated, are at our 
choice, depending on which constituent of the ratio we assign to the numerator, 
which to the denominator, 


TABLE XVII. 


of ImHcos oh GotUtffuous lionea, one of tho Indices correlated 
having no Lateraliiy. 


Index Vftlr 

(iorrolntlon 
nnd p.c. 

Indox Pair 

ConfclaUon 

and 

0i/o, 


J'llFi, MlJMhUI) 
KIK >1//, /.)//,(/.) 

-•(Kt07±'02'13 

Odih 



.sy.sdw), 

- *1151 ±’0215 

m'\, *vv7(/o 

/yA’o W(L) 

will), im 

•|■•(M:(!)±■0237 

/•vA. mWD 

^*1103±‘a230 

± -o^u 

Nl\U‘) 


(hiih 


{L)s 

-•ion;j±*02H 

-"•0252±'02:i5 

■- •OHOTi'OS in 

vnw, 

T,r/\{Li oM 

■0217 ±’0234 

/•y/‘’h m(/.) 



W(/0. 0,/0, 

- 'OTHfli 'Oa.!? 

/.yA’i, 

. ’0240 ±’0211 

»’0701±-()213 

'imu), o,i<u 

'Ainai (m 

+ 'U2Hi+/()i;:tr. 

g®: m 

-’07:i3±’0242 

/',//•,(«), (W), 
PnH’iifA Od(h 

■fOdJ7±'ti2ir( 

I-Wu Will) 

-’0720 ±*0240 

nmii), om-i’ih) 

~MWeo±'(i;!:u) 

m'u NiWA 

... 

Td'iWA, ihm-v(h) 


Wdii), (W<i»+0,) 

4- ’0707 ±'0240 

'imil), <W>ri-lh) 

-•OUl + SW.lll 

Fji'\, i\n‘m 
/■y/'h 

..... 



•h'0?04±’02n 

KiFu ‘yiiAfA 

+ 'iiiin±-(w:>7 

i\ii\m, im 

•’0l«l0±*0244 

lyi'iUA, tkiiftfio,) 

-'IXlHIIS; •OviKI 

Wf), <kl<k 

•H '0002 ±'0244 

AV'V,(/0, (U{Or\-lh) 
.S'„/.S,(A). (kiiOri O,) 

. •txisy t 

Will), OdOi 

H^’(H}01)t’O205 

WOO, w ■ 

- ''«««t±'0i!3S 

wm, im 


-WAHA), 



As lb does not seem possible to lay any stress on contiguity nsdiflonniliatiiig the 
correlations given in Tables XVI and XVIl, we will pool the 40 corndalions, which 
then provide a mean numerical correlation of 'OSSH, and simply ask whether those 
40 con’olations of lateral with non-lalcral indices may be taken ns a random sample 
from parent populations with a correlation cooflicient iif r « '0558. This impiiry, 
if very laborious, will enable us at any into to say whether it is reasonnhlo to 
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rqirf‘H(!iit by a sinf^le value ef r ihe induencc of uon-lateiul indices on lateral indices. 
The resdlts are as follows: 

Probability Integrals; From left to right From right to loft 
log I5-W)4,7!).')«, log - 16-01T.257T, 

s/n logioe « 2-740,71968, v/nlogiofl« 2-746,71968, 

„ » _ - h « 6-780.828, w' » - « 6-831,4135, 

VftlogtoC V» logioe 

» f (a ~ 1, a) « 7(39. 6-786,828), iV„ « /(a - 1, u') - J(39, 5-831.413o). 
IIoiKJO from the Incomplete V-Funolion Tables-. 

Pa„«-8083, JV„=>'3261, 

<3.„»-0917, QA-,.»'e749. 

The latter is somowhab the more atringont. It indicates that in 100 random 
minyloH from the population of correlation coefficients with mean 0668, 67 would 
give a more improbable result than our eystom of correlations of indices of lateral 
and non-lateral bones. Wo do not assert that our system is such a selection, but 
wo do assert that it is a htphly reasonable description of what has been observed, 
tlml is to say a successful graduation. In other words the relation of lateral and 
non-lateral indices can be expressed by tho single number -0668, 

(18) Oon-elatioa of two Indices of the same Bone. 

This IB our Group (vi) and tho correlations falling under this heading aro given 
in Table XVIII below: 


TABLE X7I1I. Correlation of two Indices of the same Bone. 


Index Pftlr 

Oorrolnilon 
uiid p.Q. 

Jadox Pftif 

- - - - 

Oorrelation 
and p.6. 

(«i) OdOu OMhili) 

(«.) OMu OJOAL) 
ah j-yFu Fdfi 
b;) Om+0,), 0,jO, 

(d,) OdOt, Od(k{li) 

<dd OdOu OdOaUh 
(«d OdOMi\ OdOdll) 

(/,) FdfUll), FdA 

(f>) ‘mf/d. sdSiW 
(A,) FdA, FdF^(ll) 

•f-flO72±<OI20 
+ •6042 ±-0147 
+ -BOC6±-O108 
+ •4704 ±-0180 
+•3744 ±'0201 

+*3iao±'()fin 

+ •3094 ±’0210 
+•2677 ±-0210 
i +'2673 ±‘0216 
+ •2600 ± •0-212 

1 +*2284 ±-0303 
+ •2103 ±*0311 
+ •2062 ±-0218 
+ •1909 ±-0242 
+ *1780±^0220 

(t.) SdStiS) 

(A) bMui), PdPiln) 

(k) 0d(0i+0a\ OdOi 

(i) OdOt, Ofl/Oj 

(m.) OdOdR), OdO, 

Ui) PdPdli PdPy{I) 
W TVnt/ft, PdW 
(o,) 06/((?.+4), Od(km 

(Wj) 0d0t\h)\ OijOa 

1?^ oktot p.\% 
S oifek %%\% 

4-^1633 ±^247 
-.*1133 ±•0239 
- *1109^0231 
-•08£)4±^0233 
-^•0865 ±'0232 
- •0753± •0241 
± *0379^0233 
' --•0667±*0233 
- -0584 ± •0238 
'0649 ± ‘0232 
± ‘0460^0233 
+ ■0416 ±-0233 
+ ’0327+ ‘0233 
‘0135 + '0234 
-•0032+ •0234 
i 


The small letters in the cornei-s of Columns 1 and 3 indicate pairs where 
they exist, tho subscript 1 for right and 2 for left. 
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II will Ih' nt niir.i' lluil, iit<lic**s on tin* hjuih* Iniini jtn’Ki'ril a witin nuijjv of 
correlfvlioji uiIihsm, liuf. I lie JMturco of IIioh*? djiVoroiu’cH i« fairly caHy of aimlyM*.. 
l*huH; 

(a) O 4 w. (■ tunl llH'to will lifi n high jKiJsItivo forroluliim bolAvocn 

Og(/i) ttr ih{l<) ntitl (/i if thero 1 n' Hlllo Uitwi’cii flit* ullu-r (H'diiitul ml•:wllr(’ltn‘ntH 
involved. 

(/<) /"i iH iho (lotMtiniuiiktr of Iwlh iiidicw, luinci; if llioro 1 .k» liUli* laimflntion 
iH’lwci.'n Iht' iiihor frontid li isglliH ( 6 ) ahmild show a coimidcndilo jumilivo oorntlntion. 

(p) (h i» Poiimuni Ui Intth index flenomiimUirw and this slnnild involve lufsilivi* 
corndiUitm in the indices. 

(d) The Haun- *‘.i>udilion 'hohU an in (aj and iuV(tlvt*K [milive. correlation. 

(«) Ofi is the nninemtor of Isith iiuliees and jiositive corrtdation follows, 

(/) and (A) h\ is nearly parullol to 1>\, and so to sfKjnlc envoi’s it, »n that Fj (.'an 
l)(! nliniMit looked upon oh a jiart of F 4 , and positive index ciirrelatimi may lx; 
anliciimlcd. 

ig) il/ari is tlie (stuinuni dennininator of both fraetions, and we may anticipate 
ixjsitive correlation. 

(t) .S 4 ovorlics S-i, nr the latter iiiny be li)ok<'d as part of the ftinnei ’, 
positive correlation will result. 

ij) Fj and i’l probably pomwss wnwidcraide eorrelaiion, so (liat a negative 
correlation would nriso botwism the (j) indices. 

(k) nnd (/) 0i is likely to have a negative corrclatimi willi both Oj and 'Ai, llms 
productive of a negative correlation in the {!>•) aiul (1) imlices. 

(ni) to (q) In the vemuining imlices otus does not kci; any spcrial reiwmi fer iheir 
magnitude or sign. 

From the slender matcrinl wo have, we may rciwon that this Hy.Hiem of correla- 
tions of indices of the wimo bone i.s more or less cup ihle of iolerfirelaLion, if a high 
correlation arises when the two imlices have acominon factor, a Homevvhut lower cm re- 
lation when a factor of ono ovei’laps a factor of tin; nlla’r, and lil lie or tm (strrelatimi 
when neither of these ca.sos can bo .seen to hold. Until iho <’(irridtitiiinH of almolnte 
lengths on the same bone have been worke.d <ait, it is imt jsiH.'iblo lo asceilain tbo 
liniits of the truth of this stiileiiieiit. Hut we may consider whether the ID cnn ela* 
tions in the ni — q group conid bo reaHoniddy considered as a laiidmti selcetimi from 
ft parent population of zito correlation. 'J’lm values of the correlutions in these 
groujm are: 

~ ' 0 «()r> ± ■ 02 ;i 2 , ^ ’O HiO t •{) 2 ;i:i, 

-h’007Di-02:W, -l-’OdlO + ’Om 

- •0007 + -0233, -I- ’0327 ± ’(12:, 13. 

- 'OSH'l ± -0233. ~ -(ll.-lo + •0234, 

- 0649 ± -0232, - •0032 ± •()28‘k 

Mean of the six negative conetations = “•0472, 

Mean of the four piwitivt; correlatioim = •047 L 
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'Hit* ptuluklilci error oiii bo Uiken a« •02.'1IH for or Ui<* error 

itfi •0:i4'i4rt, Workiof^otit tlic. probability iuU'finih tlo ir h<* b(iv»«; 

i"Kio - “ 7‘.'MM7Hr), i-Km 

sAr Iog,„c=yio X « 1 

u -r: 5-:ir»H,(ioHr», »’ « 

/\„ - / {. 9 , (i-mmri) «= -nrin, i\ 




Xotwi()i«tiiii(litig tli(! vnhic of Qy„, wbb’b uonlfl HVin.tKi. the ’* r/MwoHultlenfft/* ” 
of tin* liypollu'HiN, we feel boiiiul to lako Uio iH'nre slritigeii), fur our or 

more prolnbltt ilistribiuioiis of the eorrelalion vohie.H woiiM oiror iti !)" / of 
raiitlom xainjjb'H than in the stiinple actually MbK<'rvr*l if lliey were taUrii front 
II piijiuinlion of zero cnrrulalioii. 

Now thtire are tlioHe wlio accept a < '01 prolmhilily ai jtiatiryiiif? tii*' leji cfiou 
of itii hypothi'niH ; otlitirfi rbunand a< ‘05 prolmliilily. We linlii lliat in t'lteli cjiHe 
tile iiebnal probability sbould be dolerinimul, nml llnai jii'l^jinenl fornird in relafimi 
to the nmtitriul on which it is boned, Tn our cane, we ib* not iiliink thal «« OH 
about, jiiKlilics ii.s in accepting the bypollie«i.H llint, if we exelmh* fasrH of r.oiiiinnn 
fnetora in the imiicea and "overlapping," there i’k litll*' or no rorieinlion of indieen 
on till! Hamo bone. We prefer to wait until the eerrelalioiiH of ahHoliite lengllta on 
the Kaine hone have been measured, and wo enti trace the coinribuU-in of caeh 
aliHohile length to the make-up of the index corndalioiiH, 

What wo feel conikicnee in assorting is that uoniinon fnel^mi, and, la a b 
extent, "overlaps,” do increase iho uiunerical mugnilmh' of the (‘‘orelalien ol 
indices of Llie wnuo bone, 


(11) {njlntmce of Homoloyij on rndicefi luken on tih; Huuen. 

'I'his section will deni with our Uronp (viii). Ihibirtiui.ilely, tin' uiiinber of 
conclations falling uiidor this heading and already worked out are few, 'riiey are 
given in Table XIX below. 

In (his table, beside tlio correlations of Jielerologons indices **11 liotiio|og>»iiK 
bmioH, we have tbo conolations of hctorologons indieoa on the aamc bone, and 
fiirtlicr the luiniologons indices of homologmiH bones. It. would be of ghstl, 
value wore wo able to rlcduco aiiproxinialo valiioa for the nu relations in (luluiim 2 
of Table XIX from the data given in CnlumiiH 4, (I and H, ihnl i« I" any if wo 
eoiihl doduco tlio croas-conolations from oiir Jcnowhxlgo of direct c.trroliUioriH and 
the correlations for homology. 

b’onnidac, having at least some theoretical l(n.siH, have hticn suggested with 
this end in view, Tjct 1 and li bo two chavacberK, and i,hn anlkmaipU R and I, 
refer to llui right and loft aides of the skull, then wfj will test the folhnving 
rclalimis ; 



TABLE XIX. 

Correktton of Seterdogous Indices on a pair of Homologous Hmes. 
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The observed vnluea are eet agalnal the values deduced from the above formulae 
ill tl)(! following Uble; 


TABIjE XX. Observed Qroes'Goirelattone com/xired mlh Values computed from («). 


A II 

Olmrvod 

Oompuiod fAn 

Bemfirke 

mil) 
’WM, mm 

lyiWA. Ftii\m 

(kfomu emu.) 
<y<WA. (m\R) 

UXiiMxMl), MxfiMxtU.) 
Mx^Arx-m, MsitMxxiit) 

+ *I787±'021I 
•fia03±()5M5 
+ '0322* (mi 
+ 0.Ufi±023.I 

-•nC0±'O246 
-•1760 ± 0240 

+ 07001 '0231 
+ -0.'iB4±'023I 

-I- '1857 ±'0310 
+ •17671 •0.121 

+ •1684 / 
+ •1681 1 
+ •0412 / 
+ •0302 

-•0000 

-•0626 

+ ‘1648« 

+ •1616 

+ •1802 / 
+ '1084 1 

Observed m oxoeau, but eompatiblo 
considering tho probable errors 

Ohaorved and cominiled^ qidto 
coinpatiblo 

Obsorvwl ill oxcosa of computod, 
aud diflerencos towards 

siguiSoauco 

Obsorvod in defect of computod, 
and diiToronccw pointing toNvorde 
Bignifioanco 

Obsorvod in defect, but diflbreuccB 
so sliglit as to render tho resiilU 
oompatibb 


Tlie tmTerciiceB between the observed and computed correlations run first one 
way arifl thon the other. 'Pho worst cases aro those for the parietal and the 
occipital indices, but while for the fortnor the observed are considombly in excess, 
in the latter the observed are considerably in defect. The results are on the 
whole not encouraging for the value of the formulae (e). 

The formulae cannot, liowovor, bo at once dismissed as not even approximata 
It soomed worth while testing the formulae (e) on a wider field. Table XXI is 
accordingly givoji bore, although it belongs to another section of our work* on 
movpboinctric clioractoi’S, namely, to that dealing with the correlations of hetero- 
logous absolute lengths. 

Table XXI gives 120 correlations of absolute lengths, enough material to test 
fonnulao (s) on 66 cases of absolute measurements. We do not intend in the 
present paper to analyse this material, but we may draw the reader's attention to 
0)10 or two points Iiaving a bearing on our present inquiry. 

Putting aside tho Homologous Oorrelations, there are only four out of 28 double 
cases, where either direct or cross-correlation exceeds '86. These are Fi, Ft (about 
■64), Ft, Ft (about ‘54), Ft, Ft (about '46) and ft, St (about ‘87). On examination 
of our diagrams(pp- 426,426) tbo reader will see some reason for these relatively high 
correlatiws. But he will probably be surprised to see how low tho correlations on 
tlio whole are; out of 112 non-homologous correlations, 96 are below *26 in value! 
It follows that the factor of size is not nearly as important ns that of homology in 
the relationship of different parts of the skull. The last two columns of Table XXI 

• From Iho OS ciiginal mcivsiwomonts, noMly 2000 oorrelRlion tables oould be lormej—ample 
material for a furthor ficotion of tins paper on Borrelation of absolute lengths of individual bones of the 
nkull. Only sonio 120 iito given iti Table XXI* 




TABLE XXL Correlation Coemcients of Ab&jltUe Metmiremeutn. 
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hUuw «h tlml llu! liiwcHt lioiiuilogouH roiTolftbion in '6738, niul they fill the range 
fiMiii that valiit’ up tu 'flTdd, Hut the highest absolute size non-homologous cor- 
relation is '(M49, anil they range from this niiinericnlly down to 0001. Tho only 
certain ncffatuw enrrelntiori is that hetHrccn the parietal arc P* Aiom brcgnui to 
Hpheiiinii, and tho sphcnnklnl chord from krotnphioii to tho postromo point of the 
Hphonoitl as exposcfl on ilie bn.se of the sknll, 

Thus it would aeein tlmt tho factor of size a.s judged by tlio correlation of 
absolute lengths of tho cmnial bones, while greater than tho factor of contiguity, 
is still very ninch less intense than tho factor of homology, 

While it may bo shown from Columns 3 nnd 4 of Table XXI that correlations 
of absohito lengths on the loft side, ^ whole differ significantly 

from those', of absolute length on tho right side, yet the cross- correlations 

smaller, but while giving considerable differences (see 
Table XXII, Colniims 3 and 4), they are yet again within the limits of random 
sampling. As the cross-correlations are loss than tho direct correlations, we are 
justified in seeing what values formulae (e) will provide for the cross-correlations. 
The computed valuc.s are given in Column 6 of Table XXII, They show at once 
that the dilTcronccfl of and Oohiinn 7 are wholly trivial and thus 

unlilto tho differencoa in Column 4. Thus, whether the calculated oross-coiTolations 
do or do not equal tho observed values, tho mmiorioal values of 

i (»UnSB ^ + ’>'01. Ar, X >'Ar.AR) 

i B/, X + '>‘BjtAR X I'arAi) 

arc for practical purposes equal. 

On the other band, if we compare tlio means of tho observed cross-correlations 
^'arji/j >'AT,nR with tho means of the corresponding values computed by (e), 
the latter arc in all tho 28 cases smaller with the one exception of Ta and Mtvi, 
where (e) gives a value larger by ’0020. 

It is clear, therefore, that whatever tho index correlations may do, (e) does not 
represent a general principle applying also to the correlations of absolute lengths. 
If 0,„ ho an observed cross-correlation moan, i,o, Or.r), and bo a 

computed cruss-corrolatlon moan, i.o, 0,„=3^((7 b,/, + Cx,b), we have calculated the 
linear volation of 0,^ to Q,n as given by Least Squares and we find the equation 

0,„ = 1-008, 1 38 C',„ + -006,998 (s'), 

where tho constant term may bo taken as -0060, 

The results are exhibited in Table XXIII. 

It will be scon that the mean numerical difference between the observed and 
computed means is (-0094), and this is less than half the difference between the 
observed ^arS/, 0 ''^^ i'AiOR' Hence, if wo suppose the difference between the R, L 
and L, li values of the cross-correlations to be merely due to random sampling, not 
to inherent right- and left-sidedness, it follows that formulae («') will provide, well 
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TAHLR XXII 

DiffereiM of Ulanmtl niul Computed Crom-CorrelalmitH of Aholulc Lengths, 
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i ■•"" - 1 1 «f »U(» crosS'CorwltttioDB in berms 

nUiin bUi> VmiU of r«ntU.m T‘Vj’‘^ of sbsoluto longtlis. 

,r /uul i>‘rr»1nU<.»a in U«. 

(iMrd Cimdmmi- aiiottld ft '>!*^** *^ 

In cnwiduriiiK ibo stnioUim d ^ ; ^Hicli H is consbruobod wonld 

dimemiom uod Bhiipc^i «f Uu‘ ind.v.di^M f .tntisdcally invesbigabed when 

\h< vimUxiUod l>y cerUiii fncVirs, c*! individual bonos. 

nuiimiirtiiiii’Mt.H have l«>r ^metrical, having mirror sym- 

I„ tl», l.V« >1» 'W' i'‘,''?r*r"“rl.2' .pproxim»te .y^K^ry »«rtd 
.iri. kIm.iiV till' *■ nn'diiiu tfigiltal pW®’ homologous bones. We 

riV u- oorri+iiomUmee j" ^ measnro it by the correlations 

I uilhunmiroi. of 

hclivccn c«tr.’«pnding lengths and indices taKon 



4fS2 iUorpItamdric^ i^hamHovK uf liulmdual fUmv« of tlu' SkuU 

Kwimlly, wi! jiijtt* )n>t. only f.lu) u{t|iri<xi(iiuU; «yintiii'lry «f a KkiiJI, Itdl that 
skulJ if* JrtrgiT l,h>»j ti KffC'iDil. Wt; ahimltl fiHlicijfUli' Unit thi' "f tui'' lioii*' wftulil 
ill! higlity rcluti-fi wil.li tln' nizi' tif iv Tliin Ii'imJh «h l<i njh>'(<>r <if hisd, 

mny ho inofwiirf'il hy tlii’ fWri,‘)fiUi»i t)l' U'HglJtH lnkf;)i *•» tiitti'n’Ul hmuM njj Uk* 
joiint: wiio, or on holorologtiUH IhiHoh on (tjijiiwto oiflfx. 

Thir*ily, w« oiu)\iUl coiiHUior timt tiu; iionoH of tin* Hk*ill (il mir' unultuT 1 * 1 * tlmt 
thoiv bo rt 1 ‘filalitHwhip of olmptu 'I'liw IiohIh hm lo n fuchtr o/Hhnpo 
by lUo cnrrciftliou boLwoon tbo iutiiooH of bonoH. 

F*)urUily, wo inighl anti*jij»ati! iluvt tiui Hiiujaf of ucnuiitkl boiui svould las iiiom 
itifluoiiccd by m iwljaccnl boiio by (.on,' imfc in with it, This lofwlo hh 

t*) ti /nc-lor 0/ cantiffnily, TiiiH ia uic‘i\.h\uciI Ity Uio coricIuliniiH bclwttoii loljacouL 
and iion-wljnccnl liorto.s. 

(i) It hfw* bcoit long It <b*HiW! of Klatiatioiiuw lo obUiiu f.ouatniilH 

indolKwlont of hizo. For Uiia purpoMo tlic cHoflkioiifc of vurintioii was iiittoihuaal 
by I'tiO <»f tho proBisnl wrikirK «« an iillotnpt to get over lint difliciilly that a largo 
luiiglb hiw usually a larger almolule vnrialioii. Il in shown on Uui proHent tlal?» 
that the correlation Ifelwcuit ahsolulo size ainl almohrle variation in on l lie whole 
not as large os might ho antici[>alw.l, i,«!, alfonl +’11K*, whilo the eiirirlaliitn nf 
absolute length and coodieicnl of variation ia - ‘liJ. In otln<r woivlo, wo rodooo (ln> 
relation of variation Lo size hy more than a half hy usiiigf Iho rnenieiont of vavinl ion, 
but it over corrects. Tiui roeftlcientof variation varies rather ittvetsidy Ihati direeily 
a« the size of iho organ. 

(ii) The fact lhat cocflicienls of variation are not i;f|iial even for Ivvo lenglhs 
tnetvsurcd on the aame bone, led us to investigate whether vnriatioa was assoeiofeil 
with the oriontation of a ineaHured length with regard to the fomhuitmiUd planes 
of the skull. Wo divided up our data into hroad classim, fuigittid, irausveisif utnl 
vertical, with BubclasscB for lengthH going in intermediate din'etions, iind bnind 
that for coefficients of variation of ahsolnte lengtlis iliere. was least variation in dm 
Bagittnl, most vm-intion in Dm vertical, and fin inlemmiliute variniiun in tin* hmiH 
vefRo {lireolioit. The- mixed cIobhoh lilted widl into this .sehemo. 'rin* .t.no“ im thod 
was applied lo the uhsohitc variations (slamlard devialJmis), hut llin resniis Wi-re 
far tOss clear out. 

It will bo seen from this nsidt that the laying down of a giveti hole- of an 
individual akull dmm not proceed eipiidly in all direetimm hone growl h is imi, 
mtropio, This may bo due to the oxisteace of iiioro tlmn one ventre of ossilieitlion 
or to other cnvisea at present not studied. 

(iii) Flitting aside the like lengths on lunnohigouH bones, *if the em ridaiioim 
of ftbsolulo longDia only 10 corrolations <mt<if 112 (i.vcee*l ’.I.'}, the reaiainiiig *Ni 
He below -26. Those exceeding ■3.') .are Fj with F* and /’», Fj with /'» and YV 
with Sj. It is dear that the factor «tf size^exfcpl for these froniul, |tariend. 
temporal and sphenoid — is not an all-importatiL factor in mgulaling ihe ndntimiship 

‘ Of. Jilometrika, VuJ. xxii. p. JHiif, nwliioU* I. 
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iH'twrrii in.livirJiKil nf ih(>. Hkiill, nit'.'ui nutdoiTOil Correlation of the 

whnii 1 i'i JIHUH irt niily ■!7'*| *, If |Iuh lie eouipured with the mean correlation 
».f Dm hk<- h mi limm.log, mu boiira. i.o. -siaHt, wc boo that the latter 

4 " niii. H (h,. hoiiii.r, nr ihi! ruolor of liomolo^'y i.H nliiioal live times as intense as 
ih' fi* ^»r mI 


av) WliilM liU’r.i! iuniHMtiM* in limnil inulwoluio Imigtha {seo p, 424, (ii)), it has 
uo appn ainblM urt viiUvx l\\v inujputmic or variability of tho indices of 

}n ))on<^h (.son pp. 42fi, (iii); 435 — 436). 

(y| fu fin* lik<i rhnvanlrvs of lioun^logouH bones, the factor of homology 

gr* inh n^ity IHnhtl bonns, a'liother judged by indices or absolute 

h *\"hv liinlnr, Jiiuxillavy anil fronUil hmm have tho highest correlation 

or wr nrty wty llml ihr. faee in more symmetrical than the biain-box. 
Th*' ^(dirn*»id 

TIti* n»rau mh^x I'HVhdatiMn fia* liomotognus iKinea is ’^414, while that for 
alr^dnl** on of }oanolog<mH Iminrs is *M1!I8. Thus the factor of homology 
JH near juav^ iTuI in Uio case of al)Hohile lengths-— in directing size — 

tlnni in tfoU id indir**^* i*i** governing Hlnipe, Hut in both cases the factor of 
homology fur m*»ro inh-nso llnm that of any other of tlio factors wo have 
enriHiihfml. 


(vi) (’ooliiiing oorwiflvos h* the rrlationsliip of indices of bones both on the 
name Mdn. wir i*nd»*uvnm» d mi-nMue ilie. power of proximity in determining 
fiti; corndauiin nf indices, Wt* dividend rmr hones into non-contiguous, slightly 

anri riOHigunim gronps. Ttio numiTieal mean correlations wore '0397, 
0W4 and d)t;5ri re?ija*elivrly, ttimwing inoroiusing mean correlation with a greater 
cnfiligniiy. If wu pay r<*garil ta fiign, wu have f<ir the threo groups; '0197, '0146 
und - 01 (bk TJm formrr result indinvles tlmt we may pool the slightly contiguous 
with the niUi’'CnnUguouH, giving imn-cnuligunuK and contiguous groups aa '0407 
agninnl ^0055* Tim hitler result i« more nr less nioaningleas, owing to the idle 
rhanicler nf sign in index cnrndaliimH. We have ahown in the course of the text 
timt the whuln nyhlrm ofcimtigimuH hnue indices might be reasonably looked upon 
nM u frmn n {Hipuluiim* of romdution *0055. Tims tlm maximum influence 

oj’ iln^ fjo tor Ilf udjuciumy may hr represented by *0055, as against the factor of 
luanobigy *7 U4, which in umro than olnvun times as great. 

(vii) Ah hr m nhuim - not size ds cMncnnied, tho magnitude of tho homology 
factor is iudicivtod hy the fart that thn ernss’^indox correlations give numerically a 
nu^an of *0050 for mnttiguouH Imnt'a, while tho direct index correlations for the 
Htuim bones give '0055, wbiln for Ihn. tum^conlignoua bones the values are '0456 


* '11m‘ f,, L comlftllouH ntc mimtiwhatgrimU^r than tho K, i? corroIaUons, prolmbly aigniflcantly, but 
iht* Uififi r/ jK’t; nol at jmuilkvil hn)foHatu^\ TIu> cro^-ocrrelaliora Jl, L anil /j, it aro flonslbly equal 
hni H.MUi wh.it h-.H Ihnn tiits direct curriiratioiiH. The Uffforcncofi are again so small that wo have a 
lm'Uu<r ilhiMUathiii n! Ihc jaiwar of ihti fuclor of homology s aco foot of Table XXI, p. 458. 

I t'f, Vo), xxn, p. HJU, Tiiblo k 
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anti ’t):l07 rcRiititttivuly. It iu thuB on tho average indiffenuit wlKillutr wt! currolato 
tbe index of a boiio vl with bhat (»f n bone li, conliguoiis or not 'villi it, on tlio 
witne Hulc!, or with Ibc index of a botio li' houtologoiiH to li. 

Finally wo can siifn up tw follows: 

Average intonaity of factor of homology : 

For flizc *8198, for ahapo ’7414. 

Average, intensity of factor of eize for non-liotnologouH itoncs: 

For size ‘1761*, 

Average intensity of factor of contiguity at a maxlinutn : 

For aizef — for Hlm{Ki ’OOfiS. 

From these numbers it will be clear to tbo retwJor ihivt the only factor con- 
trolling tho shape and size of tho skull ivs a whole worthy of real consideration is 
that of homology. Homologous bones must grow both in shapo and size alike— wo 
have no suggeslioti to make of why they do so, wu only note the fact that they 
do so. Oft tho other hand, tho factor for sizo i» of small iiilonsity ; wo ennnot 
predict, except in a very few cases, the ab.solnlc size, of one bone from uiioUii'r. 
Nor can 'vo predict from the shape of an individual Isnie what will lie tin* filmjjo 
of a second, whether it be adjacent to it or not. It is as if boiic.s Hiireiuliiig from 
their centres of o.ssificatioft grow wliolly individimlly, r.xoopt that )iom(>logoii.s l>oni!.s 
grow alike. Thorn is no fitUiig of adjacent hoiie.s to a Hiaitdatil palua ii, no general 
control factor or factors (boyoud that of homology) by which tlio .skull as a wliolo 
is organised. There is no syatein of lieicdilsiry dulermintuUa guiding the .shape 
and size of tho cranial bones to predotormi/Kid forum. The o.u.silication of the 
brain-box is merely a process of covering the brain with a bony sinTuce, much as 
ft plastei'or covers a 'vidl by dabs of plaster each iiid«![S!iidonl; of tln» .size ami .shajK.' 
of other dobs. Even tho factor of homology may How from the Hymuielry ef the 
brain itself. It would not, we hold, bo far from the truth to say that it is (In’ bmin 
which is inlicritcd, tho inhorilancc of wizo and shapi! of (he, Hkidl itself is mily an 
imiircct caimc of this more fund/imentH! inheritance. 

If tho stalumcnts made above be even iipproxiiimlely true, wiint bearing have 
they on tho oranioinotrician's proccsHCH? Ho has hoeii Btu'king feraoiue time for 
characters of the hIiiiII which arc 

(а) pmctically itiicorrolaled— independent of one iiimiln'r; 

(б) racially difTeretitiatcd. 

The usual ethnographic ebameters of fclie mithrojwlogists tlo not wlisfy («), liow- 
QVer much they may be of value from the standpoint of (6), Nob even in ihe wwo 

* Kvon lliiB reduces io '1208, if wooxcludo ihe (our exccptiunnl f-', wiih wilii 

Pfl and wilh 

t Not yot fnvostigfltcd. 
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of thf! ifKliw^ tiflufllly pmviil«| by anthropologists is there independence* From 
tho (Inin [(mvidd in tin* [ircwnt pHjK?r, it is [wsslble to select a eystem of lengths 
nrid iiidbs with tnigligibhf inlcreomdalioiifl, Will such lengths and indices satisfy 
(f;)w wnllfwOtj? 

In olhnr wortla, wliih* in the individiinl skull there is no correlation of the 
gniwlli of hones, Vfill the geni^nd hietlKMl of growth of the skull in different races 
Ih} )H»cnlinr Ui ench row* I linvc inorjihomctric characters racial value ? This can 
only Ih! fl.HeertniinHl when they hove been measured for additional races, But 
shtnilil they jirove In have -n« wc anticipate— racial value, then the position of 
the Gtie(li(,*i(ini iff Ihmial Likeness ns a means of discriminating between races will 
be umrkedly strengthened. It neds a system of charncters actually or practically 
inde|H!n<lent, 

We wish to thank most heartily Dr 0, M, Morant for continuous help during 
the prtipftralien of this 

* Wo msy ciic ibo fnllovring (UIa from Jho prtwnl paper sisi Ibl ol Pcflrson RnilDsvb (Blomelrik, 
Vol. itfl.(im),pJtH,T«blBV)i 
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TtiiiB 111 llii! fiw', (it (lie lUftleft tiiij in««n iiiotplioiaolrio liulox oomlsllon Is only atoiit orwAliird cl 
Hid mcttri (tlliHOffrapliIc (or (iiillirojiomolrlfl) liwlox, Tlio iiiorpliomolriB corrdslloiw (Mohiilinfl homo- 
logons ImllccH) Inoiiulo 01 onses ol iinllsltml and SSof cross corrolstions. 
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(i) The Dlftrlhutloo ofthe Difference between the Extreme Obeervatlon 
and the Sample Mean in Bamplee of a fVom a Normal Dnlveree, 


Uy a. T. Mi'KAY. D.Sc, 


TliP puriKWfl (tf the |iifc«eut iMijmr i« t<i diKrais < urUiii iwiiiln wlut jug to «lntiKticu formctl b/ 
iirrAiigiiig the olHiorvAtiunH of u rautloin »Aiitpie fitim n iioruml uiiivomi in onlor of Dinguiludo 
Hiid conHlfiicUng linear futicUotia Uierntf. lit imrlioitlar, a inclltwl <»f cluUiniiiiiing ilie aignikaiuio 
of Uu) clihoMnco Itotweeu llio highwt olMHirvalion and the Hainitlu mean i« <lovftloj«<l. 

1. Ijfil .T|, ,„Xx, arranged in order of awiOnditig iniigiiiiudo, bo a random aain|>lo of n 

from tt normal uiiivomo with moan m and iinil aUnidnrd dcvinlioii, Coiwidor the aUlialic A' 
formed by hiking a linonr function of'tlio lirat r nl'ftorvaliiinH, i.c, 

A’>- 3 !«r-»Vi (')• 

l 

Suiiposo A and H are Ibo cliaruclcriMliu fiimdioM iwrainelorH of tim nooui .< nf tho n tiWtrva. 
lione and of the fuiiolion A' riw|miUvely ; «/) ia lliii comi'loh! dietributi'Ot rnmlion of A' 
in BAtoploB of n and t;(n) ia ila alondnrd dovialioti; 3 denofns llin l<‘nn “t'hnractorInli(! 

I* 

hiiicUon of,.,”i and »«> J«*. Tlioii if A* donutea Iho diNtrilmlion Hoi favo of .c and A’, 

I 

3 (.S'). I (i!). 

To prove tide tlicorom connidor the caae in which tiw-l and r>«i!. I'or llii" wo Imva 

3 ( 5 )« 6 'f“ 



J “to 


Changing the variable in the Inal inlogral on iho riglit lmnd oido of (;i) h^< wHling 
wo find 

H 



J 0 J Itl 

Procoodiiig iiimilai-iy by cliniiging Iho vorifthhm of inUtgmiion in iwm w«?i \\m\% in rovftrling io 
our origiim! aymlwls, 

y -to } to j » « J 

(ft). 

This latter expression i« in agroemont with tlio special cose of (2) and tliB general theorem 
follows by iodnotion, 

Lot US now seek the analyUcal expression for tho aurfoco A Kqnalion (2) way of courao bo 
wriUon 

■“ ( 0 ). 





Misc.dlanea 


H(» Hint uil<'ri»roliiig firhl willi rcHiicct lo a ami writing tho corresponding variable x and the 
vurijiblo y wo Imvo 


whonoo 


3s.S-{.r.y)- W 

“ \/ 3 ^, ... 


■I'lti- c-irn-lalion WK'fllnicnl Jl is derived from (0) by taking logarithms, difforontialing with 
nwiH!<:l U» ft, ff and ajj, mid writing ftea/jj -.O. Whence 


'' ^,r(n) 

Kiirllier, if A'(y)d«notoH llie eximelcd valiioof y, then from (0)lho regression ourvoof yon .via 


(“■'■'‘•wl 


V/lifil-witt 


pwvulotl Ulo nrruyn \i\ tho iiumomlor ntiti cloiuuniiiator arc nitcj'proted indopondently. Hence 








*/»«*rA’Cv)+<r(‘V “«0 (13), 

Biiiiilarly \\n\ rogaminn curve on y iadonvod from 

- ii — 


(IB). 


n. Let n« now oou«idor tho Unoar aUliatical function formed by aubtrocting the saraplo 
menu fnun Uio function A", i.o. 

(16). 

Tho ohtttaolormUo funelion fur the diotribuliun of u in to l>o found from (6) by writing — ^ for « 
and then rogaitUng m roforrlng to it. Thu« 

(1’). 


whonco 


/ (it) «« 0 ^ ^ </j(?t + m) 


Wo unto f\\m from (17) tliat if ApdouulOH the ytb Bomidnvflriunt of tho distribution of ttand 
Kp roforu similarly to Uio distribution of then 

(Moan) Ki^Ki-vi ^ 

(Yarhinco) (1®)- 

Xp^ 3| j 

IIL Wo shall now proceed to apply some of tho foregoing results to the case when highest 
obsi^rvation of tho sample of n. Thus tho t associated with equation (1) is unity* Since no 
gonoratity will bo lost by so doings wo shall take w»0 in what follows. The means and standard 

80-2 



Mmfllmai 


4«H 


ilorljaUcma of thi* tlUirilmlton df ,V for varimw h\tfm of Imvo alrtyuly bocn j^ivnii 

tilMwhetti*, \m tu lonMnni llin fMlIowiiig ahowiiif# Iho wt^^ruUni Ocvinlion of 

Urn iorr^^hlinn H for x. 



a II. of M 

H 


mnn 

HftO 


‘4970 

•Ofl« 

to 

•411451 

'S 30 

m 

• 476 ) 

•420 

00 

• 4 MH 

•204 

100 

•4178 

m 

m) 

•aulfl 

•170 

m) 

•at )77 

121 

IfXXJ 

•3500 

•OIK) 


ll m i^oUswprihy thnt oven for natiiplcfl aH large a« 00 Jl in ulill quito mcKiomto, 
I>cl m now diaouiw the cUetribuiiou of n nioro oloaoly. Urn nhvioim Onatly that 


</.(*•)- ' 


Bo from (18)> if /^hCa’) in Iho probability of a Humiilo of nxioourring in whidi u in Io.hh tlmti x, 

-»,/.)■ m 

1 f/‘ 

ftiid * 

Now euppoBo wo proocod ah tliniigli to axpAttd Did rightdiHiid nido of (2B) by lajibnilr/fl 
Theoronij i.o» 

« 

8 8 

whore /)| ?» and /)j « * Wlionco . 


Fn »a x<! 

vMir 


Now 


- J n,* 




X c 








.(5!4). 

,(«nj. 


HuliHtiliitiiig {S5) ill (2>1) mil) uiftking miii nr Iwo iiliviuiiN Ht4<|i!i wii ttml 

-(A)' 


Now wo note 


3fjX,4»jr 


vw-* 




• 7'{thUs /or St4t(ii{tcfaHf arui Iliomtirfchtijf, t*arl lb \h ciiv. 
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Thui»» if and aro any twii inlogrnl functions regular at tho origin, 




Apply ii^g llift lRtU^r thcnntnii Ui (2(1), 

1 n 


\/„''. I (,“!*) 


,.(28), 

..(2fl). 


Wo uiiw toiwiilor the c«rtO for ««2. 'r<i Uiitl Uio rlwlrihiUou of (whore »j is tho 

(30) 


larger) wo unM integrate 
over tho ftoM for wliiHi 


ZfT 


<u + ftw 


I) •’.{Xi-Xi) 

Writo #i)a>8w nmi WIioimmi (3()) bccouiCH 


..(30WI), 


and 

Whenoo tiio diHtrihution of i* l« 


dufdv, 
n 

Q<\» 1 


/,(u)a^V(«) “>0. 


....(31), 

(31M*)' 

....(32). 


Tld« roprooonUi ono«half a normal our\'e. Wo nolo that tho cbaractoristio function of this 
distribution ia 

3/,(.)-^ 

Furtlior, ufling (29) and (32), 


,.(32‘'‘). 


V J 0 


Other euHeH can Ixj found niinllariy, but Ihoy arc of no Inloroal «inco tho intogrola cannot bo 
ovaliiatod oitiijily. 

hot UH now rotum to tsquatlon (20). Il is ea«y to soo Umt whoo x Is very small 



>w« - n* 1 h>2 I. 

(83). 

Again, 

A ..mssmsmi 

(34), 

provided P^.i ,« 

^ in Huiall com|[>Arod with unity* But 





(36). 


Whonco /*, (*) may bo found approxitnaloly fWwn equation (84) provided the expression on the 
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mk of (3ro in mnW rf»iiiiviur<‘<l willi Minty. Thf< Inikr h aiwA^rt Ihitti 
Ba w nmy ^m:ludn lliftt mwhI for dRlflrniiinng tlmlnw prc^nilngt! ^KiinUi*, 

In ft given the 8ignificfltH:4! of tkjmrluro of lli« liighc^^l «)»mirvjfttion fr»n« Ihn mcftii of tins 
mmpk m (lorivwl ilinH^Uy fn*ni r<|UftUon (34)- 
iiP 

Owing U) the fiw l tlmi i« mnnU when .r m Urge it inrlwly umm wfcnrftUi U\ (loUTiuinn 

wliun X ia given timn k conatmei a UbU giving .r for fttrtiulnrti vnlum of *05, *01, ok. tif 
1\ (*f). We uliftll now coinKitler one itr two cxiwiiplt?^ of tin* iint^ of the nlAtinlimt fuMoli^iii u highent 
(ilmn'fttion niiuvie Uie u\m\\ tif Uie mmiitn. 

l^xampU 1. K, IVftrwnil given the cft][Wieili([«i of 17 Morion nkulU, the Inghenl valno of which 
(IC3i)J rti)|[) 0 siir« nnomnlouft, mu! tiitKiuKWfSH tho rejcsctiou of thU obaorvation on the hiisiH nf three 
(Uffereiit nielhwlH. The imvin and nUunlftitl deviation of tho aaniplo nro reHi>ec lively 1*105 'H nnd 
07 H3. Thun I*10»VH)/cfv whoro <r in Urn hUiul/ml doviation of tho imn'iii univenvu. Loi. 

Uii MutiiQ llmi thiH Utter U olomdy given hy the Kninplu (^tiinati^ and that uuiv^rao in 
normal. TIum 14UvV8)/07-H3^e'‘!iU17, AUo u Wliimoe fnnu e^pniUon (31) 

^i«17 xfHXHK^4i^^Od54« Wo ahnuld thoreforo <x)nciudd that wtin not an anomaloun 
Vttluo, Applied to the mxm data irwin'a Umt| givon a prolwibility uf 0*134. lining K IViu-noJi'a 
Uiblo^l for tho perconiago lirniU of Uio rftugo, a probability aoinewhat gimler tlian OdO U 
obtained. Tho throo tcaU nhow good agroomonl. 

Jb^mplc % In tlm eonra^jof ruutiuo teatingof a atandard leaUmr pnKhmt of a Uuinory five 
parallel t^U yuddiHi tho billowing valuwfur Ihohido HuliHlaiicoroiiUoitdf lln5 leather aiHu ininnri; 

32*44, 3(1*45, 39*04, 40*13, 41*00. 

Tho drat obHorvutioii appeara unduly low. 

Tho quoatloii Uiprefuio faeiiig llin tannery elimniHt \h wiuUhor it U worth while irialituting 
inquirioH aa to why aiidi an anoniaUm npediinm hao iu:nirnHi. I,oiig of fhn prod\uq 

in quoation hm* catabliHliwI a value of 2*220 fur the alandard deviation. Whom <« 

H i^^(374m-32*44)/2*22fi v. 2*475. 

Alao '/««^2*7U7, whence 7^”) TikOMWI nuil'4. 

Wowhonld conehido from thU that the obaervatiou m nnomalouH and iiiqnirh^ could jnatijiably 
bo irmtitutod. Irwiii’a lo«t applied to tho wunc data giviw a value of 905 for the probability, 
wldl^fc nflir;g tbo range im criterion )5. H. Udde giviv# a valno of n 05. 'J’lm Utter two 

Ujata are juftt about on tho imnally aeecpl^Hl UiumUriciH (»r aigniiiwuiee. Aiaxinliiigly on tho btt»i« 
of ilicao mm would lioaiUlc to rogand the obner ration m aiioiimlouit. It U of courue difllruli 
docido which leHl givey tho Hureat guidance, thong) i the author’^ ex^mriouijo uf the lunlorlal in 
<luohlion Icadfi him Pj heiiovo that tlie value, of 32*44 U definitely Auoinaloun. 

(i^OTK. ♦Sdiiui rivuUm niay \hs intottv^UHl In {r*andtfg wlwt j(ir«trrtiatfon tho cHkdon 
providwi with n*ganl to tho nlmva litttmph 2, 'I'liat cH tori on give4< iMpuil weight l<* every meinlHir 

* Tho Bftuu) kind of argunutut can nlwaya Ihi applied in Urn nf the dit^udniieiu <4 lie* hlghi »l 
olmrvtttionof a «anipU fmm miy parent iiuivirmj. Lel/fr) ilui i^reut univeiw, lio n Ilia dlttUibuUMn 
of tho hlgh^at obaervAtlon in a launpleof n h 

e.'(r)aM/{*)(J'y(i)cfxy 

.\ p,{x]sin j ^f{x)tlx, 

provided ^2.^ {*} U Bmall compared with unity. ThU will alwaya Ixi tho cawi in tlui vicinity of the 

lovola o( ulgniacanoo which arc uau&lly ompbyiHi. 
f fjHi. c(L Tables, Part tl. p. ovlH. 
t IJK. cit. Tables, Part IL p. 160. 
i Bhminka^ YoJ. xxiy. p, 410 (1002), 
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(>f Ihn Mill pin; tliiH im Iruo of llip. fi.j tcfil Imt nob of Irwiii’a or McKay’s teat. Tho Pi 
crilnrioi! k'ivoh Uin wiUio -IXM) to tho proliahility, if wo «so tho “oatablished valua” 2'226 for the 
aUiolonl ilttvini ioti. 'I'liiiH wo iiifor ( hut Ihn ciuUior ought to bo rojeolcd, or that tho Bamplo haa not 
drawn at rniidoiii frr.iu a iioriiod population. On tho other hand, if wo adopt tho standard 
il<-viaViMii 31 fir. given by tins wiiipin itw.'lf, wo find tlio probability to bo -42, or no question of 
throwing i.nt Ihn nntlinr ariaCK. Hnt inquiring whothor tho standard deviation 3-166 waa 
a imannablo Minh'in aainpln from a iK.pulatinn of htnndonl deviation 2'226, wo find that the 
liroUibilily i.f n aninpln with ila ntatulard doviation ^ 3'1C6 ia only OD, which agrees with the 
reanlla of Irwin and K. 8. INvtrm.n’H loalM. It would eccm accordingly that given tho value 3de6 
llm wiiiiplo IN iiuite probahhs, but that *ncli a alandard doviation verges on tho improbable if tho 
vftUm nf lh<‘ [winoiUnl iKiiiulutioii in 2’220. Ku.) 

(11) Heredityj mainly Human. 

By KLDON MOOBK 

(’IminDftu mid llrtl), Lul. Ixmdcn, 1031, Price 15a. 

nf l\m Vnlmm* fur "Urn wluciitcd aud mtoUigout recwlcr who know nothing 

tif )»nt lu uiidi’r^Uiiid it*< itmiu tmtliiiCB without intending to piirsuo it much 

fnrilicr " *rhn tnHik tv whin tivld^ iuoUuUng oUaptoiu m gcuoft and the mechanism of 

nil ilm aidiHrririo glaiidMi on }ihyHi<pio and character, on hybrida, on inbreeding, on 
hlHH[ j;;ruu^*a and ciii tha inheritatwe of amentia and of ahiUty ; Bomo iuvcHUgaUona on mheritance 
in lvrin» imi dos«Hbml and an inUiniMting mKitimi in coucornod with intclligoiico and social class; 
Um latter \uirt of tin*, vnlunm jmivultMi a gonoml rovUw of aiicU Bubjocta oh evolution j natural 
mnUlinn, bunarckimn, ot<*. 

it U) mi mi m m andnUuna a programme and iho author is to be congratu- 

taU^t nil Imviiig pnaiuecHl a vnltmio whioli olmriy pnrtrayH tho intouso intorost, aoodomio and 
nUaohiiig U> tho mnenoo nf (le»nl'n'.H ioaluy ; he has snccewlodin auggosting the general 
\\v)A Ilf I'l in thin Hold and the vnlnmo will oortidtjly stimulate intoit^b in tho subject. 

Writing adnutUj-iny fur tho rtvitb't *^vhn knows nothing of tho subject^’ carries with it a 
ial n‘frt|*<iimilnlity with rogarti t<i llift iK^curacy of tho facts given; a number of statemonta 
ttixi mmlo whirli will tlm <*riliral miml of a roatlor who has »omo knowledge and may 

ttlmkn Ids Lumluh'iico. To give one iusbanco on pp, CD— 70; “The ondoorine oonstitu* 
a |mH.. .hi three of Uio coionionosi human ills with a goncUo basis— asthma, oancer 
jimi wliirli art» in iKimo way related to one another* ♦..Cancerous patients are very 

seldom InWnntW* while llm lulmrculoim am but rarely afflicted by oancor..., Tuberculosis is 
markedly injre both lu aethumtic |iailontH and in thoir fumili(«s,” All these statements are most 
challenging and are far from being pnivoii faoU; the gmiotio basis of canoor in men has nob boon 
nor that \isi Hunbiturs* m ttuah, carry any insurance against Uiboroubsis, Tho genetic 
f.f ji.»)thuia nnist mirely lie rcgardwl as staudlng ujhmi precarious ground untU wo know more 
nf Urn inddmiee wf jwthma in the general ^mirnktion and the iuoiclonoeof all tho other allergioal 
diiiea^ which w»sy nr may not replace ik 

(hi whut hvidmi’a {hm tho author mUUi that children who will later develop Hunbington^a 
oborm very fmjucnlly have unusually small hoodaV Other similar critioisms might bo given bub 
wa mn moommend a volume which oonUiiiw so much interesting suggestion^ and only regret tho 
i#<?tmHtoniU lack nf caution In tho too dellnite presentation of unproven facts. 

* lAu a maMer of fact cancer ol the lunga is oBen (ouud to develop on the alto oi healed tubercular 
lefoions* Bee Karl Peamon, »*lleport on certain Oauocr BUtlatloa,” Archives of the Middlem Hoepitalf 
ppv §-*4^1* Hot dm wfl yet aaoetl Umt tho tendency to cancer is oerlainly horedltory* See ibid, pp. 5—8; 
btU (xiropaw Brenda Stoeeslgor, *>li)hQrtUuico oi DwHUon of Life and Oauee oi Death,” Af^tuile of 
Vol. v, Oncer,” pp. 1*18—150, oepoolaUy p. 150. Seonlso Percy Stocks, ” A OooporaUvo Study 
oi 150 Oantjor PaUcfits and an c^uiU Murobor oi Oontrola,” Wd. VoK v. pp. iS74— SI78and 380. Ed.] 



